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CHAPTER 1: Introduction

In the 1900s, David Hilbert proposed a list of 23 problems that would greatly in-
fluence mathematics in the twentieth century. His tenth problem, known as Hilbert’s
Tenth Problem (HTP), dealt with the solvability of Diophantine equations. In par-
ticular, he wanted to know whether it was possible to create an algorithm that could
tell whether a polynomial equation in many variables had solutions in the integers.

After many years, it was discovered that no such algorithm existed. Yuri Matiya-
sevich proved that Diophantine subsets of Z were the same as computably enumerable
sets. His proof was based on the earlier work of Martin Davis, Hilary Putnam, and
Julia Robinson. (See [4] for the details of the solution of the original problem.) The
fact that Diophantine and recursively enumerable sets were the same implied that
Hilbert’s Tenth Problem was unsolvable. The solution to Hilbert’s Problem gave rise
to new questions; in particular, whether HTP was solvable over rings of integers of
number fields. In this thesis, we consider some of the developments which led to a
partial answer to this question.

This thesis is divided into the following sections: the first chapter presents the
necessary background from Recursion Theory and explains the exact nature of the
result by Yuri Matiyasevich, Martin Davis, Hilary Putnam, and Julia Robinson; the
second chapter introduces the necessary material from Algebra and more specifically,
Galois Theory; the third section introduces the notion of Diophantine generation and

explains the main results concerning rings of integers of number fields.



CHAPTER 2: Computability

This chapter contains some basic information on computable functions, sets, rings,
and fields. In this chapter and throughout, we will use the terms “computable,”
“decidable,” and “recursive” interchangeably.

In addition, throughout this thesis we will use Z>(, to mean non-negative integers

and Z-~, to mean positive integers.

2.1 Computable Sets and Functions

First we want to define computable sets. In order to do this, we must define the

characteristic function of a set.

Definition 2.1 (Characteristic Function). For A C ZY, the characteristic function

is defined in the following way:

Xa 2%y — {0, 1}

1if (%1, ,Sl}'m) S A
XA(T1, oy T =

0if (z1,...,2m) ¢ A.
We now define computable functions, computable sets, and computably enumer-
able sets.
Definition 2.2.

o If f:72%, — Z’;O for some positive integers m and k, then f is called com-
putable if there exists a computer program or an algorithm to compute f.

o If A CZY, and x4 is computable, then we say the set is computable.



o [f there is an algorithm or a computer program that can list the elements of a
set, we say the set is computably enumerable.

The following classical theorem laid the ground work for solving HTP. (See [7] for

more details.)
Theorem 2.3. There are computably enumerable sets that are not computable.

In particular, the following famous set is computably enumerable but not com-

putable.

Example 2.4. Let ¢, be the n'* program in the listing of all possible programs and

define the Halting Set as follows:

K = {n|¢n(n) terminates on input n}.

Before we can state the main theorem that led to the solution of Hilbert’s Tenth

Problem, we need to introduce the notion of Diophantine sets.

Definition 2.5. Let R be an integral domain. Let m and n be positive integers. Let

A C R"™. We say A has a Diophantine definition over R if there exists a polynomial

f(y17 7y77/7x17 7’:Cm) 6 R[y17 7y’I’L7':E17 >$m]

such that for all (¢, ...,t,) € R", we have

(tl, ,tn> cAs ELCEl, R o~ R,f(tl, ceey by T, ,Im) =0.

This set A is called Diophantine over R.

Now we state an example of a Diophantine set over Z.



Example 2.6. The set of even integers

{yeZ|F3zx € Z : y =2z}

is a Diophantine set over Z.

Yuri Matiyasevich, Martin Davis, Hilary Putnam, and Julia Robinson proved the

following theorem that we will refer to as the MDPR Theorem.

Theorem 2.7. Diophantine sets of tuples of nonnegative integers are the same as

computably enumerable sets.

There are two immediate corollaries of the MDPR Theorem.
Corollary 2.8. There are Diophantine sets which are undecidable.
Corollary 2.9. HTP is unsolvable.

Proof. Indeed, suppose A C Z is a non-recursive Diophantine set with a Diophantine
definition P(T, X1,..., X})). Assume also that we have an algorithm to determine the
existence of integer solutions for polynomials. Now, let a € Z and observe that a € A
if and only if P(a, X1, ..., Xg) = 0 has solutions in Z*. So if we can answer Hilbert’s

question algorithmically, we can determine the membership in A algorithmically. [

2.2 Some Examples of Computable and Non-computable Sets

An example of a decidable set is the set of all primes. The set of all primes is
decidable because we can test algorithmically for primality. Now we consider whether

a subset of all the primes is decidable or not.

Claim 2.10. Let P = {2,3,5,...} = {P, P, Ps,...} be the set of all primes. Let
A={P,,...P,, .} be asubset of primes. Let I = {iy,...,i,...} be the indexes of the

primes in A. In this case, A is decidable if and only if I is decidable.



Proof. Suppose [ is decidable. Let n € Z>( and consider the following procedure for
determining whether n € A.

Procedure:
1. Determine if n is a prime. If not, then n ¢ A. If yes, proceed to step 2.
2. Find 7 such that n = P,. List P until n occurs.
3. Check whether i € I. If yes, n € A. If no, n ¢ A.

Conversely, assume A is decidable. We will show [ is decidable. Let ¢ € Z~q be given.
Consider the procedure below to determine whether i € I.

Procedure:

1. Find P;,. That is, list P, P, ..., P; until we reach P,.

2. Check whether P, € A. If yes, i € I. If not, ¢ ¢ I.

2.3 Computable and Non-computable Rings and Fields

Definition 2.11. A ring R is recursive (computable) if there exists an injective map

J: R — Z>( such that
1. j(R) is computable
2. {(j(a),j(b),j(c))|c = a+ b} is computable.
3. {(j(a),j(b),j(c))|c = ab} is computable.

We observe that Z and Q are recursive, since the set of all integers can be rep-
resented as a pair of non-negative integers (a,b), where a = 0 if the integer is non-

negative and a = 1 otherwise, and b is the absolute value of the integer. Similarly, Q



can be represented by a triple of non-negative integers. Further, it is easy to describe
addition, multiplication, and division using these codes.
We continue with two examples which show that it is not hard to construct rings

and fields that are not computable.

Example 2.12. Let [ be an undecidable set and let A = {P;|i € I} be an undecidable

set of primes. Then we have that F' = Q(y/F;,i € I) is an undecidable field.

Example 2.13. Let I be an undecidable set of primes and let S = {P;|i € I}. Then
we have that Ogs = {%|m € Z, n € Zyy, n is divisible by primes in S only} is an

undecidable ring.

In general we have the following result whose proof can be found in [8][Appendix

Al

Theorem 2.14. If R is a recursive integral domain and there is an algorithm to

determine if an element of R has an inverse, then
1. the fraction field of R is recursive,
2. any finite extension of the fraction field is recursive, and

3. the integral closure of R in a finite extension is recursive.



CHAPTER 3: Galois Theory

Our goal in this chapter is to survey the results from Galois Theory that will be
used to show the undecidability of Hilbert’s Tenth Problem over number fields. As a
general reference for this material we recommend [1] and [2]. All the fields we consider

below will be of characteristic zero. We start with the notion of field homomorphism.

Definition 3.1 (Field Homomorphism). Let K and L be fields and let 0 : K — L
be such that o(0x) = 0, and o(1x) = 1, and for any two elements =,y € K we have
that o(x + y) = o(x) + o(y) and o(zy) = o(x)o(y). In this case, o is called a field
homomorphism. If ¢ is a bijection, then o is called an isomorphism. If K = L and o

is a bijection, then o is called an automorphism.

Remark 3.2. It is not hard to show that a field homomorphism sends multiplicative

and additive inverses to multiplicative and additive inverses.
We will now discuss several important properties of fields and homomorphisms.
Proposition 3.3. If 0 : Q — Q is a homomorphism, then o is the identity map.

Proof. Since o is a homomorphism for both addition and multiplication, we have that

0(0) =0 and o(1) = 1. By induction, for n € Z~, we have

on)=ocQ+l+. . +1)=0l)+o(l)+..+o(l)=1+1+..+1=n

i

n times n ti‘;nes n times
Since o(—xz) = —o(z) for all x € Q, we have that o(—n) = —o(n) = —n for all
1 1
n € Z~g. Similarly, for any x € Q*, o (—) = ﬁ, and therefore for any m € Zy
x o(x
1 1 1
we have o | — | = = —. Finally, let = £ be any non-zero element of Q with
m o(m) m Q

@ # 0, and observe that o(x) = o (£> = o(P) =

Q)o@ -

Qv



Corollary 3.4. The only automorphism of Q is the identity map.

Definition 3.5. A field G is algebraically closed if every polynomial over G has a

root in G.

Definition 3.6. If F is a field, then the algebraic closure of F' is the smallest alge-

braically closed field containing F'.

Definition 3.7. Let E be an algebraic extension of a field F'. In this case, o € F
and € E are called conjugate over F' if irr(a, F') = irr(8, F'), where irr(a, F) is
the monic irreducible polynomial for a over F' and irr(f3, F') is the monic irreducible
polynomial for § over F. In particular, o and (§ are zeros of the same irreducible

monic polynomial over F.

n—1

Proposition 3.8. Let G/F be a finite extension generated by € G. Let 1, a, ..., «
be the basis of G/F generated by powers of a. In this case, o = Z?;ll A; o,
where A; ; depend only on i and j and the irreducible polynomial of oc. More specif-
ically, A;; is a fized polynomial in the coefficients of irr(a, F'). In other words,
A, j = P,j(By,...,B,_1), where By,...,B,_1 are the coefficients of the irreducible

polynomial of o over F' and each P, j(xo,...,2n_1) € F,, ..., xn_1] is fized.

Proof. We proceed by induction.

Base Case:

For 7 =0,....,n—1, we have P,; =1 for ¢ = j and P, ; =0 for ¢ # j.

Induction Step:

Assume for j < k, we have o/ = Z;:Ol A; ja'. We want to show a1 = Z;:Ol A 10t

We have a™ + B,_1a" ' + ... + By = 0. Multiplying by o™, we obtain

Q"™ 4+ B, 10" ™M 4 4+ Bypa™ = 0.



Now assuming £+ 1 > n and k + 1 — n = m, we obtain
"+ B, 1of + ... 4 Bya™ = 0.

Thus,
n—1
ak—i—l - E Bn_rak—r—&—l.
r=1

By the induction hypothesis, we have

n—1 n—1
k+1 __ 7
Q - g anr E Ai,kfrJrlOé .
r=1 =0

Thus,

n—1 n—1

CVkJrl = Z Z Ai,kfr+1anral
i=0 r=1
n—1 n—1
= Z ol (Z Ai,kr+1Bnr> )

=0 r=1
where Z:;ll A; p—r+1By—r is a polynomial in By, ..., B,_; depending only on 7, k, and
n. ]

Theorem 3.9. Let F' be a field and let o and [ be conjugate over F' with

deg(a, F) = deg(B, F) = n,

where deg(a, F') is the degree of o over F and deg(B, F) is the degree of 5 over F.
In this case,

\Da,b’ : F(Oé) — F(ﬂ)
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defined by

Uos(ap+aa+ ... +a, 10" ) =ag+ar1B+ ... + a,_18""

s an isomorphism of fields.

Proof. By definition, we have

U, 5(ap + a0+ ... + an_10" ) =ag+aiB+ ... +a,_1" € F(p).

Thus, we have a well-defined map whose domain is all of F(«).

We now show that ¥, g is a homomorphism of fields. For addition, we have

n—1 n—1 n—1
Vap (Z a;o’ + Z biai> =Vap (Z(ai + bi)ai> (by the distributive law)
=0 i=0 i=0
n—1
= (a; + b;)B" (by definition)
i=0
n—1

n—1
a;B' + Z b;3" (by distributivity)
0

i=0 i=
n—1

=V,5 (Z ) + U,z <Z b > (by definition)
=0

For multiplication, we have the following equalities which hold in part by Proposi-

tion 3.8 (we are using the same notation as in this proposition)

n—1 n—1 n—1
Uos ((Z am/) (Z bjaj>> = U,z Z aibja”j)
i=0 J=0 4,3=0
n—1 n—1
— k
i,5=0 k=0
1

n—

S Akab> )

k=0 \m=0 i4+j=m;i,j=0
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3 (Z Z A, kab)ﬁ

k=0 \m=0 i+j=m;i,j=0

= Ei Oa ) (ZAHMB>

= a;b;j 3" (since 8 and « are conjugates)

() ()
= U,z (Z a;a ) Uos C:i: bj()cj>

Now, we must show that ¥, g is a bijection. First note that ¥, 5 is onto since every
element of F(f) is of the form 31" a;3' = ¥, 5(3°7~) a;a’). Now, let us show that
U, 5 is one-to-one. Suppose W, 5(31" 1 a;af) = U, 5(3°0 bia?). In this case, we have
> a6 = (0 o bi8"). Thus, a; = b; for i = 0,1,...,n — 1, since {1,..., 3" '} is
a basis of F(f) over F. Hence, Y7 a;a’ = 310 bial. O

The following lemma is a generalization of the previous theorem.

Lemma 3.10. Let F' and F' be fields and let o be algebraic over F' and [ be algebraic
over F'. Further, let p(x) =irr(a, F') and q(z) =irr(B, F'). Let o : ' — F’ be an

isomorphism of fields such that

Now extend

o: F(a)— F'(B)
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by setting
n—1=deg(p(z))—1 _ n—1=deg(p(x))—1 _
o Z a;o | = o(a;)p
i=0 i=0
for any n-tuple ag, ... ,a,_1 € F. In this case, the extended o is an isomorphism of
fields.

Proof. First notice that we have p(z) is irreducible if and only if ¢(x) is irreducible.
That is, deg(p(x)) = deg(q(x)). Thus, we have that the extended o is a bijection
because {1,q,..,a" '} and {1,8, ..., 37"} are bases of F(a) over F and F’(3) over
F’ respectively and because o is a bijection.

Now it remains to show that the extended o is a homomorphism. Here we use the
fact that we are working with fields of characteristic zero. For any ¢ € Z>(, we have

that

)_l

al Z 007 _ZQW A0, vy App1) O

j=0
where A, ; = Q;(ao, ...,an—1), ap+ a1z + ...+ 2" =irr(e, F), and Q; j(xg, ..., Tp_1) €
Q[zo, ..., xn_1] is a fixed polynomial over Q depending on 7, j and n only by Proposition

3.8. First we see that

o(Aij) = 0(Qsj(ao, s an-1)) = Qi j(o(ag), ..., 0(an-1)),

since the coefficients of @); ; are in Q and are not be moved by ¢ by Proposition 3.3.
Let x = Z?:_Ol ;o and y = Z?:_()l b;a’ where ¢; € F and b; € F. For addition, we

have

olz+y) =0 (X_: cial + z_: bio/>
=0 (2(01 + bl)Oél>

=0
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n—1
=D B+ b
i=0 =0
n—1 n—1
= Z olc) B + Z a(b;)p*
=0 =0

For multiplication, we have

olzy) =0 (i: c,-ai) (i: bjozj>)

,7=0
n—2
=0 Z Z Cibj> Oék>

k=0 \i+j=k
n—2 k n—1
7
=0 E E Crbp—y E Qi,k(CLOa"-aan—l)a
k=0 \r=0 =0
n—1 /n—-2 k
)
=0 E E E Crbkeri,k(am XP) anfl) a
=0 k=0 r=0
n—1 /n—2 k

Thus, o is a homomorphism. O]
We continue with more properties of field homomorphisms.

Proposition 3.11. Let F be a field and let o be algebraic over F. Let F be the

algebraic closure of F. Let U : F(a) — F with V|p = id. In this case, ¥(a) is a
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conjugate of a over F' in the algebraic closure.

Proof. Let f(T) = a, + a;T + ... + T™ be the irr(c, F'). We have that f(a) = 0.

Furthermore, for a; € F', we have ag + ayja + ... + ™. Thus, we have
ap+ a1¥(a) + ...+ (¥(a))" = 0.

O

Definition 3.12. If ¢ is an isomorphism of F' onto some field, then an element a of
E is fixed by o if 0(a) = a. Furthermore, a collection S of isomorphisms of E leaves
a subfield F' of F fixed if each a € F' is fixed by every o € S. In addition, we say that
o leaves F fixed if S = {0} leaves F fixed.

Theorem 3.13. Let {0;,i € I} be a collection of isomorphisms of a field E. Then
Eoy ={a € Eloj(a) = a for alli € I} is a subfield of E.

Proof. First note that {0,1} € E by the definition of isomorphism. Let a € Ey,,;
and b € E{,,3. Then we have that o;(a +b) = 0y(a) + 0;(b) = a + b and o;(a — b) =
oi(a) — 0;(b) = a —b. In addition, we have o;(ab) = 0;(a)o;(b) = ab, and for b # 0 we

have o, () = :Eg)) - =

Theorem 3.14. The set of all automorphisms of a field FE is a group under compo-

sition.

Proof. Let ¢ : ¥ — E and 7 : E — E be automorphisms. That is, ¢ and 7 are
bijections and isomorphisms. We must show that o o7 is a bijection and that o o7 is
a homomorphism. First we know that a composition of two bijections is a bijection

itself. Thus, it remains to show ¢ o 7 is a homomorphism. Let x € E and y € E.
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Then we have

(coT)(z+y) =o(r(z +y))
= o(7(x) + 7(y)) since 7 is a homomorphism

= o(7(x)) + o(7(y)) since o is a homomorphism

= (oo7)(x) + (007)(y)

and

(0 o7)(zy) = o(r(xy))
= o(7(z)7(y)) since T is a homomorphism

= o(7(x))o(7(y)) since o is a homomorphism

= ((go7)())((a 0 7)(y))-

Also, we have that the identity map is an automorphism of F and the inverse of an
automorphism is also an automorphism of . Thus, we have that F is a group under

function composition. O

Theorem 3.15. Let E be a field and let F' be a subfield of E. Then the set G(E/F)

of all automorphisms of E leaving F' fized is a group and F' C Egg/F).

Proof. Let o and 7 be automorphisms of F fixing F. We need to show that o o7
also fixes F. If x € F, then we have (0 o 7)(z) = o(7(z)) = o(x) = z. Also, note
that the identity automorphism is in G(E/F) and furthermore that ¢! € G(E/F).
Therefore, we now have that G(E/F) is a subgroup of the group of all automorphisms
of E. O

Definition 3.16. In Theorem 3.15, the group G(E/F) is the group of automorphisms
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of F fixing F is also called the group of F over F.

To prove the Isomorphism Extension Theorem, we will need to use Zorn’s Lemma
(an alternative to Axiom of Choice). The following definition explains the necessary

terms.

Definition 3.17. A subset T" of a partially ordered set S is a chain if every two

elements a € T" and b € T" are comparable.

Lemma 3.18 (Zorn’s Lemma). If a partially ordered set S is such that every chain

in S has an upper bound in S, then S has at least one maximal element.
We now prove the Isomorphism Extension Theorem.

Theorem 3.19 (Isomorphism Extension Theorem). Let E/F be an algebraic exten-
sion of fields. Let o : F — F' be an isomorphism. Furthermore, let F' be the algebraic
closure of F'. In this case, o can be extended to an isomorphism 7 : E — E' C F’

such that 7(a) = o(a) for all a € F.

Proof. Consider the set of all pairs (L, \) where L is a subfield of E containing F,
FCLCEand \:L — L' C F'is an isomorphism such that Arp = 0. Observe
that S is not empty since (F,0) € S. So we can also define a partial ordering on S
by setting (L1, A1) < (Lg, Ag) to mean F' C Ly C Ly and A\a|p, = A1,

Let I be any index set. Let T' = {(H;, \;)|¢ € I} be a chain in S. Let H = U;c/H;
and note that H C FE is a field. Indeed, let « € H and b € H. Since H = U1 H;,
then there exists i, € I and iy € I such that a € H;, and b € H;,. Since T is a chain,
it is totally ordered, and we must have H;, C H,, or H;, C H;,. Without loss of
generality, assume H;, C H;, and observe that now a,b € H;, and a+b, a—Db, % for b #
O,S for a # 0 are all in H;, C H.

Next define A : H — H' C [’ by setting A(c) = \i(c), where ¢; € H;. We need to
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show that A(c) does not depend on the choice of i. If ¢ € H; for j # i, then either
(Hj, ;) < (H, \i) or (Hy, Ni) < (Hj, ) ). In the first case, we have |z, = A; and
therefore \;(c) = A\j(c) = A(c). In the second case, we have \;|g, = A; and therefore
Aj(€) = Ai(e) = A(c). Thus, A is well-defined.

Now we show that A is an injective homomorphism. First let us show that A is
injective. Let a,b € H and assume A(a) = A(b). As above, there exists H; such that
a,b € H; and A(a) = A(b) = A\i(a) = A\i(b), but @ = b since ); is injective.

Next, we show that A is a homomorphism. Let a,b € H and let H; be such that
a,b € H; which implies that a + b € H; and ab € H;. In this case, since \; is a

homomorphism we have

Aa +b) = Ai(a+b)

= Aa) + A(b),

and we also have

Thus, we have shown that (H,\) € S and (H,\) is an upper bound for 7', Zorn’s
Lemma applies, and S contains a maximal element (7,K). Let 7 : K — K' C F".
If K = E, we are done. If K # E, then since (K,7) € S and K G E, there exists
a € F'\ K. Since « is algebraic over F', «v is algebraic over K. Let p(z) = irr(a, K)

and furthermore let ¢(z) = 7(p(z)). Let 3 € F’ be a root of q(x). By Lemma 3.10,
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there exists an isomorphism 7" : K (a) — 7(K(f)), which contradicts the assumption

that (K, 7) was a maximal element of S. Thus, K = E. [

Definition 3.20. Let F be a field with algebraic closure F'. Let {fi(z)|i € I} C Flx].
A field E C F is a splitting field of {fi(z)|i € I} over F, if it is the smallest field
containing F with all the zeros of fi(x) for each i. A field K C F is a splitting field

if it is a splitting field of some collection of polynomials over F' and F' C K.

Proposition 3.21. Let I be an index set. Let F' be a field with algebraic closure
F. Let A = {oli € I} C F be the set of all roots of a collection of one-variable
polynomials over F. Further, let B = {;]j € J} where B; =[], a;™ and there are
only finitely many a; ; that are not zero. Let G = {y|k € K} where v, = Y 10,
is a finite linear combination with ;) € F. Lastly, let D = {6|l € L} where 6; is a
ratio of two elements from G with the denominator element not equal to zero. In this

case, we have that D = {§|l € L} is a field and is the smallest field containing F' and

A, and thus a splitting field of the collection of polynomials corresponding to A.

Proof. First we see that 0,1 € D since 0,1 € F'. Note also that sums and products
of linear combinations in GG are linear combinations in G. Thus, the sum and the

product of two elements in D is in D. Therefore, D C F must be a field. n

Theorem 3.22. A field E with F C E C F is a splitting field over F if and only if

for every o : F — F such that o|p = id, we have that o(E) = E.

Proof. Assume E is a splitting field and ¢ is an automorphism of F fixing F. Let

y € E. In this case, in the notation of Proposition 3.21, we have

o Q1(ag, ..., ax)
Yo o Qafan, ..., )
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where Q1, Q2 € Flxy,...,x;]. Now as o leaves F fixed, we have

- Q1(o(aq), ...,o(ag)) c R

oly) = Qa(a(), - o(ar))

since roots go to roots in F.

Conversely, suppose o(E) = E for any automorphism o of F. We will show E is a
splitting field. If £ = F', this covers the polynomial case where deg(p(z)) = 1 and
nothing else. So now assume F # F. We will show E contains all the roots of any
irreducible over F' polynomial with roots in E. If F G E, let a € E\ F and g(z) =
irr(a, F'). Let o : F(a) — F(8) where 3 is conjugate of o over F'. We have previously

shown

1. o is an isomorphism (by Theorem 3.9), and

2. we can extend o to F' (by Lemma 3.10).

Thus, g € E. n

Next, we prove two lemmas and a theorem in order to state and prove the Main

Theorem of Galois Theory.

Lemma 3.23. Let F be a field and let F be the algebraic closure. In characteristic

zero, if g(x) is irreducible over F, then in F all roots of g(x) are distinct.

Proof. Assusme g(z) has a root a of multiplicity n > 1. In F, factor g(z) =

(x — a)"h(z) and note that ged(h(x), (x — a)) = 1. Thus, we have that
g (x) =n(x —a)"""h(z) + I (z)(x — a)" # 0

since n(z —a)" 'h(x) # 0, and therefore ¢’ is divisible by at most n — 1-st power

of (x —a). At the same time, ged(g(z), ¢ (z)) = (x —a)" ' f(z) # g(x) for some
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f(z) € F[z] prime to (z — a). Hence, h(x) would have a non-trivial factor over F,

but this cannot be true. Thus, all roots are distinct. O

Definition 3.24. A finite extension E/F is a separable extension if every irreducible

polynomial over F' does not have multiple roots in E.

Theorem 3.25 (Primitive Element Theorem). If E/F is a finite separable extension
of infinite fields, then E = F(«) for some a € E. In this case, « is called a primitive

element and E/F is called a simple extension.

Proof. Assume E = F(f3,7). Let 81 = f3, ..., B, be all the conjugates of § over F' and

Y = Y, ..., Ym be the conjugates of v over F. All conjugates are distinct since the

(B; — B)
(v =)

extension is separable. Since F' is infinite, we can find a € F' such that a #
fori=1,...,n and j = 2,...m. Thus, a(y — ;) # (8; — ).

Now let @« = 5+ avy and f(z) = irr(B3, F'). Let h(z) = f(a — ax) € (F(«))[z]. Then
we have h(7) = f(a —a7) = f(8) = 0, but hly,) = f(a — a7;) # f(s) for any i
and for j # 1. Therefore, h(vy;) # 0 for j > 1. Indeed, we have a = S+ ay # (;

a —ay; =+ ay — ay; # B; for any i. The last non-equality holds because
B4ay=ay;+Bi=B—Bi=aly—7)
(8i = B)

(v =)
Now let g(z) = irr(vy, ). In this case, h(z) and g(z) have a common root. Hence,

but this contradicts the fact that a # . Therefore, h(x) # 0 for any o, ..., Y.
h(z) has a linear factor (z — ) € (F'(«))[z]. Thus, v € F(a).

Now since v € F(a), then for a € F' we have ay € F(a). Additionally, we have that
a=f—ay€ F(a). Thus, (8 —ay) + (ay) € F(a) and hence 5 € F(a).

We have shown F(8,7) C F(a). Since a = f — ay, we have F(a) C F(8,7).

Therefore, F'(3,7v) = F(«). That is, if we have a finite separable extension with two
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generators, then we can reduce the number of generators to one. By induction, any

number of finite generators can be reduced to one. O]

Lemma 3.26. Let F be a field and F be the algebraic closure of F. Further, let M
be a field such that F C M C F and the estension M/F is finite and separable. In
this case, we have the number of injective homomorphisms o such that o : M — F

and o|p = id is the degree of the extension [M : F.

Proof. Since the extension M/F is finite and separable, by the Primitive Element
Theorem we have that it is simple. That is, the extension M/F is generated by a
single element . Any injective homomorphism ¢ such that o : M — F and o|r = id
must send o to a conjugate over F' by Proposition 3.11, and every conjugate of «
over F' also generates an injective homomorphism ¢ with the required properties by
Theorem 3.9. Thus, the number of such injective homomorphisms is exactly the

number of conjugates of a over F', which is the degree of the extension. O]

Remark 3.27. In this thesis, we have assumed that the characteristic of all the fields

under consideration is zero. In this case, all the extensions are separable.

We now define the Galois group and proceed to state the Main Theorem of Galois

Theory.

Definition 3.28. Let K be a separable splitting field over F' and let K be a finite

extension of F'. In this case, we say that K is a finite normal extension of F.

Definition 3.29. Let K be a finite normal extension over F'. In this case, we say
G(K/F), as defined above, is the Galois group of K over F. Further, the extension

K/F is called a Galois extension.

Theorem 3.30 (Main Theorem of Galois Theory). Let K be a finite normal extension
of a field F with a Galois group G(K/F). For a field E where ¥ C E C K, let
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AE) C G(K/F) be the subgroup containing all the elements of G(K/F) fixzing E. In

this case,

At {intermediate fields between K and F} — {subgroups of G(K/F)}

1s one-to-one. Further, \ has the following properties:
1. M(E)=G(K/E).

2. E = Kgk/p) = KxE), where Kgk/p) 18 the set of elements fized by the Galois
group of K over E and Ky is the set of elements fized by A\(E).

3. If H C G(K/E), then N\(Ky) = H, where Ky is the set of elements fized by H.

4. [K:El=|\NE)| and [E : F] = [G(K/F) : \(E)] = the number of left cosets of
AE) in G(K/F).

5. E is a normal extension of F if and only if N(E) is a normal subgroup of

G(K/F). Also if \(E) is a normal subgroup of G(K/F), then

G(K/F)

GEIF) = GirEy

6. Subfields of K containing F are in bijection with subgroups of G(K/F).
Proof. We will prove each property separately.

1. First clearly we have A\(E) C G(K/FE) since A(FE) is the subgroup of G(K/F)
keeping E fixed. Now we must show G(K/E) C A(E). If 0 € G(K/FE), then
o is an automorphism of K keeping F fixed and therefore F' fixed. Thus,
o € G(K/F). Hence, G(K/E) C A(E). Therefore, A\(E) = G(K/FE).
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2. Notice that we have £ C Kgk/p) since Kgk/p) is a fixed field of G(K/E).
Now we must show Kg/p) € E. Let « € K\ E. Let f(z) = irr(a, E).
There exists o : E(a) — E(f), where [ is a conjugate over a over E. By
the Isomorphism Extension Theorem, we can extend o to F. Note that o
keeps E fixed. Since K/F is normal, ¢ is an automorphism of K. That is,
o € ME) = G(K/E) C G(K/F), and in particular, Kqgk/p € E. Thus,

Kgk/py = E. This shows A is one to one.

3. We will show that A is onto. Clearly, H C A(Kpy). We need to show equality.

Suppose H G A(Kp). By the Primitive Element Theorem, K = Ky (). Let
n=I[K:Ky|=|GK/Kg)|

If H S MKy) = G(K/Kg), then we have |[H| < n. Let oy,..,0 be all the
elements of H, and consider f(z) = HLZ‘l(l’—Ul'(Oé)) where deg(f(z)) = |H| < n.
We claim that the coefficients of f(z) are in H. Indeed, since coefficients of f are
symmetric functions of {o1(a),...,om()} = A, where o1(c),...,0m(a) € K
and o(A) = A for any 0 € H, we have [K : Ky| = [Ky(o) : K] < |H| <n
since o(0;(a)) = 0 0 0;(«) = 0(a) because H is a group. Thus, we arrive at a

contradiction.

4. We have already shown that for any intermediate field E it is the case that
[K : E] = |\(E)|. Thus, it remains to show [E : F| = [G(K/F) : A(E)]. First
notice that we have [K : E| = G(K/E) C G(K/F) and [K : F] = |G(K/F)|
and [K : E|[E: F] = [K : F]. Thus,
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index of G(K/FE) in G(K/F) = number of left cosets.

5. Assume G(K/FE) > G(K/F). To show that F is normal over F, it is enough to
show that for any o : E — F such that op = id it is the case that o(E) = E.
Any such ¢ can be extended to o : K — F and since K is normal over F, we
have o(K) = K so that it is enough to consider o € G(K/F). We want to show
for all « € F and all 0 € G(K/F), we have o(a) € E.

By property 2, E is the fixed field of G(K/FE). Thus, by definition of fixed field,

ola) e E< VT € GIK/E), 1(0(a)) = o(a)
& VreG(K/E), o7 or(o(a)) =a

V7 e GIK/E), 7(a) = «a,

where the last implication is true because G(K/FE) is a normal subgroup in G(K/F)
and conjugation is an automorphism of the group.

Suppose now that E/F is a normal extension, let 0 € G(K/F), 7 € G(K/E), « € E
and note that as above, we have o(«) € E and 7(o(a)) = o(a) or o7 (7(0())) = av.

Thus, 0 o700 € G(K/E) or G(K/E) is normal in G(K/F). O

We finish with the definitions of abelian and cyclic extensions and a corollary

concerning abelian and cyclic Galois groups we will need later.

Definition 3.31. A finite normal extension K of a field F' is abelian over F' if G(K/F)

is an abelian group.

Definition 3.32. A finite normal extension K of a field F is cyclic over F'if G(K/F)

is a cyclic group.

Corollary 3.33 (Abelian and Cyclic Extensions).
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. Any subgroup of an abelian group is normal and the quotient group is defined

and is also abelian.

. If F/K is an abelian extension, then if we have an intermediate field E with
K C E CF, then E/K is Galois and abelian. In general, E/K is normal
if and only if G(F/E) is normal in G(F/K), the Galois group of F over K.

However, if G(F/K) is abelian, this is automatically true.
. If G is a cyclic group, H C G a subgroup, then H is cyclic and G/H is cyclic.

. Af F/K is a cyclic extension, then if we have an intermediate field E with
K CECF, then E/K is Galois and abelian.



CHAPTER 4: Diophantine Generation and Hilbert’s Tenth Problem

In this chapter we discuss the main results on extensions of Hilbert’s Tenth Prob-

lem to the rings of integers of number fields.

4.1 Diophantine Definitions and Field-Diophantine Definitions

In this section, we define the basic notions we need for the main results. First we
prove a proposition which will allow us to substitute a single polynomial equation for

a finite system of equations.

Proposition 4.1. Let K be a field which is not algebraically closed and let

h(z) = 2" + ap_12™ 1 4 ...+ ag

be a polynomial without roots in K. Let f(x) € K[x] and g(x) € K[z]. In this case,

for all x € K, we have

109" (x) + arg" " () f () + .. + anf(x) = 0

)
f(x) =0 and g(z) = 0.

Proof. Assume f(x) = g(z) = 0. Using substitution, we obtain that

a0g™(x) + arg" () f (&) + .. + anf"(z) = 0.
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Conversely, suppose

aog"(7) + arg" (@) f(2) + .. + an " (2) = 0,
and also suppose g(z) # 0. In this case, dividing

aog" () + arg" " (x) f(2) + ... + apf () = 0

by ¢"(x), we obtain

2 n
ag + a1 (M) + a9 <M) +...+ay (M> =0.
9() 9() g(x)
This implies that % is a root of h in K.
Now let

h(y) = aoy™ + ary™ ' 4 ... + an.

We claim that h(y) has no roots in K. Suppose h(y) = 0 for some y € K. Since

1
a, # 0, we conclude that y # 0, and we can set z = — # 0 € K. Now we have that
)

_ 1 1 n 1 n—1
h<—):ao (_> fa <_) Ftan =0,
T X T

Multiplying both sides by z", we obtain ay + a1z + ... + a,2™ = 0, which is a contra-
diction of our assumption on h.

Now assume

aog"(7) + arg"(2) f(2) + .. + an f"(x) = 0,
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but f(z) # 0. Dividing the left side by f™(x), we obtain

w (L) o (250 + a0

fr(x) fri(z)

This implies that h (%) = 0, which is a contradiction to the fact that h(y) has
x

no roots in K.

Thus, if agg™(z) + a1g" ' (x) f(z) + ... + an,f™(x) = 0, then f(x) = g(z) = 0. O

From this proposition we immediately conclude the following corollary.

Corollary 4.2. If R is a recursive integral domain with a fraction field which is not
integrally closed, then there exists an algorithm for determining if a single arbitrary
polynomial equation has solutions in R if and only if there exists an algorithm to

determine whether an arbitrary finite system of polynomial equations has solutions in

R.

We now review the notions of Diophantine sets and Diophantine definitions first

discussed in the introduction.

Definition 4.3. Let R be an integral domain. Let m and n be positive integers. Let

A C R". We say A has a Diophantine definition over R if there exists a polynomial

FW1, ey Yny 1y ooy Tn) € R[Y1, ooy YUy T4y oey T

such that for all (¢1,...,t,) € R™, we have

(tl, ,tn) cAs ElZL’l, vy T, € R,f(tl, ey by 1, ,[Em> = 0.

This set A is called Diophantine over R.
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Now we will modify the notion of Diophantine definition to establish the notion

of field-Diophantine definition.

Definition 4.4. Let R be an integral domain with a quotient field F'. Let £ and m

be positive integers. Let A C FF. Assume that there exists a polynomial

f(ah "'7046767*%17 wxm)

with coefficents in R such that

‘v’al, eeey A, b, L1y.eey Ty € R,

flay, ...;ap, byz1,.csxy) =0=0b#0

and

A= {(tl, ,tk) € Fk | Elal,...,ak,b,xl, R L~ R,

bty = ay, ..., bty = ay, f(ay, ..., ar, b, 21, ..., x) = 0}.

In this case, we say that A is field-Diophantine over R and will call f a field-

Diophantine definition of A over R.

Remark 4.5. It is not hard to see that if R is an integral domain with a quotient
field F, then a subset A of R* has a Diophantine definition over R if and only if A
has a field-Diophantine definition over R. Indeed, a Diophantine definition is a field-
Diophantine definition with b as above set to 1. Conversely, if f(y1, ..., Uk, 2, 1, .oy T

is a field-Diophantine of a set A C R*, then

Y1y Yk, 2, T1s o Tn) = F(ZYLy ooy 2Yky 2, T1y ooy T
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is a Diophantine definition of A over RF.

4.2 Coordinate Polynomials

We will now introduce coordinate polynomials in order to extend the notion of
Diophantine definition and the notion of field-Diophantine definition to the notion of

Diophantine generation.

Lemma 4.6. Let F'//G be a finite field extension. Let Q = {wy,...,w,} be a basis of

F over G. Then forl =1,2...,n there exist

Pz, s Ty Y1y ooy Yn) € GT1, ooy Ty Y1y oy Y

depending on €2 only such that for all ay,..,a,,b1,...b, we have that

n

n n
Z a;W; Z bjw]‘ = Z Pl(al, vy iy bl, ...bn)wl.
i=1 j=1 1=1

Proof. Let {A;;; € G |1i,7,l =1,...,n} be a set of elements of G such that w,w; =
Y ey Aijwi. First note this set exists because F is a field. By associativity, distribu-

tivity, commutativity, and reordering, we have

n n n n
E a;W; E bjwj = E E aiwibjwj
=1 j=1

i=1 j=1

n n
= E E aibjwiwj

i=1 j=1

n
= E a; bjwz-wj

1,j=1

n n
=D aib; Y Ay
=1

i,j=1
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n n
:E E aibjA; jiwi

ij=1 I=1

n n
=D > abiA

=1 i,j=1

= Z (Z ab; Am>

2,7=1

= ZPl(al, ey iy D1y b )y
=1
where Py(ay, ..., a,,01,...,b,) :Z” L aib;A; . O

In a similar manner, we can also prove the following lemma.

Lemma 4.7. Let F//G be a finite field extension and let Q = {w1, ...,w,} be a basis

of F over G. Let ay,...,a, € G. In this case, there exist
Pl, ey Pn, Q € G[?L’l, ,ZEn]

depending only on F,G, and ) such that

n

-1
a1y ..., Gp) u
izl a;w; 7& 0= Z mwz = <Z aiwi>
where Q(ay, ..., a,) # 0. That is,
a,...,a
(Z Q( a11, ..a > (Zacw,) -
where Q(ay, ..., a,) # 0.

Proof. Let 1 = Z:.L:l B,w;, B; € G. Let Z?:l biw;, b; € G be the inverse of the given
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element and consider the following sequence of equalities:

n n
E ;Wi E biw; =1,
i=1 i=1

ZPZ A1y ..y Qp, by, ... Z (Z a;b; A”l> w; = ZBM,
=1

i,7=1

n

Z aibinJ',l = Bl,l = 1, o, n, and

ij=1
n n
Z (ZaiAi,j,l> bj = Bl,l = 1, o
j=1 \i=1
Thus, we have a linear system in bq,...,b, with a unique solution. The matrix

C = (a;) corresponding to this system has an entry >  a;A;;; in the position
corresponding to [-th row and j-th column, and each entry is a polynomial in the
coordinates of the original element and the elements of the set {A4;;;}, and this
polynomial depends on indexes j, [, and n only. Now the conclusion follows from
Cramer’s Rule and the fact that the determinant of a matrix is a fixed polynomial in

its entries which depends on the matrix size only.

Next we observe a formal property of sums.

Remark 4.8. If A, a;; are elements of a field, then

Alar s+ ... +arg) - (ap1 + .. +apg) = Z Aay5,a25,...01 5,

where 1 < s; < k.

Lemma 4.9. Let M/F be a finite field extension of degree k. Let Q = {wy,...,wy}



be a basis of M over F. If P(Ty,...,Ty,) € F[Ty,...,T,,] then there

Pty 1y tmp), ooy PE(t11ees tmy) Such that
1. P2 ... P depend only on Q and

k k k
2. P (2 AR tm,jwj) = S PO, s b )

Proof. First by Lemma 4.6, we have

k
wiwj =Y Aijpton
r=1

where A;;, € F depend only on 2. Thus by induction, for ¢, ...

obtain
k k
lei = ZAcl,...,ck,rwr-
=1 r=1
Let deg(P) = d and let
P(Ty,...,Ty) = > Bjy..jn T T2 - T

St +im<d, j;>0

k J1 k
— Z Bj1,...,jm (Z; tl,rwr> U (Z m

st +im<d,j; >0

33

exist polynomials

,Cl € L>p, we

(4.1)

jl ]m
To expand (Zle tl,rwr) (Z:k tm,rwr> , we note that we have a product of

r=1
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the form [[_; >°*_, a,, where e < d and

(

Qyyr =t1,w, foru=1,.. 7

Ay =to,w, foru=ji+1,..,51+J2

Ay ,r = tm,,«wr for u = jl +]2 + ... +jm—1 + ]., ...,jl +]2 + ... —|—jm = €.

\

Now for e = j1 + ... + jm, we have

le,,..,jm (Zle tl,rwr>J1 e <Zf:1 tm,rwr>Jm

= Dj1,esim szl Zf:1 Qo

tedm Dasys Qs - Gesy 1 < s; < k (by Remark 4.8)

T Zm,l,...,rm,jm (Frrig oty o b+ b o ) (@rg o Wy e Wy o W)

o o aig T8 be
J1s-5Im Ziil,...,ﬂl,j:l,...,k}7ai7j:1,...7ji C’al,lv-'-vam,kvjlv-“:]m Hi:l,...,m,j:l ..... k Vijg e=1 we

= le,n-,jm Hi:l,...,d,j:l,...,k t‘;’;j,h,m,jm Zle Ab17~--,bk7TwT (from (4'1))7

where 1 <7r;; <k, 1<e<k0<a;; <jibe=D 1" ap. O

4.3 Diophantine Generation

We are now ready to address the central notion of this chapter — the Diophantine

generation. First we need a preliminary lemma.

Lemma 4.10. Let R be an integral domain with quotient field F'. For some positive
integer k, let A C F*. Let m be a positive integer such that m < k. Assume that A

has a field-Diophantine definition over R. Let

B ={(z1,....,x;) € F'|z; = Pi(y1, .., Ym),

(yl) ooy Ymy Hm+1(y17 -~7ym>, (R3] Hk(yla )ym)> € A}7
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where Py, ..., Py Hypy1y oo, He € Flyi,...,ym|. Then B also has a field-Diophantine

definition over R.

Proof. Let f(uq,...,ux, u, 21, ..., 2s) be a field-Diophantine definition of A over R. Now

u.
if we let y; = — for i = 1,...,m we have
u

B ={(x1,....,x,) € F'|Juy, ..., ug, u, 21, ..., 2s € R,

(51 Um, .
r; = F; <—, e —) =11
U U
Uy Um, U1 Um,
H, <—, s —) s, Hy, <—, oy — ) fug, oy ug, uy 21, 0, 25) = 0}
U U U U

u U , u; .
—1,...,—> for j =m+1,..,k and use y; = — for j =
u

Next if we let y; = H; (
u U

m+ 1, ..., k, we can substitute and see that

U; Uy Um, Uy Um
I H = uH
u u u u u

for j =m+1,...,k. Now we obtain

B ={(z1,...,x,) € F"|Juy, ..., ug, u, 21, ..., 2s € R,

Uy Um, .
x, =B (—, e —) =1,
u u
(51 U, .
u; = uH; <E’ ey 7) J=m+ 1.k, f(uy,...,ug, u, 21, ..., 2z5) = 0}.

Let dy be the highest degree of H,, .1, ..., H;. Let Dy be a common denominator of

all the coefficients of H,, 11, ..., Hy. Let

= u u
d 1 m
Hj(ul, ...,um,u) = DHU HHj <E, ceey 7)

for j =m+1,..., k. Here we used the fact that R is an integral domain with quotient
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field F' to eliminate our denominators. Also, note that u®¥ eliminates the v’s in the
denominators. Similarly, we let d be the highest degree of P, ..., P, and let D be a

common denominator of all the coefficients of Py, ..., P, in R. Let

u u
= . —m) € Rluy, ..., U, u]

Pi(uy, ..., um, u) = uDP, (
u u

for ¢ = 1, ...,r. Thus, we now obtain

B ={(z1,....,x,) € F"|Fuq, ..., up, u, 21, ..., 2s € R,
wHj(u, .oy Uy w) = Dgu™u, j =m+ 1, k,

wDx; = Pi(uy, ooty u), i =1, .7, fug, ooy Ug, w, 21, ..y 25) = 0},
and further obtain

T
B ={(z1,....,x,) € F"|Juy, ..., up,u, 21, ..., 2s € R,
—— _Dd _p< )'_1
ux; = u;, u = Du®,u; = Pi(uy, ..., upm,u), i =1,...,7,

Hi(uy, ..., um,u) = DHudH_luj,j =m+1,..k, f(u,...,ug,u, 2, ..., z5) = 0}.

Thus, B has a field-Diophantine definition over R. O

Next, we define the notion of Diophantine generation, generalizing further the

notion of Diophantine definition.

Definition 4.11 (Diophantine Generation). Let R; and Ry be two rings with quotient
fields F| and F, respectively. Assume that neither F; nor F; is algebraically closed.
Let F be a finite extension of F; such that F, C F. Also, assume that for some basis

Q ={wi,...,wx} of F over Fy, there exists a polynomial f(ay, ..., ax, b, z1, ..., T;,) with
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coefficients in Ry such that
f(al, weny A, b,$1, e [Bm) =0=05 7é 0
and

k
R2 = {Ztlwl ’ Elal, ...,ak,b, L1y eeey Ty c Rl,
i=1

bty = ay, ..., bty = ay, f(ay, ..., ax, b, 1, ..., Tn) = 0}.
In this case, we say that Ry is Dioph-generated over R; and denote this as
Ry <pioph R

Further, we sayf (a1, ..., ag, b, x1, ..., x;,) is a defining polynomial of Ry over R;. Ad-
ditionally, we say ©Q = {wy, ...,wx} is a Diophantine basis of Ry over Ry and F is the

defining field for the basis €.
We now state an example of Diophantine generation.

Example 4.12. Let F'/G be a finite extension of degree k with basis Q of F' over G.

Then we have that F' <p;,,, G since for each z € F' we can write z = Zle a;wj.

We now consider properties of Diophantine generation and prove that it is transi-
tive. First we state a lemma which follows directly from the definition of Diophantine

generation.

Lemma 4.13. Let R, and Ry be integral domains with quotient fields Fy and Fy
respectively. Let I be a finite extension of Fy such that Fy C F. In this case, we can

conclude that Ry <piopn R if there exists a basis Q = {wy, ..,wi} of F' over Fy and a
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set Aq C I1¥ with a field-Diophantine definition over Ry such that

k
Ry = {Zziwi|(z1, o 2p) € AQ} . (4.2)

=1

Conversely, if F' is a defining field and ) is a corresponding Diophantine basis of
Ry over Ry, then Ry has a representation of the form 4.2, where Ag C FiF s field-

Diophantine over Ry.

Notation 4.14. A will be called a defining set for the basis (2.

Notation 4.15. Let G/F be a finite field extension. Let Q = {wy, ..., wx} be a basis
of G over F. For some positive integer n, let B C G". Then define B C F*" to be

the set such that

k k
(al,l, ey ak,n) < BQ = <Z Aj 1 Wiy -y Z ai,nwi> € B.
=1 =1

Using this notation for rings R; and Ry such that Ry <pjepn [21 with a Diophantine
basis (2 as above, we can conclude by Lemma 4.13 that RS C FI" is field Diophantine
over Ry, where F} is the fraction field of R;.

We now show that the notion of Diophantine generations is a proper extension of
both the notion of field-Diophantine definition and the notion of Diophantine defini-

tion.

Proposition 4.16. Let R, and Ry be integral domains with quotient fields Fy and F,
respectively such that Ry <piopn R1. Let F' be a defining field and let Q = {wy, ..., wy }
be a Diophantine basis of Ry over Ry. Let B C F3' have a field-Diophantine definition

over Ry. Then B C FF" has a field-Diophantine definition over R;.
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Proof. Let f(z1, ..., 2n, Yy, 21, ..., ;) be a field-Diophantine definition of B over R,. In

this case, we have that

B=A{(t1,....tn) € F3'|3z1,.0, 20, Y, 21, ..., T, € Ry,

Yyt = 21, s Yt = Zn, f(21, o0y 20, Y, X1, ooy 7)) = 0}

and f(z1,..., 20, ¥, 1, ..., ;) = 0 implies y # 0. As y,2 € Ry and Ro<p;nR1, We

have that
fu "
_ b - 2
y—szzandzz Zviwj
=1 7j=1
where u;, u; j,v € Ry, and for some @ € R! and bi € Ri,i=1,...,n we have that

g('Ll,l7 U,V Q... Cll> = O and g(ui,l, vy ui,k, (N bi,h ey b@l) = O

with g(x1,..., 2k, ¥y, 21, .., 2) being the defining polynomial of Ry over R;.

Now let r € {1,...,n}. By substitution, we have that

=1

M LY
E —w; | t, = E L w;.
v (0,
J=1

By Lemma 4.7, we have that

& kP <U1 Uk,

_ Urj T U) A

b= (Z v wﬂ) . Q(ul m)wZ ’
" i=1 —

_7 ceey
(% (%

where @) (ﬂ, o %> 0, P, (ﬂ, e %>, and @ <ﬂ, o %> depend only on 2.
v v v

(% (% (%
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Further, by Lemma 4.6, we have

k uq Uk ul Uk
_Nop [ e B () R t)
t’r— i g eeny ™ . o Wi,
i=1 r v v v

o QR L) T (L

where B; is a fixed polynomial depending only on 2. Now we will proceed to clear

out our denominators. Let

D= [ (2, )]

(%

where d; is the maximum of the degrees of By, ..., Bx. Then let

_ _ U1 U, Uy U, Uy Uk
Bi,r - Dl,'rBi - Bz (UT,la '”7u'r,kav7"7 Pl (_7 teey _) RRAS) Pk <_7 (AR _> 7@ <_7 RS _>> .

(% (%

Let

D2 = 'Ud2

where d, is the maximum of the degrees of B, ..., B;. Then let
Bi,r - DQBi,r — Bi,r (U'I’,lv coy Up oy Upy Uty -0y Uk, U) .

Let D, (uy, ..., up,v,v,.) = D, Dy and note that it is a fixed polynomial depending on
the basis and the maximum values of the indexes only and for values of the variable

satisfying the equations above, it is non-zero. Now we have

k
D,t, = E By (U 1y evey Up oy Upy Uty oy Uy V)W
i=1
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We now rewrite f(z1, ..., 2n, Y, Z1, ..., ;) = 0. We can rewrite this equation as follows:

Jj=1 J=1

where each u; j, vi, uj,v,2;;, X; € Ri. Now as g is the defining polynomial of Ry over

Ry, for some ay,...,a, € R, we have that

g(ul,h -~y ULk, V1,011, "'7a1,m) =0

g(un,b vy Unky Uny Qp 1y -eey an,m) =0
\

u .
ensures that Z?Zl —Lw; € Ry for r € {1,...,n}, and also implies v, # 0.
v

r

Additionally, if for some by 1,...,01m, X1,...,X; € Ry we have

;

Q(Im, cey U1k X1, b1,1, R bl,m) =0

g(xl,la ...,./El’k,Xl,b[’l, "‘7bl,m> =0

\

then Zle x):,’jwj € Ry for s € {1,..,1}, and also Xy # 0. Lastly, if for some
a,...,a, € Ry we have
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Finally we work with coordinate polynomials to rewrite

f(zla ceey Zny Y, L1, "'axl) =0

for z1, ..., 2n, Y, @1, ..., 1 € Ry C F in terms of Q = {wy, ..., w,}, which is a basis of F’

over I and also a Diophantine basis of Ry over R;. We have
f(z1, ey 20y Yy 1, ooy ) = 0

)

k k k

k k
Ui, } :unj } :uj 2 :xlj } :xlj
f . . L. 2 — ;1 =0
vy Jo e v ]7. v 37. )(1 7 7‘ Xl J
J=1 J=1 J=1

j=1 j=1

)

k

Q[ U1 Ui,k Un,1 Unp,k U1 U T11 L1,k T Tk —0

f] g eeey g eeey g ey ,_7... T, 8 sees — wj— 9
j=1

o o Uy, v, v ol Xy Xy X)X,

where we have k polynomials from F' that have ratios in R; and depend only on €.

Let E = max(deg(f;*)) and in addition let C' = (v; - - - v,0X; - - - X;)”. Now let

fQ:C'fQ U1,1 U1,k Unp,1 Unk UL Uk L1,1 L1,k T Tk
] ] Ul?7U177Un77Un7v77U7X177X177Xl77Xl

_
_f] (ul,la"'7u1,ka"'7un,1a"'7un,k‘7u17"'7uk7$1,17"7x1,k7"'7xl,1a"'7$l,k)'

In this case, we have

B = {(tl,,tn) € F2n | Elc_zr € RT,ULl,. <oy Un ks

Uly ooy Wy ULy ooy Uy U, T 1y e s Tk, X1, -0, X7 €
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k
-D'rt'r = E Bi,T(“T,l? woey Up ey Ury U, ...7Uk7’U)LUZ',T = 17 -y 1,
i=1

g(uTJ? -.-,Ur,k,UT,C_LT) = 07T = 1, ...,]{37

Q .
fj (ul,lu ooy Un Joy U1y oony Unyy Uy vy Uk, Uy X111, “'7xl,k7X17 "'7Xl) = 07] = 17 )k}

Then we have

Q kn = m
B = {(wl,la "'7w/€,n) € Fl | Ela’r‘ € Rl y UL, 1y« - - 5 Un k,
ULy ooy Uy V1, e oy Uny U, T 1y e ey Ty X150 -, X €
Dyw;y = Bi(Up1, ooy Up oy Up, U, o U, ), 7 =1, ki =1,...,n

91y ooy Uy, v, ar) = 0,0 =1, .k,

0 .
S (U1, e U oy V1, oy Uy Uy e U, U, 11 s Ty gy X1, o, X)) = 0,5 = 1,00k

Thus, B® C F/" has a field-Diophantine definition over R;. ]

We now state without proof a property of Diophantine generation. The proof can

be found in Lemma 2.1.11 of [§].

Proposition 4.17. Let Ry, Ry be integral domains with fraction fields Fy, Fy respec-
twely and Ry <piopn R1. Let F' be any field containing both Iy and F» and of finite
degree over Fy (by definition of Diophantine generation, at least one such field exists),
and let €2 be any basis of F over Fy. In this case, F' is a defining field and ) is a

defining basis.
In view of Proposition 4.17, we can make the following observation.

Remark 4.18. If Ry C [y, and R; is field-Diophantine over Ry, then clearly Ry <pjopn

R, with basis consisting of {1}. Also of Ry <pjepn R1, then we can choose a power
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basis as a Diophantine basis for the defining field over F}. Since R, is a subset of F},
this is equivalent to using a basis consisting of {1} and the defining polynomial for

Diophantine generation becomes a field-Diophantine definition.
We now connect Diophantine generation to Hilbert’s Tenth Problem.

Proposition 4.19. If R, and Ry are recursive rings with Ry <piopn, o and HTP is

not solvable over Ry, then it is not solvable over R,.

Proof. If Ry <pjepn R, then given a polynomial equation over R;, we can algorith-
mically construct a system of polynomial equations over Ry such that the system has
solutions in R, if and only if the original polynomial equation had solutions in R;.
In view of the Corollary 4.2, we conclude that if there is no algorithm to tell whether

a polynomial equation over R; has solutions in R;, then there is no such algorithm

over Rs. O

Now we will prove transitivity of Dioph-generation.

Theorem 4.20. Let Ry, Ry, and R3 be integral domains with quotient fields Fy, F3,
and F3 respectively. Assume that Fy, Fy, and F3 are all subfields of a field F, which
is not algebraically closed. Further assume that all the extensions F/F; fori=1,2,3
are finite. Lastly assume that Ry <pjopn B1 and Rs <piepn Ra. In this case, we have

R3 <piopn 1.

Proof. Let F be the defining field for both (R;, Ry) and (R, R3). We can make such
a choice by Proposition 4.17. Let Q = {wy, ...,wx} be a Diophantine basis for Ry over
R such that F' is the corresponding defining field. Further, let A = {\q,..., \,} be a

Diophantine basis for R3 over R, such that F' is the corresponding defining field as
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well. By Lemma 4.13, we can write

Rg == {Z zl-)\i](zl, ,Zn) c AA g an} s
i=1

where A, has a field-Diophantine definition over R,. Further, by Proposition 4.16,

A% has a field-Diophantine definition over R;. Thus, we obtain

Rg = {Z Zi)\iK'zla ,Zn) & AA Q FQn}

:{ Zyzjw]/\Kyllw aynk>€AACFnk}
=1 j=1
{Zzylj Z('{}]|<y117’ aynkz> € AA C Fnk}
=1 j=1
- {ZZZ yz,] 1,78 wS (y117‘ 7ynk)€AA}
s=1 j=1 i=1
where
k k
%= Zyi’jwﬂ" ZAZ’J,SWS = \Nwj, A js € F.
Jj=1 s=1
Let

BQ: {(tla-'-7 eFk‘t _ZZ y’L,j ,]s ylla"ayn,k)EAg\)}-

7j=1 =1
By Lemma 4.10, we know that Bg has a field-Diophantine definition over R; and

since we have
k
— {Ztsws|(t1,...,tk) € BQ},
s=1

by Lemma 4.13, Rs <piopn 1. O
We will now state and prove the finite intersection property.

Theorem 4.21. Let R; C R fori = 1,...,m be rings such that the quotient field of
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R is not algebraically closed and for all 1 = 1,...,m we have that R; <piopn R. Then

mgle SDioph R.

Proof. We have that R; has a Diophantine definition f;(¢, x1, ..., x,,) over R since R; C
R and R; <pjepn R. Thus, for all x € R we have that there exist x;1,...,Zpmn,, € R

with fi(x,2;1,...,%in,) =0 for i = 1,...,m if and only if z € N2, R;. H

4.4 Rings of Integers of Number Fields

First, we need to define the rings of integers of number fields and discuss some of

their properties.

Definition 4.22 (Number Fields and Rings of Integers). If K is a finite extension of
Q, then K is called a number field. If € K satisfies a monic irreducible polynomial

over Z, then x is called an algebraic integer.

The following propositions are standard results from Number Theory. See [3] for

more details.

Proposition 4.23 (Properties of Integers of Number Fields).

e The set of all integers of a number field K is a ring. In the future we will denote
this ring by Ok.

e For any number field K there exists a basis 2 of K over Q such that O =
{z € K|z =) aw;,a; € Z}. (Such a basis is called an integral basis of K over

Q.)
In this section, we will use the following theorem due to Mazur, Poonen, and

Rubin which could be stated as follows:

Theorem 4.24. If F/K is a cyclic extension of prime degree p and if the Shafarevich-
Tate conjecture is true for K, then Ox <piopn O where Ok and O are the rings of

integers over the number fields K and F' respectively.
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Our main goal to show Z <p;spn Op for any number field E, assuming a certain
number-theoretic conjecture is true, can now be achieved. We will do this through a

series of reductions. We will first show that if

(1) for any cyclic extension F//K of a number field of prime degree p, we

have that Ox <piopn OF,

then it follows that Z <pjen Op, for any number field E. Then

(2) we will apply Mazur, Rubin, and Poonen’s results to conclude if the

Shafarevich-Tate conjecture holds then the previous statement holds.

Before we proceed, we need to discuss more properties of the rings of integers of
number fields. As an immediate corollary to Proposition 4.23 we have the following

fact.
Corollary 4.25. For any number field K, we have Og <pioph 2.

One can also show the following proposition is true. (The proof can be found in

Chapter 2 of [8].)

Proposition 4.26. If M/K is a finite extension of number fields, then On <piopn
Ok.

Proposition 4.27. Let L/M be a cyclic extension and assume statement (1) holds.

In this case, we have O <pjopn OL.

Proof. We will do this by induction on [L : M| = n. For the case, n = 1 is trivial
because everything is <pjq, than itself. Assume for any cyclic extension of degree

k < n the proposition holds. We will show it holds for n. Let 7 be a generator of
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G(L/M). Since n > 1, there exists a prime p dividing n. Let ¢ = 77 and note
ord(o) = p. Let H = L,>. Then we have the following M C H C L, [H : M] =2 <
n, and [L : H| = p. Further by Corollary 3.33, all the extensions are cyclic. Thus,
On <pioph O, by (1). By the induction hypothesis, we have Oy <pjopn Opn. Lastly,

by transitivity of Dioph-generations, we have Oy <pjopn Op. O
Proposition 4.28. Let L/M be Galois and assume (1) holds, then On <piopn OL.

Proof. Let {oy,...,0,} = G(L/M). For each i € {1,...,n} consider L_,~ and note

that
1. L/L.,,~ is cyclic and

By Proposition 4.27, we have Oy, o> Dioph Or. By the intersection property of

Dioph-generations, we have Oy, = ﬂ;;l Or, <o;> SDioph Or. O

Proposition 4.29. If (1) holds and L/M is any finite extension of number fields of

degree n, then Or, <piopn Onr-

Proof. Let MY be any field Galois over Oy and containing M. (In particular, if
M = L(a), MY can be M(a = ay,...,a,) where ay,...,q, are are all conjugates
of a over L.) By Proposition 4.26, we have Oyc <pjopn On. By the previous
proposition, we have Or, <pjopn Opc. Lastly, by transitivity of Dioph-generations,

we have Or, <piopn Oumr- O
We now state the main theorem of this section.

Theorem 4.30. If the Shafarevich-Tate conjecture on elliptic curves is true, then
Z <piopr Ox for any number field K, and thus Hilbert’s Tenth Problem is not decid-

able over the ring of integers of any number field K .
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Proof. From a result of Poonen (see [6]) and a result of Mazur and Rubin (see [5]),
it follows that assuming the Shafarevich-Tate conjecture for elliptic curves, for any
prime degree cyclic extension of number fields M/K we have Ox <piopn Opr. Thus

by Proposition 4.29, we have that Z <p,ep, Og for any number field K. O
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