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In an earlier work, the authors proposed a non-selfadjoint approach to the Hao-Ng
isomorphism problem for the full crossed product, depending on the validity of two
conjectures stated in the broader context of crossed products for operator algebras.
By work of Harris and Kim, we now know that these conjectures in the generality
stated may not always be valid. In this paper we show that in the context of hyperrigid
tensor algebras of C*-correspondences, each one of these conjectures is equivalent to the
Hao-Ng problem. This is accomplished by studying the representation theory of non-
selfadjoint crossed products of C*-correspondence dynamical systems; in particular
we show that there is an appropriate dilation theory. A large class of tensor algebras
of C*-correspondences, including all regular ones, are shown to be hyperrigid. Using
Hamana's injective envelope theory, we extend earlier results from the discrete group
case to arbitrary locally compact groups; this includes a resolution of the Hao-Ng
isomorphism for the reduced crossed product and all hyperrigid C*-correspondences.
A culmination of these results is the resolution of the Hao-Ng isomorphism problem for
the full crossed product and all row-finite graph correspondences; this extends a recent

result of Bedos, Kaliszewski, Quigg, and Spielberg.

1 Introduction

Let ((X,(C), G, a) be a C*-correspondence dynamical system, where G is a locally compact

group and « is a generalized gauge action. This action can be extended uniquely to the
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The Hao-Ng Isomorphism 1161
Cuntz-Pimsner algebra Oy The Hao-Ng isomorphism problem asks whether
OX ><]ot g ~ OXNug

in the reduced or full crossed products. This problem is named after Hao and Ng who
proved the validity of this formula when G is amenable [11, Theorem 2.10]. However,
this formula was first studied by Abadie in the context of Takai duality for equivalence
bimodules. Indeed, in Abadie’s proof for the Takai duality, the Hao-Ng isomorphism
forms the crucial step of the proof and corresponds to the key isomorphism of [29,
Lemma 7.2] in the classical case. In general, the Hao-Ng isomorphism has proved to be
a significant stimulant to research as versions of it appear in many different contexts,
for example, in Schafhauser’s work [28] on AF-embedability, or in Deaconu's work [6, 7]
on group actions on graph C*-algebras. In its full generality, the problem remains open
and under investigation by several authors [2, 14, 15, 21, 22].

The authors initiated a study in [17, 19, 20] of non-selfadjoint crossed products
of operator algebra dynamical systems (A4, G, «), where « acts by completely isometric
isomorphisms of 4. The main thrust of [19, Chapter 7] and [17] is that the Hao-Ng
isomorphism problem can and should be thought of as a non-selfadjoint problem. For
the reduced crossed product this kind of approach has been and continues to be quite
successful. For instance, we now know that the Hao-Ng isomorphism for the reduced
crossed product holds for all discrete groups [17], a fact that resolves an open problem
from [2] (and more is accomplished in this paper).

The Hao-Ng isomorphism for the full crossed product seems to be a much harder

problem. In [19] we envisioned the following line of attack. First one verifies
Cony(A X, G) = Copy(4) %, G (1)

in the full crossed product case for an arbitrary non-selfadjoint dynamical system
(A, G,a); this is Problem 1 in [19]. Subsequently, one solves Problem 2 in [19] by showing
that all relative crossed products coincide. Assuming that both problems have been
resolved in the positive, now one specializes on tensor algebra dynamical systems and
obtains

Ty ¥y G T}&ag 2)
by invoking the solution of Problem 2 and the remarks following [19, Theorem 7.13].
Recalling that Cznv(ﬁ) = Oy, one recovers now the Hao-Ng isomorphism by combining
equations (1) and (2). Note that even though a positive answer for both Problems 1 and
2 leads to a positive resolution for the Hao-Ng isomorshism, the exact relation of each

one of these problems with the Hao-Ng isomorphism was never clarified in [19].
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1162 E. G. Katsoulis and C. Ramsey

The central result of this paper, Theorem 4.9, clarifies that relation and shows
that the Hao-Ng problem actually leads to equivalent statements in non-selfadjoint
operator algebra theory, whose validity or refutation will therefore resolve the isomor-
phism. Specifically, for a nondegenerate C*-correspondence X we show that validity of
(1) for A = T is equivalent to the validity of the Hao-Ng isomorphism Oy x, G =~ Oxx,G-
In addition, for a large class of C*-correspondences, including all regular ones, we show
that the validity of the Hao-Ng isomorphism Oy %, G >~ Oy, ¢ is equivalent to the fact
that all relative crossed products for (7}:, G,a) coincide, where « is a generalized gauge
action. (For a general C*-correspondence X this last statement is implied by any of the
previous two.)

Theorem 4.9 relates to exciting new work by Harris and Kim [12]. Indeed these
authors have answered both Problems 1 and 2 from [19, Chapter 7] by producing
finite dimensional, hyperrigid dynamical systems (A, G, @) with distinct relative crossed
products and failing (1). However, the examples of Harris and Kim [12] do not concern
tensor algebras of C*-correspondences and so the Hao-Ng problem remains open.
Theorem 4.9 shows now that the resolution of the Hao-Ng problem will lead to or will
follow from the existence or the absence of Harris—Kim type examples but in the realm
of tensor algebras. Needless to say that the quest for such examples, or the refutation
of their existence, becomes now a project of high priority.

To test our new results, we study the Hao-Ng isomorphism for a class of C*-
correspondences that plays a central role in the theory; graph C*-correspondences.
In Theorem 5.4 we show that the Hao-Ng isomorphism problem is true in the
case of row-finite graph correspondences, thus showing that the crossed product
of such a Cuntz—Krieger algebra is the Cuntz-Pimsner algebra of a crossed
product (of a graph) correspondence. This is done by showing that in the case
of a dynamical system (A,G,«), where A is the tensor algebra of any graph, G
any locally compact group and o a generalized gauge action, all relative crossed
products coincide. Then, Theorem 4.9 finishes the proof for row-finite graphs. Note
that in the special case where G is discrete, Theorem 5.4 has also been obtained
independently by Bedos, Kaliszewski, Quigg, and Spielberg using different methods
[3, Corollary 6.8 and Remark 6.10]. It is worth mentioning here that Theorem 5.4
is essentially obtained by dilating representations in a wholly constructive manner
and should prove of much interest to those who study the representation theory
of C*-correspondences. At the moment, the lack of a constructive dilation proof of
Ciny(Ty) = Ox seems to be a barrier to establishing (2) for the full crossed product in

general.

220z Jequisidag gz U0 Jasn Ajsioaiun euljoleD 18 AQ 6EGEYIS/09 | L/Z/1.20Z/l0me/ulwl/wod dno-olwspese)/:sdjy Wwoij papeojumoq



The Hao-Ng Isomorphism 1163

On the way to proving the above theorems we obtain several results of inde-
pendent interest. First we resolve Problem 3 from our monograph [19, Chapter 8].
Specifically, we show if (X,C) is a nondegenerate C*-correspondence and « : G — (X,C)
is the generalized gauge action of a locally compact group, then 7, x, G is necessarily
the tensor algebra of some C*-correspondence.

Another result of independent interest is Theorem 3.1, which identifies a large
class of hyperrigid C*-correspondences, that is, C*-correspondences whose tensor alge-
bras are hyperrigid. Indeed our central Theorem 4.9 actually applies to all hyperrigid
C*-correspondences. To make that result usable, we show that any C*-correspondence
(X,C, px) With o5 (Jx)X = X is hyperrigid (here Jx denotes Katsura's ideal). This includes
all previous known examples of hyperrigid C*-correspondences and many more, for
example, all regular ones.

An interesting byproduct of our techniques on the full crossed product version
of the Hao-Ng problem, is the resolution of the same problem for the reduced crossed
product and all hyperrigid C*-correspondences. In [17] the first-named author verified
the Hao-Ng isomorphism for the reduced crossed product and all discrete groups.
Because here we are addressing locally compact groups that may not be discrete, we
have to use an approach different from that of [17]. In particular, the algebra A does
not embed in either A x, G or A x], G and so restricting a maximal map of the crossed
product on the core algebra A (as we did in [17]) is no longer an option. Instead we use
Hamana's injective envelope theory, an approach towards the Hao-Ng isomorphism that
is used in this paper for the first time. This approach was adopted after illuminating
discussions with S. Echterhoff and we are grateful to him for that.

We denote by N the set of positive integers, while Za“ = N U {0}. We denote by
span{- - -} the closure of the linear span of {---}. An ideal of a C*-algebra always means

a closed two-sided ideal.

2 Crossed Products and C*-Covers

Let (A,G, @) be an operator algebra dynamical system, meaning that A is an approx-
imately unital operator algebra and G is a locally compact (Hausdorff) group acting
continuously on A by completely isometric automorphisms, « : G — Aut(A). The aim of
this section is to better understand the relationship of «-admissible C*-covers. Recall
that a C*-cover (C, ) of A is a C*-algebra C and a complete isometry : : A — C such that
C*(t(A) =C.

The two nicest C*-covers of A are the “biggest” and the “smallest” covers C} ., (A)

and C},,(A). These are defined by their universal properties. Namely, whenever (C, ) is
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1164 E. G. Katsoulis and C. Ramsey

a C*-cover there are (unique) surjective *-homomorphisms ¢ : C} .. (A) - Cand ¢ : C —
C’,v(A) such that g(a) = «(a) and ¥ (1(a)) = a, for all a € A.
From [19], a C*-cover (C,t) is called a-admissible if there exists a group

representation 8 : G — Aut(C) acting on C by *-automorphisms such that
Bs(l(@)) = t(ag(a)), VseG,ac A

In [19, Lemma 3.3] we established that both C¥ . (A) and C%* _ (A) are always «-

env max

admissible. However, in [19] we did not provide any examples of C*-covers that fail to
be o-admissible. We thank David Sherman for bringing this to our attention and asking

us whether such covers do exist.

Proposition 2.1. Not all C*-covers are «¢-admissible.

0 0
Proof. LetC = C(T) @ M, and ¢ : A(D) — C be given by z — z @ |:1 0:|. By von

Neumann's inequality it is straightforward that ¢ is a complete isometry. Now

([ ° jj)(zz@[ﬁ e[ )

Thus, C*(t(A(D))) = C and (C,¢) is a C*-cover of A(D).
Consider the Mo6bius transformation ¢(z) = f:g that gives ¢ € Aut(D). From
2

this define the dynamical system (A(D),«,Z), where «,(f) = f o ¢™ that is the same

as z — ¢"(z). It is well known that composition with a Mdbius map is a completely
isometric automorphism of the disk algebra.
Suppose that there exists & : Z — Aut(C) such that a,(i(f)) = i(«, (), Vf € AD).

Calculating
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we get that

N~
N = ©
| |

tp(2) = ¢p(2) ® [

3 _
1

Hence,

0 0
@, (0 ® L OD =&, (1(z) — 1(Z*)(2)%)

= (o1 (2)) — t(; (Z*))e(@(2)*
= 1(p(2)) — Lp(2)L(p(2)*

10 1 9 _1 3
=¢(z)@[ s ]—(rp(Z)ZGB[ ‘Y ID(W)@[ 2 ‘gD

2 — —2 = 0 -z

4 4 4 2

1
2
_3 _37
_ 8 16
069[@ 3
8 16
But then
3 3 3
~3 3 310 00
od| .8 (l=v2||8||= <1=|0® ,
3 3 3 16 1 0
8 16 16

a contradiction as x-automorphisms are isometric. Therefore, no such & exists and (C, ¢)

is a non «-admissible C*-cover of (A(D), «, Z). |

If we do have an «-admissible cover then we can abuse the notation and call the

group representation o again because of the next result.

Lemma 2.2. Let (A4,G,«) be an operator algebra dynamical system. If (C,¢) is an «-
admissible C*-cover then there is a unique group representation of G on C acting by

x-automorphisms extending «.

Proof. Let 8, and B, be two such extensions. Then for any s € G we have §; ;o ﬁg; =id
on A and we just need to prove this is the identity map. To this end assume that 8 : G —
Aut(C) extends the identity map on A. That is, | 4 =id 4, for all s € G.

By the universal property of C}.(A) there is a unique surjective x-
homomorphism ¢ : G} ,,(A) — C such that ¢(a) = (a), for all a € A. Notice that
Bsop(a) = Bgot(a) = (a), forall a € A. Thus, B, o ¢ = ¢ by uniqueness that implies that
Bs=1id on C, for any s € G. n

Now we turn to crossed products of non-selfadjoint operator algebras.
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1166 E. G. Katsoulis and C. Ramsey

Definition 2.3 ([19]). Let (A4, G, ) be an operator algebra dynamical system and let (C, v)
be an «-admissible C*-cover. The relative reduced and full crossed products are denoted
by Ax{c G and Axc,, G and are defined to be the closure of C.(G, A) in C x; G and

C %, G, respectively.

All relative reduced crossed products are in fact completely isometrically
isomorphic [19, Theorem 3.12] and so we define the reduced crossed product, denoted

A %1 G, to be this unique object. Lastly, we define the full crossed product to be
Axg G = AXey e Y-

In fact, this is the universal algebra for all covariant representations of (A4,G,«) [19,
Proposition 3.7]. Finally, it should be noted that, as in the selfadjoint case, if G is
amenable then the full and reduced crossed products coincide [19, Theorem 3.14].

Now we are able to state and prove the main theorem of this section.

Theorem 2.4. Let (A, G,«) be an operator algebra dynamical system. Then for every
a-admissible C*-cover (C, ) there are surjective completely contractive homomorphisms

Gmin

QGmax
A ><]0t g _— A >q(C,l),()l g A chnv(A)ra g

such that they are just the identity on C.(G, A).

Proof. Label the unique extensions of « to the C*-covers C},,(A), (C,t) and C} ., (A),

respectively, oy, ¢ and op... By the universal properties there exists surjective -

env’

homomorphisms
Penv * C— Cznv(A) and Ymax C;knax(A) Y

such that ¢.,,(:(a)) = a and ¢ (@) = t(a), for all a € A.
By uniqueness of the quotient maps and of the extensions we have the following

commutative diagram:

Cfnax (./4) Pmax c Penv Cznv (A)

Olmaxl OKCJ' aean'

C;knax (.A) Pmax C Penv Cénv (.A) )
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Thus, kero,,,, is an o, -invariant ideal and kerg,,, is an «,-invariant ideal. By [29,
Proposition 3.19], full C*-crossed products preserve exact sequences by «-invariant

ideals. Hence, we have the following surjective x-homomorphisms

¢max Xid Qenv Xid
G —— Cx, § —— Cipy(A) x

Chax(A) x G.

Omax Qenv

So

Amax = Pmax X id|,4>4ag and Qmin = $env X idlAN(c,o,ag

are completely contractive homomorphisms that amount to the identity on C,(G, 4). W

The benefit of this theorem, as will be used later, is that one needs only to show
that the map q.;, © g« 15 @ completely isometric isomorphism to establish that all

relative crossed products are the same.

3 Hyperrigidity and the Hao-Ng Isomorphism

A not necessarily unital operator algebra A is said to be hyperrigid if given any
(nondegenerate) x-homomorphism
7: Cipy(A) — B(H)
then 7 is the only completely positive, completely contractive extension of the restricted
map 7,4. By adding an injective direct summand if necessary, it is easy to see that in
order to verify hyperrigidity, one needs to consider only injective *-representations t
but this need not concern us here. The term hyperrigid was coined by Arveson in [1] but
the concept had been floating around in various forms before this, for example, [8].

Our definition is slightly weaker than that of Duncan’s [8, Section 4] as Duncan
requests that t be the only completely contractive extension of the restricted map, that
is, no requirement of positivity in the non-unital case. In any case [8, Proposition 4]
shows that the graph algebra of any row-finite graph is hyperrigid. Actually we are
about to provide a much stronger result but first we need to remind the reader the
definition and some of the basic notation regarding C*-correspondences.

A C*-correspondence (X, C, ¢x), or just (X, C), consists of a C*-algebra C, a Hilbert
C-module (X, (, )) and a (nondegenerate) x-homomorphism ¢y: C — L£(X) into the C*-
algebra of adjointable operators on X. Equivalently, a (represented) C*-correspondence
(X,C) consists of a C*-algebra C € B(K), K a Hilbert space, and a norm-closed C-
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1168 E. G. Katsoulis and C. Ramsey

bimodule X € B(K) satisfying X*X C C (this allows us to define the inner product (, ))
and span{CX} = X (this is the nondegeneracy of the left action of C). The equivalence of
the two definitions follows from the fact that an abstract C*-correspondence embeds in
the Toeplitz C*-algebra 7 that we will define below and therefore can be represented
on a Hilbert space.

A representation (p, t) of a C*-correspondence into B(#), is a pair consisting of a

nondegenerate x-homomorphism p: C — B(#) and a linear map ¢: X — B(#), such that

p(O)t(x) = t(px(c)(x)),

for all c € C and x € X. It is called an isometric (Toeplitz) representation when
t(x)*t(x') = p((x,x)),

forallc € C and x,x’ € X.
By the relations above, the C*-algebra generated by an isometric representation

(p, t) equals the closed linear span of

() - X))t Y)T X ¥y € X.

For any isometric representation (p, t) there exists a *-homomorphism v, : X(X) — B,
such that Ve (Oyy) = t(x)t(y)*, where K(X) is the subalgebra of £(X) of so-called compact
operators generated by bxy(2) = x(y,z). (See [16, Chapter 3] for more details on this
topic.)

There exists a universal Toeplitz representation, denoted as (o, t,), so that
any other representation of (X,C) is equivalent to a direct sum of sub-representations
of (posts). The Cuntz-Pimsner-Toeplitz C*-algebra 7y is defined as the C*-algebra
generated by the image of (p, t..)-

The tensor algebra 7};r of a C*-correspondence [23] (X,(C) is the norm-closed
subalgebra of 7y generated by all elements of the form p(c),t,,(x), c € C, x € X. The
tensor algebra 7 contains a faithful copy of the C*-correspondence (X,C). Thus, X
inherits an operator space from 7};; we can now say that a representation (p, t) of (X,C)
is completely contractive whenever ¢ is a completely contractive map with respect to
that operator space structure.

Consider the ideal

Jx = ¢x ' (K(X)) Nker px.
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The Hao-Ng Isomorphism 1169

(which we will call Katsura's ideal.) An isometric representation (p,t) of (X,C,¢x) is
said to be covariant (Cuntz-Pimsner) if and only if ¥,(¢x(c)) = p(c), for all ¢ € Jx. The
universal C*-algebra for all isometric covariant representations of (X,(C) is the Cuntz-
Pimsner algebra Oy. The algebra Oy contains (a faithful copy of) C and (a unitarily
equivalent) copy of X.

The 1st author and Kribs [18, Lemma 3.5] have shown that the non-selfadjoint
algebra of Oy generated by these copies of C and X is completely isometrically
isomorphic to 7. Furthermore, C},, (75 ) ~ Oy. See [18, 23] for more details.

Now to the hyperrigidity of tensor algebras.

Theorem 3.1. Let (X,C) be a C*-correspondence. If ¢x(Jx) acts nondegenerately on
X, then (X,C) is a hyperrigid C*-correspondence, that is, 7;‘,+ is a hyperrigid operator
algebra.

Proof. Let t: Oy —> B(H) be a x-homomorphism and let ': Oy — B(H) be a
completely contractive and completely positive map that agrees with 7 on 7; We
are to prove that t’ is multiplicative and so it agrees with . Since 7’ is a completely
contractive and completely positive map, we can use multiplicative domain arguments
[5, Proposition 1.5.7].

Let (p, t) be the universal Cuntz—Pimsner representation of (X,C). Since p(C) C
7}; is a C*-algebra, the multiplicative domain of t’ contains p(C). We claim that it also
contains t(X).

Indeed, for any x € X we have
T (%)) (¢(x)) = T(t(x))* T (t(x)) = T(¢(X)"t(x))
= 1(p((x,x))) = T (p((x, X))) (3)
=7/ (t(x0)"t(x)),
where the equation on the 2nd line holds because p(C) < 7;’ and the two maps agree
there.

Let a € Jy and x € X. Since ¢x(a) € K(X), we have z,, ,, w,, , € X, m,k € N, so
that

¢x(@ = lim Zk: O Wk (4)

is a limit of finite rank operators in (X). Let X, € X be the C-submodule generated

by x and all z,,;, w,,, € X, m,k € N. Since X, is countably generated, Kasparov's
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1170 E. G. Katsoulis and C. Ramsey

Stabilization Theorem implies the existence of {x,}7° ; in X, so that || Zlnzl Oz, | < 1,
foralll e N, and
o0
Z Oy, x, (&) =&, for all§ € X,,.
n=1
From this, a standard approximation argument involving (4) shows that
0 0o
> O tx(@ = D 0x @0y = ox(a), 5)
n=1 n=1

with the convergence in the norm topology. (This is exactly the same argument one uses
on non-separable Hilbert space to write any compact operator as a perhaps infinite sum

of rank-one operators.) Then

k
vx(aa”) =limex@( Y by, x,)¢x (@
n=1
- Z Oox(@xnox (@0
n=1
By the Schwarz inequality
T (tpx (@) tpx (@)x,)") = T/ (t(px(@)x,)) T (tHpx (@)x,))", (6)

for all n € N, and so

(p(aa*)) = v/ (Y (px(aa®))

Z T (Hex(@)x,)t(px (@) x,)*)

3
Il
—

>

M ¢

T (tox (@x,)) T (tpx (@) X,)"

3
I
—

M

T(tHpx (@)x,)) T (Hpx(@)x,))"

3
||
—

T(Y(px(aa®)) = t(p(aa®)) = t'(p(aa®)).

Hence, (6) is actually an equality. Combining this with (3), we conclude that t(px(a)x,,)

belongs to the multiplicative domain of 7/, for all a € Jx and n € N. Since p(C) is also
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The Hao-Ng Isomorphism 1171
contained in the multiplicative domain of 7/, we have that

[e.e]

tpx(@)x) = D tlpx(@)x,)p((x,, X))

n=1

belongs to the multiplicative domain of 7/, for all a € Jy and x € X. Since ¢x(Jx) acts
nondegenerately on X, the multiplicative domain of 7’ contains t(X), as desired. This

completes the proof. |

Recall that a C*-correspondence (X,C) is said to be regular iff C acts faithfully

on X by compact operators, that is, Jyx = C. The following is immediate.
Corollary 3.2. A regular C*-correspondence is necessarily hyperrigid.

We are about to see that the assumption of injectivity cannot be removed from

the Corollary above. But first we need criterion for the failure of hyperrigidity.

Proposition 3.3. Let (X,(C) be a C*-correspondence with Jy = {0}. Then (X, () fails to
be hyperrigid.

Proof. Let (,t) be any isometric representation of (X, C) on a Hilbert space H.If V;, V,

are the unilateral and bilateral (forward) shift, respectively, then the associations

C>a—a®l,
(7)
X5x—xQV,i=1,2,

determine isometric representations of X, which are neccesarilly Cuntz—Pimsner covari-
ant, since Jy = {0}. Therefore, they promote to representations ¢; and ¢, of Oy =~
Ciny(Ty) on H ® ¢2(Z) and H ® ¢2(Z), respectively. Now notice that when ¢, is being
compressed on H ® ¢2(ZJ), it produces a completely positive contractive map ¢, # ¢,

which, however, agrees with ¢; on 7}? Hence, (X,C) is not hyperrigid. ]

Recall that if @ is an endomorphism of a C*-algebra .4, then the semicrossed
product Ax, Zar (also denoted as Ax,Z" in the literature) is simply the tensor algebra of
the C*-correspondence A, where the left action on A is coming from «. In the case where
both A and « are unital and « is injective, such algebras are always hyperrigid. This

has already been noted in the literature, for example, [13], but it is also an immediate
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1172 E. G. Katsoulis and C. Ramsey

consequence of Corollary 3.2. It is worth noting that the requirement of « being injective

cannot be dropped from neither Corollary 3.2 nor the discussion above.

Example 3.4. Let X be a compact Hausdorff space that contains some some x € X,
which is not an isolated point. Let ¢ : X — X with ¢(y) = x, for all y € X. Then the
semicrossed product C(X) x,, Zar is not hyperrigid.

Indeed, in that case, the kernel of the right action equals C,(X\{x}). Hence,

Katsura's ideal is trivial and Proposition 3.3 applies.

Finally, recall that the C*-envelope of a non-unital operator algebra can be
computed from the C*-envelope of its unitization. More precisely, as the pair (C},,(A), 1),
(A) is the C*-subalgebra generated by ¢(A) inside the C*-envelope (C¥,, (A), 1)
of the (unique) unitization A! of A. By the proof of [4, Proposition 4.3.5] this C*-

where C},
envelope of an operator algebra A has the desired universal property, that for any C*-
cover (I, B') of A, there exists a (necessarily unique and surjective) x-homomorphism
w:B — Ci,(A),suchthatm ot/ =1.

We start with an elementary result regarding crossed products.

Lemma 3.5. Let (C,G,«) be a C*-dynamical system and let D € C be the C*-subalgebra
of C generated by some selfadjoint approximate unit for C. Then

(i) CC.(G,D)is denseinC %, G.

(ii) Ifn :C %, G — B(H) is a nondegenerate representation, then its restriction

on C,(G, D) is also nondegenerate.

Proof. Let {g;};g
tary tensor h ® ¢ € C,(G, D), where (h ® c)(s) = h(s)c, h € C,(G), c € C, can be written as

be the selfadjoint approximate unit generating D. Then any elemen-

hec=limc (h®e;) € CC,(G, D).
e

This implies (i). For (ii) notice that by taking adjoints in (i), C,(G, D)C is also dense in
C x, G. Hence,

7 (Co(G. D)) H =7 (C.(G, D)) m(C)H = 7 (C,(G, D)C) H

that is dense in 7 (C)H = H and the conclusion follows. |

220z Jequisidag gz U0 Jasn Ajsioaiun euljoleD 18 AQ 6EGEYIS/09 | L/Z/1.20Z/l0me/ulwl/wod dno-olwspese)/:sdjy Wwoij papeojumoq



The Hao-Ng Isomorphism 1173

Our next result has been established for all discrete groups in [17]. Here we
extend it to arbitrary locally compact groups provided that the pertinent algebras are
hyperrigid. One of the key ingredients of the proof is the use of injectivity for operator
spaces. We briefly review the key definitions and the results used in the proof. We
follow [24] in our presentation; most of the material first appeared in [10].

An operator space I is said to be injective provided that for any pair of operator
spaces E C F and completely contractive map ¢ : E — I, there exists a completely
contractive map ¢ : F — I that extends ¢.

Given an operator space F, we say that (E,«) is an injective envelope of F
provided that

(i) E is injective,
(ii) « :F — Eis a complete isometry,
(iii) if E| is injective with «(F) C E; C E, then E| = E.

Hamana essentially showed that every operator space F C B(H) admits an
injective envelope (E, k), with E C B(H) and « being the inclusion map [24, Theorem 15.4].
The proof of [24, Theorem 15.4] shows that E materializes as the range of a completely
contractive idempotent ¢ : B(H) — B(H). If B(}{) > I € F then the completely contractive
idempotent ¢ is unital and therefore completely positive. Hence, the range of ¢, that
is, E, is an operator system and the Choi-Effros Theorem [24, Theorem 15.2] applies
setting a o b = ¢(ab) defines a multiplication on E = ¢(B(#H)), and E equipped with this
multiplication and its usual #-operation becomes a C*-algebra. If on top of being unital,
F happens to be an operator algebra as well, then the C*-subalgebra of (E, o) generated
by F, gives the C*-envelope of F [24, Theorem 15.16].

Theorem 3.6. Let .A be a hyperrigid operator algebra which possesses a contractive
approximate unit {e;};.; consisting of selfadjoint operators. Let o: § — AutA be a

continuous action of a locally compact group. Then

Cony (A 3 G) > Cgng(A) X, G (8)

and
Cva(A MGt (A) g) ~ Cony(A) %, G (9)

via canonical embeddings.
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1174 E. G. Katsoulis and C. Ramsey

Proof. Let p: C},,(A) — B(H) be a faithful (nondegenerate) representation and let

p: Cing(A) — B(H® LA(Q))

u: ¢ — B(H®L*(Q))
so that ¢ x u (which we will denote as ) is the regular representation induced by p. (See
[29, Section 2.2] for notation and additional information.) Since p is nondegenerate, [29,

Lemma 2.17] implies that the induced representation 7 = g x u is also nondegenerate.
Let

¢: B(H®L*(G)) — B(H®L*(9))

be a completely contractive idempotent map whose range is the injective envelope of
m (A ] Q)l. Let D be the closed (selfadjoint) subalgebra of A generated by {e;};;. Then
C.(G,D) is a selfadjoint subalgebra of A x}, G and so [4, 1.3.12] implies that

@ (S (f) = p(S)7(f), (10)
for any S € B(H ® L*(9)) and f € C,(G, D). In particular
v(p@7 () = ¢(p@)m(f),
foralla € A, f € C,(G, D). On the other hand,
pla)m(f) = m(af) € m(A xg G)
and so ¢(p(a)n(f)) = p(a)n(f), a € A, f € C,(G, D). Hence,
(¢(p(@) — p(@)7(f) = 0, for allf € C,(G, D).
By Lemma 3.5(ii), 7 (C,(G, D)) acts nondegenerately on H ® L?(G) and so
p(p(a)) = p(a), for alla € A. (11)
Hence, the mapping ¢ is a completely positive and completely contractive extension of

the identity map on o(A). However, o(A) is hyperrigid and according to the discussion
in the beginning of the section, the identity map on 5(A) is the only such completely
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contractive and completely positive extension to Cf,(5(A)) = 5(Cfyy(A)). Therefore,
@(p(c)) = p(c), for allec € CL, (A).
Appealing again to (10), with S = 5(c), we obtain
o)) = 9(pO)n(f) = p(pe)n(f) = plo)n(f) = n(cf),

for all ¢ € C},,(A) and f € C,(G, D). By Lemma 3.5(i) we have

9(S) =S, for allS € 7 (Cl,, (A) %), G).
But this implies that the Choi-Effros multiplication on

7 (Clay(A) %1, G)' € o(B(H ® L2(G)))

is actually the original one coming from B(H ® L? (g)) and so the C*-algebra generated
by

m(Ax}, G € o(B(H®L()))

equals 7 (Gl (A) 7, G)'. Hence,
* r o1 * r o\!
Cony (T(A X O)) =7 (Cony (W) ], G)'

Furthermore, the C*-algebra generated by n(A x] G) C n(Cznv(A) Xy, g)l equals
7 (C¥ny(A) x1, G). This establishes (8).

In order to prove (9), let this time = := § x u, where (p,u) is the universal
covariant representation of (C},,(A), G, «). With this , a verbatim repetition of the proof
of (8) establishes (9). |

Now we turn to crossed product correspondences. Let G be a locally compact
group acting on a nondegenerate C*-correspondence (X, C) by a generalized gauge action
o : G — Aut(Ty), that is, a,(X) = X and «o4(C) = C, for all g € G. The reduced crossed
product correspondence (X %, G,C x/, G) is the completion of C,(G,X) and C.(G,C) in
Ty x%, G, which can be thought of as living in 7 x/, G but equivalently can be considered
as living in Oy </, G. The left and right module actions are given by multiplication and
(S,T) = S*T, for S, T € C,(G, X).
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In a similar manner, one defines the full crossed product correspondence (X X,
G,Cx, G) by completing the spaces in 7y %, G. This was shown to be unitarily equivalent
to the abstract characterization of the full crossed product correspondence in [19,
Remark 7.8]. Lastly, we recall the definition of the crossed product correspondence
(Xx,G,Cx, G) that is the completion of the spaces in Oy x, G. In general, it is unknown
whether these two correspondences are unitarily equivalent or not.

Our next result has been established in [19] in the case, where G is discrete. In
[19] it was also noted that the proof carries over to the general locally compact case. We
are about to explain how this is done. In the proof we will use the language of product
systems, which we now discuss briefly.

Let G be a countable group with unit e € G and let P € G be a positive cone.
A product system X = {Xp}pep over (G,P) consists of a C*-algebra X, € B(K), K a
Hilbert space, and a family of (represented) X,-correspondences X,, < B(K), p € P\{e},
satisfying the semigroup rule span{X,X,} = X,,, for all p,q € P. For instance, if (X,C)
is a (represented) C*-correspondence, then by taking G = Z, P = Z:{, X, = C and
X

n

C*-correspondences, one can define product systems abstractly but we will not do that

= span{X"}, n = 1,2,..., we obtain a product system {X,,}>° , over (Z, Zar). As with

here. See [9] for more details.

If X = (X pep is a poduct system over (G,P), then an isometric (Toeplitz)
representation ¥ = {y,},.p of X on a Hilbert space H consists of a x-representation
¥, : X, - B(#H) and isometric C*-correspondence representations vy X, > B(H),
p € P, so that I/qu(Xqu) = wp(xp)wq(xq) for all X, € Xp, x4 € Xq, p.q € P.If (p,t) is a

representation of a C*-correspondence (X,C) on #, then by setting ¢, = p and

Y, 1 X, — B(H); x1X5 ... X, —> t(X))t(Xy) ... t(X,)

we obtain a representation of the product system {X,}?° ; discussed in the previous
paragraph. These representations are exactly the compactly aligned, Nica covariant
representations of {X,}7° ; in the language of [9] and so the Toeplitz C*-algebra of
{X, oo generated by the theory of [9] coincides with our 7.

The use of the product system language in the proof of the next result allows
us to import an important result from the theory of product systems, Fowler’s Theorem
[9, Theorem 7.2]. This result has no analogue within the theory of C*-correspondences
as it allows us to check whether a representation of the Toeplitz algebra of a C*-

correspondence is faithful without using gauge actions.
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Theorem 3.7. Let G be a locally compact group acting by a generalized gauge action «

on a nondegenerate C*-correspondence (X,C). Then
7;'_ XZ G~ 7;};4’ g
Therefore,

C:nv(ﬁ X'(’; g) = OXXSQ‘

Proof. Let p: Ty — B(#) be some faithful x-representation and let V € B(EZ(ZSF)) be
the forward shift. As we did earlier, set X, := X" forn > 1, X, := C and for the rest of
the proof let X denote the product system {X,,}° ;. Then the map

X, 5xr p(x)®@ V" e BH®P(Z{), neZg,

is a representation of X that satisfies the requirements of Fowler's Theorem [9, Theorem
7.2]. Therefore, it establishes a faithful representation 7 : 7y - B(H ® EZ(Z:{)).

Since X x!, G C Tx !, G, we may consider the regular representation Ind_, when
restricted on X x!, G, as a representation of the product system X x[, G, which we denote
as . We furthermore write ¢, := lx,xr g 1 € Zg.

We claim that i satisfies the requirements of Fowler's Theorem [9, Theorem 7.2].
Indeed let Q,, € I? (Zg) be the projection on the one-dimensional subspace corresponding
to the characteristic function of n € Z{ and let Q,=102Q,)QIc¢ B(H®P(Z{) ® L*(G))
be the (constant) B(H Q2 (Za’))-valued function that assigns the value I® Q,, to any s € G.
Then given any f € C.(G, X,,), n > 1, we have

(QoInd,.f)h(t) = Q, / 7 (a;  (F(s)) (s t)ds
g
—U®0y®T /g (pla;  (Fs)) ® V") k(s t)ds

= /g (p(e; 1 (F(s) ® QuV™)h(s *t)ds = 0

Therefore, if P,'f denotes the range space of (X, x}, G), n € Zar, then the product
HneF\{O} I —P,lf), which in our case collapses to a single factor of the form I —P,lf, always

dominates Q; and so

lvo® [T @-BD| = |we(hHQ| = [nd, (£, (12)

neF\{0}
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for any f € C_.(G,C). However, each I ® Q,, reduces r | and therefore
7 e (@pez T ® Qp)7) ¢~ (& I ® Qp)7) e,

that is, the restriction of = on C is unitarily equivalent to a direct sum of countably

many copies of (I ® Q) restricted on C. From this we obtain,
Yo =1nd, lcyrg =~ ®Mdgy, loyrg ~ ®QpInd, leyrg -
Combining the above with (12) we now obtain

lvo® [] @—2D| = |md,H)Q| = vl
neF\{0}
for any f € C.(G,C), which establishes the claim.
Since the claim is valid, Fowler’s Theorem shows now that the induced repre-
sentation v, is a faithful representation of 7y, g. Note now that U, (T or g = Toar glis

equal to the closed linear span of

VX %} 9 = | &, x, = J Ind,C.G X,

neZ(J)r neZO+
However, 7;? x;, G is also isomorphic to the closed linear span of

U Ind, C.(G,X,,).

+
nezg

Hence, T %, G ~ T/,

X« G
Finally,
C:nv(,];_ ><I('; g) = C:nv(,];?;ng) = OXN;Q‘
with the last identification following from [18, Theorem 3.7]. ]

Remark 3.8. The use of the language of product systems in the previous proof has
an additional benefit. By switching from (Z, Za“) to an arbitrary totally ordered group
(G, P), the same exact proof as above establishes the more general result /\/7};r xh G~
N 7;&5 G where N/ 7;(+ denotes the Nica tensor algebra of X. Actually the proof works for

any quasi-lattice ordered group (G, P) provided that certain issues involving compact
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alignment and Nica covariance are worked out first. We are recording this fact here for

future reference.

In [17] the Hao-Ng isomorphism problem was resolved for the reduced crossed
product and all discrete groups. In the next result we address the case of an arbitrary
locally compact group and we resolve the Hao-Ng problem for the reduced crossed
product provided that the C*-correspondence is hyperrigid. Note that our result
subsumes an earlier result [21, Proposition 5.5] which was posted on the arXiv but has

not appeared in print.

Theorem 3.9. Let G be a locally compact group acting by a generalized gauge action
a on a nondegenerate hyperrigid C*-correspondence (X, C), for example, ¢x(Jx)X = X.
Then

Ox %g G~ Oxyr g

Proof. By Theorem 3.7 we have C}, (Tx %, G) ~Oyxyr g- On the other hand, Theorem 3.6

env

implies that C%,, (T %, G)=Chyy(Ty) x|, G. Hence, Ox %}, G=Ciny(Ty) %}, G=Ox s g. M
It is important to us that an analogous results holds for the full-crossed product.

Theorem 3.10. Let G be a locally compact group acting by a generalized gauge action

a on a nondegenerate hyperrigid C*-correspondence (X,C). Then
Ox ¢ 9= Oxs, g
Proof. In[19, Theorem 7.13] we proved that
+ ~ T+
7;( >q(9)(,0[ g - 7;{;4(1

g and CZHV(EF >q(QX,oz g) = OX%ag‘

Now (9) in Theorem 3.6 and the above imply that
Oxs,6 = Conv(T¢ Xt (Tih e g) ~ Cony(Tx) %o G = Ox %, G
and the conclusion follows. |

At this point one might think that the above theorem is the final word regarding

the Hao-Ng isomorphism for hyperrigid correspondences. As it turns out, this couldn't
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be further from the truth. It is indeed the case that we have expressed the crossed
product Oy %, G as the Cuntz—Pimsner algebra of a C*-correspondence, namely X>A4a g,
but this is not the C*-correspondence that the authors of [2] ask for. Is this a big deal?

Most definitely yes, and we devote the next section explaining the reasons why.

4 TIsometric Coextensions

The goal of this section is to answer Problem 3 in Chapter 8 of [19]: Is Ty x, G the
tensor algebra of some C*-correspondence? The (affirmative) answer is one of the key

ingredients in the proof of Theorem 4.9, one of the central results of the paper.

Definition 4.1. Let (X,C) be a C*-correspondence and G a locally compact group. A
generalized gauge action « : G — Aut((X,C)) is a map from G into the completely
isometric module automorphisms. In particular, for each s € G, «, is an isometric

automorphism of X and a #-automorphism of C such that

as(sc) = as(s)as(c)r as((pX(C)é) = ¢X(a5(c))a5‘($)

and ag((§, 7)) = (as(5), as(m))
forall¢§,neXandceC.

Earlier we said that « : G — Aut 7y forms a generalized gauge action of Ty if
ay(X) =X and a4(C) =C, for all g € G. The following result says that the two definitions
are equivalent and it was observed in [17, pg 5760]. (See also [11, Lemma 2.6] for the

analogous result with Oy).

Proposition 4.2, Let (X,C) be a nondegenerate C*-correspondence and G a locally
compact group. If « : § — Aut(7y) is a generalized gauge action of 7y then it restricts
to a generalized gauge action of (X, (). Conversely, a generalized gauge action « of (X, ()

extends uniquely to a generalized gauge action of 7.

The fundamental object of study in this section is the C*-correspondence
dynamical system ((X,C), G, «) that is given by a nondegenerate C*-correspondence (X, C)

and a generalized gauge action « of the locally compact group G acting on (X, C).

Definition 4.3. A representation of the C*-correspondence dynamical system

((X,C),G, ) is a quadruple (p,t,u, H) consisting of a completely contractive represen-
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tation (p,t,’H) of (X,C) and a strongly continuous unitary representation u : G — U(H)

satisfying the covariance relations

u(s)t(§) = tlag(§))uls) and u(s)p(c) = plag(c))u(s)

forall s € G,& € X and c € C. Moreover, (p, t,u, H) is said to be isometric if (p,t,H) is an

isometric (Toeplitz) representation of (X, ().
The following theorem is an extension of [23, Theorem 2.12].

Theorem 4.4. Let ((X,C),G,«) be a C*-correspondence dynamical system. The isomet-
ric representations (p,t,u,H) of ((X,C),G,«) are in bijective correspondence with the

isometric representations (w, u, H) of (Tx, G, ). Specifically, they are related by 7 = p xt.

Proof. If (7w, u,H) is an isometric representation of (7, G, ) then [23, Theorem 2.12]
proves that there exists an isometric representation (p, t, H) of (X,C) such that p x t =
7. Proposition 4.2 gives that « is a generalized gauge action of G on (X,(C) and so the
covariance relations between p, t and u are automatic. Hence, (p, t, u, #) is an isometric
representation of ((X,(), G, ).

Conversely, suppose (p,t,u,H) is an isometric representation of ((X,(),G,a).
Again by [23, Theorem 2.12] this gives that (p x t,H) is an isometric representation of
Tx and by Proposition 4.2 « extends uniquely to a generalized gauge action of G on 7.
Because u(s)(p % t(-))u(s)* and (p o org) @ (towg) = (p % t) o g agree on X and C then the

uniqueness of [23, Theorem 2.12] gives that
u(s)p x t(a) = p X tlag(a))u(s)
for all seG and a € 7. Therefore, (pxt, u, H) is an isometric representation of (7y, G, «). B
If (p,t,u,H) and (p;,t;,u,,H,) are completely contractive representations of

((X,0),G,a) we say that the latter is a dilation of the former if H € #; and

(i) H reduces m; and u; with m,(c)|yy = n(c),c € C and u,(9)ly = u(g),g € G,
and

(ii) H is a semi-invariant subspace for t; and Pyt,(§)|y = t(¢§),§ € X.

We call such a dilation an extension if X is an invariant subspace for ¢; and a

coextension if H is a coinvariant subspace for ¢;.
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The dilation (p;,t;,u;, ;) is called minimal when H, is the smallest reducing
subspace for ¢; containing H.

Now we need a lemma relating to the step-by-step dilation techniques of Muhly
and Solel of [23, Section 3]. Their proof is modelled after Popescu's step-by-step dilation
technique [25] using the Schaéffer matrix construction [27]. The following is also a slight
simplification of the original proof in [23].

To this end suppose (p, t, u, H) is a completely contractive representation of the
C*-correspondence dynamical system ((X,C),G,«). The ultimate goal is to prove that
every such representation dilates to an isometric representation.

As in [23], define the Hilbert space HX = m<"'), where

Ec®h=§®p(ch and (¢ ®h,n®k) = (h, p((§, n)k)

for &,n € X, c € C and h,k € H. As well, define 0¥ : X — B(H,HX) by cXE)h = ®h
and t : HX — H by t(¢ ® h) = t(£)h. From here one defines the one step dilation to
H, = H ® HX given by

(&) 0
t =
1@ [a—ﬁwﬂﬂ@>0}

pc) O
pl(C) = - ’
0 o

where f : C — B(HX) is given by 5(c)(§ ® h) = ¢y (C)€ ® h.

and

Lemma 4.5. Consider

m®=[u@ P }
0 us)

where @ : G — B(H¥) is given by @(s)(¢§ ® h) = a (§) ® u(s)h, which is well defined. Then

(py,t;,uy, Hy) is a completely contractive representation of ((X,C), G, «) such that

, 0
tﬁﬁmm=[”@m) }

0 0

forall &£,n e H.

Proof. By [23, Lemma 3.7] (p;,t;) is a completely contractive representation of (X,C)

on H, which satisfies the last two statements in the lemma.
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First note that @ is in fact well defined since it respects the internal C-

modularity of #%,
u(s)c®h) = as6c) ® u(s)h
= a (&)ag(c) ® u(s)h
= ay(§) ® plag(e)u(s)h
=ay(§) @u(s)p(c)h
=u(s)(& ® p(c)h),

forallse G,ceC,é e X,h e H.
Additionally, observe that #(s) is unitary since forall s € G, &, n € X and h,k € H

we have that
(G(s)(E ® h), U(s)(n ® k) = (a5(&) ® u(s)h, (1)) ® u(s)k)
= (u(s)h, p((a5(&), as(M)u(s)k)
= (u(s)h, p(as (&, n))u()k)
= (u(s)h, u(s)p((&, n)k)
= (h, p((&, m))k)
=(EQhn®k).
Next we need to make the following calculations:
X (a5 (E)u(s)h = ag(€) @ u(s)h
= U(s)(E®h)
= U(s)o¥ (§)h

and

(Tt X (g (&) uls)h, n @ k) = (Has(€) ® u(s)h), t(n @ k))
= (t(ag(E))u(s)h, tnk)
= (u()té)h, tnk)
= (L&), tlag-1(n)u(s)*k)

= (F't(¢ ® h), ag-1(n) @ u(s Hk)
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= (W()TUE®h), k)

= (W)t toX (©)h, n @ k).
Combining these one gets

u(s)I — ¥ (&) = I — TDo ™ (ag(§))uls)
= (I — tDi(s)aX (&).
Hence,
a(s)I —t*t) = I — TDu(s)

and by a standard trick often attributed to Halmos
a(s)I - tDHY? = 7 - DV u(s).

Now, we need to establish the covariance relations between (p,, ;) and u,. From

the previous paragraph we have that
WS —TD20% () = I~ 7D 20 ¥ (as(5))uls)

and thus u, (s)t;(§) = t;(ag(€))uy ().

Second, it is much more straightforward to calculate that

u(s)p(c)(€& ® h) = u(s)(px(c)é ® h)
= a,(px(0)€) ® u(s)h
= px(ay(0)ag(8) @ u(s)h

= plag(0)u(s)(E ® h).
Therefore, u;(s)p;(c) = p;(a4(c))u, (s) and the conclusion follows. [ |

Theorem 4.6. Every completely contractive representation of the nondegenerate C*-
correspondence dynamical system ((X,C),G,«) has a minimal isometric coextension.

Moreover, the minimal isometric coextension is unique up to unitary equivalence.

Proof. Let (p,t,u,H) be a completely contractive representation of ((X,(C),G, ).

Following the proof of [23, Theorem 3.3] repeatedly use Lemma 4.5 to get a sequence
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of completely contractive representations (p,, t,, u,, H,) of ((X,C),G,«) in the obvious

manner: use (p, t, u, 1) to produce (p;,t;, u;, H;) and then recursively

(pn' tn' un'Hn) = ((pn—l)ll (tn—l)ll (un—l)ll (Hn—l)l)

from the previous lemma and the discussion preceding it.

Let H' = Uy H, and define p’ = limp,, ¢’ = lim¢, and v’ = limu,. By [23,
Theorem 3.3] (o’, ¢, H') is an isometric representation of (X,C). Note that u’ is a strongly
continuous unitary representation of G since it is the direct sum of such representations.

Now to the covariance relations

u'(s)p'(€)Pyy,, = Uy (s)p, (C)Py,
= lon (as(c))un(s)PHn

= p'(a5(C) U ()Pyy,

forall s € G,c € C and n € N. As well,

U (S)t' )Py, = Up g1ty 1 (E)Pyy
= tn+1 (as(‘i:))un+1 (s)P’}-[n
= tn.l,_l (as(é,-:))un(s)PHn
= t'(ag(§))U'(5)Pyy,
for all s € G,& € X and n € N. Therefore, the covariance relations are satisfied and

(o', t',u',H) is an isometric coextension of (p, t, u, H).
Now let

K =span{t';) --t'¢E)h: & eX, heH,n>1}CH.

Because of the covariance relations of (p’,t’,u/,H’) one can see that K is a reducing
subspace of (o/,t',u/,H’) that contains #. Thus, (o’,t,u’,K) is a minimal isometric
coextension of (p,t, u, H).

In regard to uniqueness, suppose that (p”,t”,u”, H”) is another isometric coex-
tension of (p,t, u,#). Muhly and Solel [23, Proposition 3.2] proves that there exists a
unitary W : K — H” such that Wp'(-) = p”’ ()W, Wt'(:) = t"(-)W and Wh = h, forall h € H.

220z Jequisidag gz U0 Jasn Ajsioaiun euljoleD 18 AQ 6EGEYIS/09 | L/Z/1.20Z/l0me/ulwl/wod dno-olwspese)/:sdjy Wwoij papeojumoq



1186 E. G. Katsoulis and C. Ramsey

Now

Wu'(9)t'(5)) - - - t'(5,)h = Wt (a5(§))) - - - (a5 (5,)) U/ (5)h
=t (ag(&))) - - - " (a5 (Ey)) Wu(s)h
=t (g (§))) - - - (g (Ep))u(s)h
= t"(a5(§)) - - - ' (a5 (E)U" (5) Wh
=u"®t"E) -t (E,)Wh
=u"(SWt' (&) -t (Eh

Therefore, by minimality Wu/'(-) = u”()W and so (o’,t,u/,K) and (po”,t",u”, H") are

unitarily equivalent. ]

Theorem 4.7. Let (X,C) be a nondegenerate C*-correspondence and let o be a

generalized gauge action of a locally compact group G. Then
7;?— Ay g 27;?_ ><]73(,ozg = 7;;4&9

Proof. It is already proven in [19], in a discussion following Theorem 7.13, that
T XNew G 73(+><ag' (It also follows from [2, Theorem 3.1] as the isomorphism & of
that theorem maps generators to generators.)

Towards proving the remaining isomorphism, let ¢ : 7;“ X, G — B(H) be a
completely contractive representation. In the same way as in the proof of [19, Theorem
4.1] one can assume that ¢ is nondegenerate. Now by [19, Proposition 3.8] there exists a
representation (7, u, H) of (77, G,a) sothat ¢ = 7 x u.

By [23, Theorem 3.10] there is a completely contractive representation, (p, t), of
(X,C) such that m = pxt. Hence, in the same way as the first part of the proof of Theorem
4.4, (p,t,u,H)is a completely contractive representation of ((X,(C), G, «). By Theorem 4.6
(o, t, u, ") has a unique minimal isometric coextension (o', t’, u’/, #') and thus by Theorem
4.4 (o' xt',u/,H) is an isometric representation of (7T, G, @).

As discussed in the proof of [23, Theorem 3.10] H C H’ is seminvariant for o’ and
t' and thus Py p’ % t'|,, is a completely contractive representation of 7;(+ . Moreover, that

same theorem gives that
T=pXt=Pyp xt|y

because p(c) = Py p'(c)|y, and t(§) = Py t'(§)|,, forallc e C and £ € X.
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Therefore, every completely contractive representation of 7; X, G dilates to
a completely contractive representation of 7}: X, o G and thus they are completely

isometrically isomorphic. |

Corollary 4.8. Let ((X,A),G,«) be a C*-correspondence dynamical system and assume
that Jy = {0}. Then all relative crossed products for (ﬁ,g,a) are canonically

isomorphic via completely isometric maps.

In particular, the above applies to the non-commutative disc algebra A, € O,.
To obtain the same conclusion for the non-commutative disc algebras A, n < oo, we
need to work much harder. (See the next section.)

For the moment, we can put together all previous results to obtain the following,
which summarizes our knowledge on the Hao-Ng isomorphism problem for the full

crossed product.

Theorem 4.9. Let ((X,A),G,«) be a nondegenerate C*-correspondence dynamical

system. Then the following two statements are equivalent

(i) Ciy(Tx X, G) =~ Ox %, G via a x-isomorphism that sends generators to
generators,
(ii) Ox %, G >~ Oy, ¢ Via a x-isomorphism that sends generators to generators,

(Hao-Ng isomorphism)
and both imply

(iii) all relative crossed products for (7;;r ,G,a) are completely isometrically

isomorphic via canonical maps.

If (X,C) is hyperrigid, for example, ¢x(Jx)X = X, then all of the above statements are

equivalent.

Proof. Assume first that
Conv(Tx Mg G) = Ox x4 G (13)
canonically. Theorem 4.7 shows now that
?Nag:,];rxﬁg,ag:ﬁxag

canonically and so by taking C*-envelopes we have a canonical isomorphism

CZIIV(,];;’_ Xl()[ g) = CZHV(,];;’_ NE,IX g) = OXNO,Q' (14)
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By “equating” the right sides of (13) and (14), we obtain (ii).
Conversely, assume that (ii) holds. Then by taking C*-envelopes in the isomor-

phisms of Theorem 4.7 we obtain
Cva(’E?_ e g) = C:nv(? x"l}(,a g) = Cva(,];;qag) = OXND[Q = OX Ny g

by (ii). Therefore (i) holds, as desired.
Assume now that (ii) is valid, that is, the Hao-Ng isomorphism is implemented

via a canonical map. The same map establishes
7;— >4(9;(,0tg:7.—5?_><1ag' (15)

By Theorem 4.7 we also have
TXjrxa g:T;xag' (16)
From (15) and (16), we obtain 7\ x, G ~ Ty x¢_, G, or,
Tx "o G=Ty Mt (T g
canonically. By Theorem 2.4, all relative crossed products for (7}2r ,G,a) are canonically
isomorphic, which is (iii).

Assume now that (X,C) is hyperrigid and all relative crossed products for

(T;, G, «) are canonically isomorphic. Therefore, (9) in Theorem 3.6 implies
C:nv('];?— NOX,oz g) = OX My g
By assumption Ty X, , G~ T x, G and so (i) is valid.
Finally, recall that Theorem 3.1 shows that a C*-correspondence X with

ox(Jx)X = X is always hyperrigid. ]

The importance of the previous result can not be understated. First, note that

condition (i) in Theorem 4.9 is just the equivalence
Conv(A Xy G) = Copy(A) X, G

of [19, Problem 1] with A = 7}* Hence, the equivalence of (i) and (ii) in Theorem 4.9

shows that the Hao-Ng isomorphism and Problem 1 in [19] are actually equivalent
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problems in the context of tensor algebras of C*-correspondences. Furthermore, if the
Hao-Ng isomorphism holds, then we automatically have from (iii) that Oy, g >~ Oxy _g-
Therefore, a positive resolution for the Hao—Ng isomorphism conjecture also implies a
positive resolution for the modified conjecture of [19, page 70].

Also notice that according to condition (iii), the verification of the Hao-Ng iso-
morphism for hyperrigid C*-correspondences depends on the canonical identification of
two non-selfadjoint operator algebras. We pursue this direction successfully in the next
section where we verify the Hao-Ng isomorphism for all graph correspondences of row
finite graphs. Furthermore, unlike condition (ii) (Hao-Ng isomorphism), both conditions
(i) and (iii) are applicable to arbitrary dynamical systems (7', G, ), that is, « does not
have to be a gauge action. Thus, in a sense, a generalization of the Hao-Ng isomorphism
problem beyond the realm of gauge actions is possible but only in the language of non-
selfadjoint operator algebras. In light of the recent results of Harris and Kim [12], this

seems to be a direction worth pursuing.

5 Graph Correspondences

Following from the last section, we would like to prove that every isometric (Toeplitz)
representation of ((X,(C),G,«) dilates to a covariant (Cuntz-Pimsner) representation.
However, the standard proofs that the C*-envelope of the tensor algebra is the Cuntz-
Pimsner algebra are non-constructive [18, 23] that at the moment is a barrier to our
method of proof. Significantly. in the case of graph correspondences such a constructive
dilation proof is shown to exist.

Let (E,V,s,r) be a directed graph, where both E and V are separable, with
associated graph correspondence (X,C, ¢yx). Recall this is where C = ¢,(V), X is the

completion of ¢, (E) under the right module structure

5/335(6) ' e = f
0, otherwise

(o8, BOf) = I

8y -6 .
0, otherwise

. I 8,0 S(@=v

and the left action of C on X is given by

re)=v

(8,,)0 e
(p =
Xvie 0, otherwise
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When (X,C) is the graph correspondence for a directed graph (V,E) then Oy is x-
isomorphic to the Cuntz—Krieger algebra of the graph.

We wish to find Cuntz-Pimsner representations of these graph correspondences.
As usual, the main concern is looking at which elements of C are mapped into K(X)
by ¢x.

In the case of a graph correspondence, Raeburn [26, Proposition 8.8] gives that
¢x(8,) € K(X) if and only if |r~! (v)| < co. Furthermore, §, € ker ¢y if and only if r—!(v) = @.
Thus, let

Vig ={veV:1<|r (v < oo}

be the set of vertices generating Katsura's ideal Jyx and let
K ={(v,w) | 3e € E withs(e) = w,r(e) = v,v € Vg, }.

For each pair (v,w) € K, let E(v,w) be the collection of all edges starting from
w and ending on v and let [E((v,w)] = CFV"I In what follows we will identify the
canonical basis of [E(v, w)] with the elements of E(v, w) and use the same symbol for
both.

Suppose « is a generalized gauge action of (X, C) then it is clear that this induces
a permutation of V and in particular that Vy, is invariant under this permutation.
By abuse of notation we call this permutation « : V — V. Furthermore, the action
o« maps [E(v, w)] unitarily onto [E(x(v),«(w))]. Indeed, if E(v,w) = {e;,e,,...,e,} and
£ =21, ¢0,,, then

(@(®),a() = (a(znjcisei),a(zn)deaej»
i=1 j=1
= Ol(< Z Ciaei, Zl 0]591»
j=

i=1
=o( D lei,,)
i=1
=D 16il8uw) = (€.€).
i=1

Proposition 5.1. Let (X,C) be the graph correspondence of (E,V) and suppose

(p,t,u,H) is a completely contractive representation of the dynamical system
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((X,0),G,a). There exists a dilation to a completely contractive representation

(p1,t1, Uy, Hy) such that for every v € Vg,

PG = D 1)t 5"

eer~1(v)

Proof. By [23, Lemma 3.5] because (p, t, H) is completely contractive then for v € V-

we have the matrix inequality

[t(e)*t(f)]e,ferfl(v) = [p((e'f”e,fer*l(v) = 69eer*l(v)p(‘ss(e))

and so [t(e) : e € 1 (v)] is a row contraction. Hence,
PG, = D G,
eer-1(v)

and so we can define

1 £\ /2
By = (o0 - eer_zl(v) 160)85,)")

Let H,, = p(8,,)H and so we can assume H = &, .y H,,. For each pair (v, w') € K
let

HV’,W’ = HV’ ® [E(V/, W/)]
Then for each w € V we define
Hy= P How= P HoEV, W
W w)ek W w)ek
and
Hy1=Hy ® Hj,.
We combine these to define
Hl = ®WEVHW,1'
Hence,
P By) =1Iy, ,, WEeV,

extends to a x-homomorphism of C that dilates p.
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We also have a continuous unitary representation u, : G — B(#,) dilating u :
G — B(H) and defined as follows.

Given g € G and h € H, we let u;(9)h = u(g)h. Otherwise, on each H;, the
operator u, (g) is defined by

Hyy 2 Hyy @8 > ug(h) ® ag(§) € Hyy ) agw) S H -

It is easy to see that u; : G — B(#,) is a continuous unitary representation dilating u.
We are ready to dilate ¢t : X — B(H). If r(e) ¢ Vi,, then we let t,(e) = t(e).
Otherwise, if e € E with s(e) = w and r(e) = v € Vyy,, then t,(e) € B(#;) has cokernel

contained in
H,®(..0000H,,®0...) CH, dH, =H,

range contained in %, ® 0 € H, & H; and it is given by
t1(8,) = [t©,) A ()] € B(H,, & H, i Hy),

where
T(e): ’HV’W — H,, h® & —> (e, &) h.

(In general, for ¢ € [E(v, w)], 7(¢) will be given by t({)(h ® &) = (¢, &) h.)
It is easy to see that t(e)r(e)* = I, and so,

D (GG = D HEIE)* + A T(@)T(e) A,

eer~1(v) eer—1(v)

( D t(ae)t(se)*)ﬂr‘l(v)lAﬁ

ecr—1(v)

=p(,).

This establishes one of the main conclusions of this proposition and gives that

[t (&)t (Plefer1(v) < o1 (e fD)eper1(v)

as in the start of the proof. Thus, by [23, Lemma 3.5] again, (p;,t;, H;) is a completely
contractive representation of (X, C).
Lastly we must establish the covariance relations. For any g € G recall

that ag acts as a unitary between [E(v,w)] = [{e;,e,,...,e,}] and [E(ag(v),ozg(w))] =
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Ufi.for - fy)]. This implies that

2 HagBe)tlarg(3e))* = D t( D (@g);8p)t 2_(@ghidp,)”
i=1 i=1 j=1 k=1
=2 (Z(ag»,i@k i) Hp)tp)"
jk=1 \i=1 '
=D 65t
j=1

and so

w@)(p@,) — D tE)t(3,)%)

ecr—1(v)

= (0B = D terg(8)teg(8,)))u(g)

ecr—1(v)

= (PG — D > t(agwe))t(ag(ae))*)u(g)

wes(r—1(v)) ecE(v,w)

(
(06— > > teptep*)ulg)
(

wes(r~1(ag(v)) fEE(ag(v),w)

= (pGuyw) = D, 6P )ulg).
ferleg(v)

By a standard functional analysis trick,

u(@Aa, = Aozg(v)u(g)-

Furthermore,if h® & e H then

v,w’

T2y (@) () (h B §) = T(ag(€) (W(h ® ag(6)
= (age),ay®) u@)h

= (e &)ul@h=u@rEe(h®E).

1193
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Hence,
£ (@5 (9) = [ 60 (Be)) Aqy)T(@g(€D) ] (21(9) Iy, ;)

= [u@1t60) Agyeu@r)]

[u@t6,) u@A,u@r(e)]

Uy (9t (8e).

It is also immediate that

u(@p;6,) = pg (8ag(v))u1 ()R

Therefore, (p;,t;, u;, H;) is a completely contractive representation of ((X,(C),G,«). N

Theorem 5.2. Let (X,C) be the graph correspondence of (E, V). Every completely con-

tractive representation of ((X,(), G, «) can be dilated to a Cuntz—Pimsner representation.

Proof. Let (pg, ty, Ug, Hy) be a completely contractive representation of ((X,C),G,a).
Recursively use the previous proposition to generate a sequence of completely contrac-

tive representations (p,, t,,, u,, H,) such that foreachn > 1, #,,_; C H,, (o,. t,,, Uy, H,,)

is a dilation of (p,,_1,t,_1,Up_1. H,_,) and for every v € V such that 1 < |r~1(v)| < co we
have
D 1081, ()" = py_1 (8,).
eer-1(v)
Thus, define #' = U° H,, and

PO, = Pp(©), 1 E)lgy, = t,€), and W' (@, = Un(9)-

Hence, (o', t',u’, H') is a dilation (pg, ty, Uy, Hy) to a completely contractive representa-

tion such that for every v € Vi,

> )16, =sor — lim D Iy, P

eer—1(v) eer~1(v)

=sor — lim D 1,8t (8"

eer~1(v)

= SOT — Y}Lngo Pr_1(8,)

=p'(8,).
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According to [23, Definition 5.3] the representation (o’,t', H') is Jx-coisometric, that is,
Cuntz-Pimsner in the sense of Katsura but without being isometric.

Lastly, by Theorem 4.6 there is a unique minimal isometric coextension of
(o', t',u,H) to (p”, t", u’,H"). By [23, Corollary 5.21] this coextension process preserves
the property of being Jy-coisometric. Therefore, (p”,t”,u”,H") is an isometric and
Jx-coisometric dilation of (pg, ty, ug, Hy), that is, a Cuntz-Pimsner representation of
(X,0),G,a). n

Corollary 5.3. Let (X,C) be the graph correspondence of a directed graph (E, V) and
(X,0),G,a) a C*-correspondence dynamical system, that is, « is a generalized gauge
action. Then all relative crossed products for (7;’, G,a) are canonically isomorphic via

completely isometric maps.

Proof. This is an immediate consequence of Theorems 5.2 and 2.4. |

With an added assumption this gives a positive solution to the Hao-Ng isomor-

phism problem.

Corollary 5.4. Let (X,C) be the graph correspondence of a row-finite directed graph
(E, V) and ((X,(C),G,«) a C*-correspondence dynamical system. Then

OXNaQ >~ Ox %, G.

Proof. By the description of Jy mentioned at the start of this section and Theorem
3.1, the graph correspondence of a row-finite directed graph (E, V) is hyperrigid. The

conclusion follows from Theorem 4.9. [ |
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