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ABSTRACT

Systems far from equilibrium organize themselves to accommodate energy throughput.

It is also in these nonequilibrium systems where noise has often been found to follow alpha-

stable distributions, commonly called Lévy noise, rather than Gaussian distributions. There

is no general theory that links these alpha-stable distributions to the resultant thermody-

namic behavior of a system as a whole. Here two different model systems are investigated

for which the assumption of Lévy noise leads to behavior that deviates from that seen at

equilibrium. We begin by examining trajectories of overdamped noise-driven particles in a

harmonic potential. These trajectories display broken time reversal symmetry due to the

large displacements inherent to Lévy noise. A parameter to measure this symmetry breaking

and estimate the stability parameter, α, of the underlying noise is proposed. This parameter

is applied to a time series of solar x-ray irradiance and compared to previous methods.

Next, we study the same overdamped particles in a 2D system with simple semi-circular

cavities. Lévy noise in such a system will lead to a preferential accumulation of particles in

one cavity. The nonhomogeneous steady-state represents a lower entropy configuration in

comparison to equilibrium. The chosen system leads to concise expressions for the distri-

bution of particles within the cavities as well as the concomitant entropy reduction. Such

structures maintained in nonequilibrium have been referred to as dissipative structures be-

cause they may aid the system in transporting or dissipating energy.
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Chapter 1

Introduction

Physicists are busy exploring new frontiers in nonequilibrium physics thanks to increasingly

affordable and available computing power. It is now possible to simultaneously simulate

thousands of individual atoms on a single computer, tens to hundreds of thousands on ded-

icated servers [12], and tens of millions via super computers [13]. This has allowed probing

of the microscopic dynamics of systems without the need to rely on traditional statistical as-

sumptions of ‘local’ equilibrium. The spread of these often highly specialized experiments has

not slowed the search for a more general understanding of nonequilibrium. There is almost

too diverse an assortment of phenomena attributed to, or associated with, nonequilibrium.

Some of the more prominent: turbulence, self-organized criticality, anomalous diffusion, 1/f

noise, Lévy flights, and long range coherence. Despite such variety, there are still a few

unifying characteristics to investigate.

First, what qualifies a system as ‘equilibrium’? The strictest definition is that of ‘global’

equilibrium. A system in global equilibrium has no internal flows or progression of chemical

or physical processes. For this equilibrium, there are no external inputs and there is no

evolution in time. A literal reading may even try to exclude observation. In technical

language, entropy is maximized. The entropy of a system, S = kb ln Ω, is a statistical

statement about its configuration. Ω represents the number of alternative configurations



that yield a system with the same macroscopic properties. If a system at every moment

‘chooses’ a nearby (similar) state at random, it will obviously tend towards macroscopic

states for which the number of choices, Ω, is more numerous. When this can no longer occur

because the maximum Ω has been reached, the system is said to be at equilibrium. For

some processes such as thermalization (e.g. achieving a Maxwell-Boltzmann distribution of

particle speeds) this can occur in nanoseconds, while others, say waiting for a pendulum to

stop or a black hole to evaporate, may take (much) longer.

Entropy is an extensive variable, i.e. S = S(E, V,N). Therefore, it can also increase by

adding to the system – increasing its total energy, E, its size, S, or the number of particles,

N . To truly be at equilibrium, a system must be completely and wholly isolated. Even

if such a purely isolated system did exist, observing it would be a logical impossibility.

Yet equilibrium assumptions are pervasive and overwhelmingly successful. Everything is

technically nonequilibrium, but far fewer systems are far enough outside equilibrium to

matter. Richard Feynman gave a more palatable explanation [14], equilibrium is when “all

the fast things have happened but the slow things have not.” The key consideration is that

there are no processes playing out with a timescale comparable to that of the laboratory.

An incomplete but helpful rule is that a requirement for nonequilibrium phenomena is a

significant production of entropy. This will often accompany the transport or transformation

of energy through a system, for instance the current through a wire or the conversion of

ATP to mechanical energy, as well as the mere re-organization of a system itself. That

precisely these forces underlie the structures or patterns in the natural world was an idea

conceived by Prigogine in the mid 1900s [15]. Intrigued by the ability of biological systems

to maintain order in spite of brute thermodynamics, Prigogine showed that the inherent

disordered stability (due to entropic forces) of systems near equilibrium can be turned on its

head far from equilibrium. Counterintuitively, these systems seem to spontaneously generate

and maintain ordered structures. Rivers can create whorls and air masses create convection

currents. At its most eccentric, it has been suggested that life itself can be reduced to a very
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complex dissipative structure. A more reserved reading suggests that our understanding of

far-from-equilibrium-physics will need development if we are to ever describe such systems

more than phenomenologically.

The reason for the stark divergence from the predictability of equilibrium systems, as

Prigogine notes [15], is easy to understand. At equilibrium there are no flows or gradients

(∇ϕ). Thus to first order approximation, the familiar laws of statistical thermodynamics,

say J = −D∇ρ for diffusion, are linear so long as you are near equilibrium, i.e. near J = 0.

They take the form of functions that are stable around the point of maximum entropy.

Once these linear approximations begin to fail, this stability is threatened as well - as is the

meaningfulness of entropy itself.

When exactly those failed approximations happen is not well understood - nor are the

consequences. This work attempts to investigate this question by examining some simple

systems on the microscopic level. We will operate by assuming nonequilibrium, through the

adoption of certain noise distributions, and then analyze the consequences. The difference

between equilibrium and nonequilibrium will first be discussed, with particular attention

paid to these distributions. The common tools, the Langevin and Fokker-Planck equations,

will then be introduced along with their nonequilibrium counterparts. Some background

on classic noise processes and traditional methods for their analysis is also given. Finally,

these tools are applied analytically and by simulation to two model systems - an overdamped

particle in a potential and overdamped particles in a (semi)circular bath.
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Chapter 2

Nonequilibrium on the Microscopic

Scale

2.1 Time Reversal Symmetry and the Central Limit

Theorem

The introduction alluded to the idea that although no system is truly in equilibrium (as there

will always be some sort of process playing out) it is often good enough to assume equilibrium

if all of the ‘quick’ processes have finished. One need not wait for the dust to settle to know a

bomb has gone off. The ease at which systems achieve so-called ‘local’ equilibrium is closely

related to the speed of convergence of the central limit theorem (CLT). This theorem roughly

states that the additive result of many random inputs will be a Gaussian in distribution:

near equilibrium, noise is Gaussian. It can be most easily demonstrated through use of

characteristic functions. For a distribution X(t), its characteristic function is defined as:

X̃(k) = E[eikX ] =

∫ ∞

−∞
eiktX(t)dt, (2.1)



which can be rightly recognized as the Fourier transform of X(t). Due to this, characteristic

functions carry over some of the useful properties of Fourier transforms, such as converting

convolutions and derivatives to multiplications. The characteristic function X̃(k) also com-

pletely describes the distribution X(t), allowing for mathematical analysis of distributions

that lack analytic expressions in real space – a feature that will become important in the

following sections.

Lemons provides a proof [16] for independent identically distributed (i.i.d.) variables that

is illustrative. Consider a random variable xi drawn from a distribution X(t) with zero mean

and unit variance, or shift and scale a distribution to achieve this with no loss of generality.

Take sn = x1 + x2 + · · · + xn as the sum of n such variables and Sn to be its distribution,

the CLT can be written explicitly:

lim
n→∞

Sn√
n

= N(0, 1), (2.2)

where
√
n is the standard deviation of the sum, and N(0, 1) is the standard normal distri-

bution (i.e. a Gaussian with zero average and unit standard deviation). The distribution of

the sum of two random variables is a convolution, S2 =
∫∞
−∞ X(t)X(t − τ)dτ , and hence a

product of their characteristic functions. The distribution of Sn/
√
n can then be succinctly

expressed by its characteristic function,

S̃n(k) =
n∏

i=1

E[eikXi/
√
n] = E[eikX/

√
n]n. (2.3)

Provided the moments of X exist, this can be expanded in a Taylor series:

E[eikX/
√
n]n = E

[
1 + i

k√
n
X − k2

2n
X2 + o

(
k2

2n

)]n
=

(
1 − k2

2n
+ o

(
k2

2n

))n

, (2.4)

for which in the large n limit the higher order terms can be neglected. It can then be imme-

diately identified with the expansion of exp[−k2/2n]
n

= exp[−k2/2] in the same large n limit
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– the characteristic function of N(0, 1). Note that no assumptions are made about the shape

of the distribution. It should be clear that as long as the first moment (E[X]) disappears

then any sum of well behaved inputs will have leading order behavior of a Gaussian. The

main requirements are only the independence of the input random variables and finiteness

of the moments.

Because the CLT leads to a quasi-universal limiting distribution, many systems can

be conceptualized as particles undergoing Gaussian kicks. Often these kicks represent the

thermal jostling a particle experiences from the media which lead to Brownian motion.

Because of the features of equilibrium, over a long time, the particle will visit all points in the

space according to the Boltzmann distribution. There are many contexts, however, that are

emphatically non-equilibrium. In particular, systems that transport energy or continually

produce entropy may attain, at best, a steady state. Such systems have been found to

exhibit non-Gaussian noise with infinite variance. With such extreme and erratic noise, the

assumptions of equilibrium are no longer tenable.

The last statement deserves some digression. In practice one will never observe infinity,

so what does this noise ‘look’ like? An insightful example that was described by Gull [17]

is presented in Fig. 2.1. The problem described is thus: imagine a lighthouse that is a unit

distance from the coast at unknown location x0. The lighthouse emits directional flashes

randomly according to the flat distribution [0, 2π], which are detected at the coast. Only

the position and not the incident angle of the flashes are recorded. What is the location

of the lighthouse? Flashes close to parallel will lead to wildly divergent positions on the

coast - the resultant distribution of flashes is not a Gaussian, it is the Cauchy distribution

1/(1+(x+x0)
2). What the experimentalist quickly realizes upon measurement is that mean,

⟨x⟩, and variance, ⟨x2⟩, are not ‘well behaved’, as depicted in the bottom half of Fig. 2.1.

If one waits long enough, one will see a deviation so large that it overwhelms all previous

measurements. Mathematically, the mean does not converge in the n → ∞ limit. Because of

this, one cannot estimate the center of the distribution quickly or easily via the mean as with
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Figure 2.1: Gull’s Lighthouse problem. A lighthouse emits light pulses in random directions
θi that are detected on the coast (top), i.e. the x-axis. The resultant running mean position
(bottom left) and running variance (bottom right) show erratic behavior. The dashed curve
represents the actual probability density of flashes around the true position x0 = 1.
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the Gaussian. Neither will convergence be seen in the variance. It is therefore possible to

observe the effects of an random variable with infinite variance, but this does not completely

negate the criticism about infinities. After all, there are no infinite coastlines. However, as

Mandelbrot points out in [18], there is utility in assuming these distributions to hold even

when one knows the variance must be finite (but possibly large) much like it is useful to

the photographer to assume the object of picture lies at infinity. Doing so preserves the

simplicity and scaling behavior of distributions like the Cauchy.

Much of this behavior will occur throughout this chapter. First, however, the situation

at equilibrium will be detailed along with a brief overview of a simple one-particle system

and stochastic Langevin equation describing it. Then the consequences of non-Gaussian

inputs will be investigated along with necessary modifications to the Langevin equation.

A discretization of that modified Langevin equation is given that supports simulation and

demonstrates the breaking of time-reversal symmetry. It will be shown below how this

manifests in the moment to moment statistics of a time series, resulting in a quasi order

parameter. It is shown how a Fokker-Planck equation can be used to generate the steady state

distributions of this system. Finally, it will be demonstrated how this symmetry breaking

can be used to analyze real-world data.

2.1.1 The Gaussian Assumption

A system subject only to Gaussian noise will eventually reach such an equilibrium distribu-

tion. It is useful to know in advance what the eventual equilibrium state of a system will

eventually look like directly. This is quite easily obtained as the Boltzmann distribution.

The Boltzmann distribution is a general statistical consequence of a ‘lack of preference’ for

how the energy within a system is distributed among its parts, i.e. allowing every possible

configuration to occur with equal probability. It turns out that configurations close to the

Boltzmann distribution have greater representation, a greater number of microstates, by

such an overwhelming margin that, at least for very large systems, they are the only states

8



Figure 2.2: An arbitrary potential energy landscape.

one will ever find.

The eventual result is that the probability for a particular element of the system to be

in a particular state is dependent on the energy, E, of that state as exp[−E/kBT ] [19].

Higher energy states are rarer because they leave less options (less energy) for configuring

the rest of the system. The temperature, T , appears because each energy level becomes less

significant as the total energy available to be distributed increases. To be more explicit,

consider Fig. 2.2, which shows an arbitrary energy landscape inhabited by a large number

of particles. Assuming equilibrium conditions and similar curvature (or discrete states),

then, the relative number of particles between the second and third states is given by the

Boltzmann Factor, n2/n3 = exp
[

∆E
kBT

]
, which is only a function of the temperature, the

difference between the energy levels, and nothing else. That is quite a statement, as we are

in principle free to make the rest of the landscape look however we wish.

Suppose we want to know how the particles arrange themselves within an individual well

in Fig. 2.2. Provided the shape of the potential is known, there is no problem; one can just

insert the expression for E into exp[−E/kBT ]. Such exact knowledge is unlikely to be the

case for an arbitrary system in nature. There are, however, reasonable approximations to

9



be made. Assume f(x) describes the shape of the well. Close to the bottom, x = x0, an

expansion will have the form f(x) ≈ f(x0) + f ′′(x0)
2

(x − x0)
2 where f ′′(x0) will necessarily

be positive. The odd terms are neglected because of the relative local symmetry with the

first odd term vanishing explicitly as f ′(x0) = 0. Higher orders, e.g. (x− x0)
4, (x− x0)

6, ...,

also vanish by virtue of restricting ourselves to the region near x = x0. This means that

in the vicinity of the bottom of a well there is a relatively universal quadratic behavior.

This will be the focus below. And since f(x0) is just the energy level of the bottom of

the well, it is straightforward to see that the resultant equilibrium distribution is Gaussian:

p(x) ∝ exp[−C(x− x0)
2/kBT ] where C > 0 is a constant.

This still falls short of a complete description as it provides no information on how a

system might reach this final equilibrium state. One method at our disposal is to follow the

individual particles of a system in time. The Langevin equation,

m
dẋ

dt
= −λẋ + σξα(t), (2.5)

describes a single particle subject to frictional forces proportional to λ and driven by the

noise term ξα(t) with amplitude σ, where the subscript α has been added for consistency

later. This equation is widely used to simulate trajectories in microscopic environments in

lieu of simulating every atom of a media itself. The noise term represents the random ’kicks’

a particle receives from thermal collisions, and thus scales with temperature. This approach

invites some additional modifications, but the first consideration must be the form of ξα(t).

This is connected to a second important consequence of the equilibrium distribution,

known as microscopic reversibility. This principle, introduced first by Boltzmann and popu-

larized by Onsager [20, 21], states that reversing the time dimension for a system of particles

will not change the distribution of collisions if the system is at equilibrium. This princi-

ple leads to the conclusion that every possible route between two states must be trafficked

equally in both directions. In Fig. 2.2, this not only implies that P2k23 = P3k32, but also

10



Figure 2.3: A Brownian particle in a ratchet potential with two mirrored trajectories.

that the time direction cannot be determined by inspecting individual trajectories between

the states. This is crucial to maintaining the thermodynamic implications of equilibrium.

One insightful example of the consequences are the Brownian ratchets (Fig. 2.3), in which

particles in a cleverly crafted potential receive repeated velocity ’kicks’ drawn from a normal

distribution. It may appear at first that the landscape lends itself to a net motion in one

direction - that it is easier for noise to jostle particles up the gentle slope than launch them

over the cliff - but this cannot be the case for equilibrium as this would, in essence, create

a perpetuum mobile with particles spontaneously flowing to the right. It turns out that for

Gaussian noise, the most likely trajectories in each direction are exact reversals of each other

[22, 23, 24]. By the arguments of the last paragraph, of course, it could not be any other

way. This is, however, a strong affirmation that noise at equilibrium is indeed Gaussian.

This makes sense in light of the central limit theorem (CLT). Convergence is very good

for even a small number of inputs n in Eq. 2.2 and even faster if those inputs are already

similar in distribution to a Gaussian themselves. In contrast to the requirements above

for equilibrium itself, this is a veritable triviality in many familiar contexts - atoms and

molecules, for instance, can interact more than a trillion times per second and each of those

interactions are themselves the consequence of trillions of interactions. As a result, much of

11



the randomness of nature - the noise - takes on exactly the same form - the Gaussian.

At timescales much larger than picoseconds, inertia becomes irrelevant and particles can

be assumed to reach their terminal speeds ”instantaneously” upon application of a force.

This is known as the overdamped limit. The left hand side of the Langevin equation is set

to zero and what remains is the triviality of the particle velocity being random. In practice,

one usually adds at least a second component: a physically relevant potential. This yields:

λẋ = σξα(t) − dV (x)/dx, (2.6)

in which the additional term dV (x)/dx represents the force created by the potential. This

equation also provides the means to observe the process via simulation, which will be de-

scribed later. Importantly, when simulating, there is no restriction on the noise term ξα(t) -

any distribution can be drawn from, Gaussian or non-Gaussian.

2.1.2 Deviation: Levy Noise

The normal distribution is not the only limiting distribution described by the central limit

theorem. Loosening the restriction of finite moments on the random inputs leads to the

so called alpha-stable or Lévy distributions [25]. Infinite variance leads to ‘fat’ tails in the

distribution representing heightened frequency of extreme events. It is easy to understand

that if there is even one stochastic input with such a tail in a sum, then that sum will

retain that tail and infinite variance (though it may be scaled). Except for special cases, the

symmetric variants of these limiting distributions are best described by their characteristic

function:

p̃α(k) = exp[ikµ− |σk|α] (2.7)

for position parameter µ and scale parameter σ. The 0 < α < 2 is often referred to

as the stability index or tail parameter and describes how quickly the probability density

decreases far from the mean. The σ is the same noise amplitude which appears in Eq. 2.6.

12



Figure 2.4: A Gaussian distribution (α = 2, left) and the Cauchy distribution (α = 1, right).
The additional tail area of the Cauchy distribution is darkened.

Taking the Fourier transform allows one to retrieve the probability density function, however

analytic expressions only exist for special cases. Two of these are shown in Fig. 2.4. Setting

α = 2 yields a Gaussian with standard deviation
√

2σ, and setting α = 1 yields the Cauchy

distribution. The Cauchy distribution with its power-law tails is representative of the alpha-

stable distributions. From Eq. 2.7 the asymptotic behavior can be derived [25]:

pα(z) ∼ σα sin(πα/2)Γ(α + 1)

π

1

|z|α+1
as |z| → ∞, (2.8)

where Γ(.) denotes the gamma function. The leading ratio is just a constant while 1/|z|α+1 is

descriptive of behavior that is phenomenologically different from a Gaussian. The darkened

area in the right side of Fig. 2.4 displays these tails that persist even as the Gaussian distri-

bution falls off exponentially. These power-law tails are what produce interesting behavior

in systems - a prevalence of large events and power-law scaling - but the concomitant infinite

variance often makes these distributions difficult to work with analytically.

Over the last few decades it has become ever more clear that Lévy distributions are more

than just a mathematical construct. In 1963 Mandelbrot found that the day-to-day changes

of the prices of cotton stocks followed a Lévy distribution with α = 1.7 [18, 26]. In 1993 Peng

et al noticed that time intervals between subsequent heartbeats are also Lévy distributed

[27]. Lévy distributions have been identified in solar physics [28], in climate data [29], plasma

turbulence [30], etc. Very recently simulations and theoretical analysis showed that a tracer
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particle in a solution with active microscopic swimmers exhibits displacements with a power-

law tail [31]. The common denominator for systems that exhibit Lévy distributions appears

to be the nonequilibrium nature of these systems. Noise with a fat, power-law tail and the

corresponding “extreme events” appear to be inherent to systems that convert, transport,

and/or dissipate energy.

While microscopic reversibility still applies to a Lévy noise driven particle in free space,

it can be violated if there is a potential. This is demonstrated in Fig. 2.5, which shows

trajectories of a simulated Brownian particle in a quadratic potential (cf. Fig. 2.5a). The

first trajectory involves Gaussian noise and the second Lévy noise with α = 1.2. Even though

the potential imposes correlations onto the eventual signal, there are no features in Fig. 2.5b

to hint at the forward direction in time. Of course this must be so, as explained in the

previous section. For Lévy noise the situation is different; large spikes can be seen followed

by a prolonged sliding down towards the bottom of the well. As with Gaussian noise, the

most likely trajectory to travel from a point A high on the potential to a lower point B is

a deterministic downslide of all size zero kicks. Unlike with Gaussian noise, the most likely

trajectory upwards from B to A for the Lévy case is a single jump. This breaking of time

reversal symmetry becomes more extreme as the α parameter moves away from α = 2 and

provides one way to quantify the distance from equilibrium. This is the subject of Section

2.4.2.

This has implications for systems which are asymmetric. Reconsider the situation of Fig.

2.3. For Lévy noise it has been shown that there is actually a net flow (leftward as drawn) in

the system [32]. For large kicks the force of the potential is less important than the spatial

distance between two adjacent wells. Since the majority of particles still reside near the

bottom of the potentials, transitions over barriers to the left can more easily happen in a

single large kick. Then, since these large kicks are ‘rare’ for individual particles, it is likely

that, once beyond the barrier, the particle will deterministically slide to the bottom of the

well that kick has brought it to.
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Figure 2.5: a) A Brownian particle in a well. b) Sample position time series when driven by
Gaussian noise. c) Sample position time series when driven by Lévy noise.
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2.2 Solving Overdamped Stochastic Systems

2.2.1 Langevin Simulations

It has become common practice to pair analysis of stochastic systems with computer simu-

lations for the sake of rigor. The results of long or complex mathematical analyses can often

be reproduced by model systems that follow a set of relatively simple rules. Such simula-

tions also add credibility to any assumptions or approximations that may have been made in

the course of a derivation – or at least replace them with more generally accepted assump-

tions and approximations. Despite the relative simplicity, it is in some sense important to

understand where Langevin simulations stand in that regard.

As was already mentioned in Sec. 2.1.1 trajectories of constituent particles of a stochastic

system can be described via the Langevin equation mdẋ/dt = −λẋ+ σξα(t) (Eq. 2.6). Here

inertia has been reintroduced to Eq. 2.6 by replacing the potential term dV (x)/dx with

mdẋ/dt. This equation of just three terms contains only the resultant acceleration md2x/dt2,

friction (damping) force λẋ, and stochastic force σξα with the σ coefficient representing a

scale factor that usually depends on some macroscopic quantity like temperature. The

average behavior or time evolution of a system can be characterized by repeatedly applying

this equation over many iterations until the desired accuracy is achieved.

It should be clear that this represents something of a gross simplification for most physi-

cal systems. Consider the simple case of massive molecules diffusing in water, i.e. Brownian

motion. A single Langevin equation can perfectly well describe the motion of the massive

molecule while omitting any accounting of collisions between solute molecules or any de-

scription of local interactions. These effects can of course be included, leading one from

Langevin dynamics to molecular dynamics, but there is a concomitant computational cost.

Most molecular dynamics simulations operate with total lengths of nanoseconds.

The starting assumption that leads to the simplicity of Eq. 2.6 is that any function in

the phase space of a system may be decomposed into quickly and slowly varying orthogonal
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components [33]. ‘Fast’ components in this context are not different than those referenced

in the definition of local equilibrium, e.g. the thermalization of solute molecules. So long as

one considers time steps of a scale much larger than these processes play out, their effects on

particles of interest can be consolidated into the single stochastic term ξα. By the arguments

of Sec. 2.1 this often is taken as Gaussian white noise but other choices such as correlated

or alpha stable noise are legitimate.

Noise Generation

Sampling a random variable from a known distribution is a relatively straightforward

process. The cumulative density function (CDF) of a random variable X can be obtained by

integration of its probability density function, CDFX(x) =
∫ x

−∞ P (t)dt. The CDF has a range

[0, 1] and describes the probability that a random draw is smaller than x, i.e. CDFX(x) =

P (X ≤ x). Thus, the inverse of this function can be used to map random numbers from

the unit interval [0, 1] back onto the distribution of interest. Many specific distributions

have more refined algorithms that are much more efficient. The Box-Muller transform was

created in the 1950s [34] and generates pairs of independent normally distributed numbers

from a pair of independent random numbers U1, U2 from the uniform distribution on the

square unit interval:

x1 = (−2 lnU1)
1/2 cos(2πU2) (2.9)

x2 = (−2 lnU1)
1/2 sin(2πU2). (2.10)

For the alpha stable variables that will be of interest it is more complicated. Only a

complicated series representation is available for the stable distributions [35], so taking the

inverse function of the CDF first requires numerical evaluation of the Fourier transform

of the characteristic function (Eq. 2.7) for the specific parameters of interest. A method

was, however, developed that can relatively efficiently convert two random numbers into

a single random number with the same distribution as a stable distribution with stability
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parameter α and skew parameter β - β will be taken to be 0 throughout this work. The

Chambers-Mallows-Stuck method [36, 37] for random input numbers U1, E1 gives:

X(α, β) =
sinα(U1 − Φ)

(cosU1)1/α

(
cos(U1 − α(U1 − Φ))

E1

)(1−α)/α

, α ̸= 1, (2.11)

X(1, β) =
2

π

(
(
π

2
+ βU1) tan(U1) − β

( π
2
E1 cosU1

π
2

+ βU1

))
, (2.12)

where U1 is uniformly distributed on (−π/2, π/2), E1 is from the exponential distribution

e−x and Φ = −π
2
β(1 − |1 − α|)/α. Despite the seeming complexity, Eq. 2.11 is composed of

relatively simple functions and has become the primary method for the generation of alpha

stable random numbers. It is included in the standard Mathematica installation and there

are packages available for other languages ([38] in MATLAB, for example).

Notice that Eq. 2.11 has no provision for the location parameter µ or the scale parameter

σ. Adjusting the location is trivial and will be taken as µ = 0 throughout in any case. The

scale parameter will require some special attention.

Discretization and Scaling

In computer simulations time usually advances in discrete uniform ‘steps’. Eq. 2.6 de-

scribes a continuous process and must first be discretized to describe the evolution of a

particle in a series of small steps of time (∆t). The discretized form of Eq. 2.6 is

xn+1 = xn −
dV (xn)

dx
∆t + (∆t)1/αθα,i, (2.13)

where the friction coefficient λ has been absorbed into the timescale and noise amplitude

by taking t = t′/λ and σ = σ′/λα. θα,i represents a draw from an alpha stable distribution

with unit scale, no skew, and stability parameter α. This is known as the forward Euler

method of discretization due to the approximation of the potential as linear (Euler) from

the point before the timestep (forward), i.e. using V (xn) rather than V (xn+1). The (∆t)1/α

emerges to maintain scaling. The effect of many small timesteps must accumulate to an
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equivalent single large timestep; a property referred to as ‘stability under addition’ [39]. In

the Gaussian case this follows directly from the mean displacement of
√

2Dt for diffusion

coefficient [D] = length2/time or can be seen equivalently from the convolution of standard

normal Gaussians – N1(x) ⊗ . . .⊗Nn(x) = F−1((
√

2π)n−1N(k)n) = exp[−x2/4n]/
√
n.

For general α the argument requires more care. When a stochastic variable ζ is multiplied

with a factor γ (γ > 1), the distribution for ζ ′ = γζ is wider and has a scale factor (or

standard deviation) that is γ times larger. How the probability distributions p(ζ) and p′(ζ ′)

are related is easily derived from p′(ζ ′) dζ ′ = p(ζ) dζ. We find:

p′(ζ ′) = (1/γ) p(ζ ′/γ). (2.14)

This result makes sense after the realization that the horizontal stretching by a factor γ (the

dividing by γ in the argument) must be accompanied by a vertical compression (the 1/γ

prefactor) to maintain normalization.

For k → 0 the characteristic function p̃α(k) = exp [−σα|k|α] (cf. Eq. (2.7)) can be ap-

proximated by:

p̃α(k) ≈ 1 − σα|k|α. (2.15)

The probability distribution pα(z) is related to the characteristic function p̃α(k) through

pα(z) = 1
2π

∫∞
−∞ p̃α(k) exp [−ikz] dk. For k → 0 the product kz in the exponent will only

differ significantly from zero if z → ∞. It is therefore that the k → 0 limit corresponds to

the z → ∞ limit. The second term in Eq. (2.15) readily leads to the power law Eq. (2.8)

through the Fourier transform.

Consider an overdamped free particle. When subject to Lévy noise, the particle’s motion

is described by ẋ = σξα(t). The Lévy noise term, ξα(t), has structure on all scales. Because

of this, the discrete timesteps ∆t that are necessary for a simulation include a scale factor

for ξα(t) that depends on ∆t. We have ξα(ti) ∆t = θα,i(∆t)1/α, i.e. ξα(ti) = θα,i(∆t)(1−α)/α.

Here θα,i denotes the i-th random number drawn from a zero-centered, symmetric Lévy
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distribution with stability index α and unity scale parameter. It is obvious from here that

the amplitude (∆t)1/α is like the scale factor γ.

For an α-stable distribution with a unity scale factor we have for large |θ|:

pα(θ) ∼
sin
(
πα
2

)
αΓ(α)

π

1

|θ|α+1
as |θ| → ∞. (2.16)

In a simulation with a timestep ∆t, we have κα(ti) = ξα(ti)∆t = θα,i(∆t)1/α for the random

kicks. Realizing that ∆t1/α is the scale factor that connects κα(ti) and θα,i, and next applying

the result that was derived above, the asymptotic behavior of the distribution (analogous to

Eq. 2.8) pα(κ):

pα(κ) ∼
∆t sin

(
πα
2

)
αΓ(α)

π

1

|κ|α+1
as |κ| → ∞. (2.17)

This implies that the term σα in Eq. (2.8) has the same effect on the stochastic input as ∆t,

i.e. the characteristic function for this input is p̃α(k) = exp[−σα∆t|k|α]. One then has for

the continuous and discretized Langevin equations:

ẋ = σξα(t) (2.18)

∆x = σ∆t1/αθα,i. (2.19)

2.2.2 Fokker-Planck Representation

The diffusion process described by Eq. 2.6 is a Markov process. A master equation describes

the evolution of such a system and is traditionally formulated in discrete form [40]:

P (xn, ti + 1) =
N∑

m=1

(P (xm, ti)W (xm, xn) − P (xn, ti)W (xn, xm)) . (2.20)

Here P (xn, ti) represents the probability to be in state xn at time ti and W (xn, xm) rep-

resents the probability to transition from state xn to state xm per unit of time. Thus the

master equation can be seen as a simple accounting of particles entering from each state
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(the first term) and all the particles exiting to other states (the second term). Any external

‘potential’ is manifested implicitly in the transition rates. Note that this Markov description

is deterministic – given the initial state P (x, 0) one can determine the probability density

for all further points in time.

Eq. 2.20 has a continuous time counterpart. If the time and position dependence of jump

lengths are independent, it has the form [33],

∂P (x, t)

∂t
=

∫ t

0

dt′Φ(t− t′)

∫
dx′ [W (x, x− x′)P (x′, t) −W (x′, x− x′)P (x, t)] , (2.21)

which includes a memory parameter Φ and the transition probabilities W are now functions

of kick size x−x′ instead of defined per state. The second integral serves the same function as

before and integrates the inflow to position x from elsewhere in the region. This describes a

much more general situation than the Langevin Eq. 2.6 which contains no information about

W . Eq. 2.6 contains a stochastic force term with several assumptions. These assumptions

can be applied to the master equation to create an equivalent deterministic equation.

The memory kernel Φ allows for the system’s history to be taken into account and often,

but not necessarily, takes an exponential form. But for the Langevin setup described in Sec.

2.1.1 the thermal jostling represented by the stochastic term is assumed to be uncorrelated

in time. This is also referred to as instantaneously correlated because the memory kernel

takes the form of a delta function:
∫ t

0
dt′δ(t− t′) = 1.

The remainder of Eq. 2.21 can be expressed as a Taylor expansion in x, known as the

Kramers-Moyal expansion [41]:

∂P (x, t)

∂t
=

∞∑
n=1

(−1)n

n!

∂n

∂xn

[
P (x, t)

∫ ∞

−∞
(x− x′)nW (x, x− x′)dx

]
. (2.22)

Keeping just the first two terms, we can write this as:

∂P (x, t)

∂t
= − ∂

∂x
(
∂⟨x− x′⟩

∂t
P (x, t)) +

1

2

∂2

∂x2
(
∂⟨(x− x′)2⟩

∂t
P (x, t)). (2.23)
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The time derivatives appear because W describes a transition rate. Since the noise is already

assumed to have mean zero, ⟨x − x′⟩ can be identified with drift, proportional by friction

coefficient γ to the force of the potential V ′(x). The expectation value in the second term is

just the mean-squared displacement. For Gaussian white noise we can take ⟨(x−x′)2⟩ = 2Dt.

This leads directly to the Fokker-Planck (or Smoluchowski) equation:

∂P (x, t)

∂t
= −1

γ

∂[V ′(x)P (x, t)]

∂x
+ D

∂2P (x, t)

∂x2
. (2.24)

Though the above derivation is standard, it is problematic for Lévy noise (α ̸= 2) as

the key assumption in the continuum limit is that individual kicks are small to justify the

Taylor expansion. This is reasonable for Gaussian noise, but large jumps are inherent to

Lévy statistics and make an analogous derivation more difficult, though it can be done [42].

A more direct route from the Langevin can be taken by using the scaling property derived

in the last section [43, 44]. This result was that the kick distribution has a characteristic

function that scales with time like p̃α(k) = exp[−∆t|k|α]. Recalling that this behavior

was derived to maintain the scaling behavior of a sum of inputs, this expression can be

identified as the characteristic function for a force-free Langevin particle after time ∆t, i.e.

p(x, t = ∆t) = F−1[p̃α(k)] where F−1 represents the inverse Fourier transform in space.

Then we can reinsert the generalized diffusion constant D and taking the partial derivative

w.r.t. time. Note that the independent variable for the Fourier transform was x, i.e. the

position. The time derivative can still be taken as normal and yields:

∂p(x, t)

∂t
= F−1[−D|k|α exp[−tD|k|α]] = F−1[−D|k|αp̃(k)]. (2.25)

Here a noninteger power of k is involved. This requires introduction of the Riesz fractional

derivative [40]:

F
[
∂αu

∂|x|α

]
(k) = −|k|αF [u](k). (2.26)
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The Riesz derivative merely extends to fractional order a very useful property of the Fourier

transform - that a derivative with respect to the independent variable becomes a multipli-

cation with the transformed variable in Fourier space. Utilizing Eq. 2.26 in Eq. 2.25 yields

the fractional Fokker-Planck equation (FFPE) with no external force:

∂p(x, t)

∂t
= D

∂αp(x, t)

∂|x|α
, (2.27)

where D has dimensions of lengthα/time and is thus different from the standard diffusion

coefficient. From here there are several ways to extend the case to include a known potential

V (x) [45], but one of the most widely used is as a drift proportional to the force:

∂p(x, t)

∂t
= − ∂

∂x

[
V ′(x)p(x, t)

λm

]
+ D

∂αp(x, t)

∂|x|α
, (2.28)

which is the full FFPE with friction coefficient λ and particle mass m. This correctly reduces

to Eq. 2.24 with α = 2 and the relation ⟨x2(t)⟩ = 2Dt as ⟨x2(t)⟩ is just the second moment

of the normal distribution N (0, t1/2).

Equation 2.28 describes the evolution of a system with Lévy noise and can in principle

be used to solve for the steady state of such a system by equating the right hand side to

zero. The fractional derivative poses the primary challenge. Since it is also defined by its

Fourier transform, not unlike the alpha stable distributions, full analytic solutions are only

possible in limited circumstances. Some of these will be discussed in further sections (Sec.

2.4.1 & 3.3). There are, however, representations of the fractional derivative in real space

that allow for some manipulation.

The reason the fractional derivative leads to difficult and complicated expressions is that

it is not a ‘local’ operator. There are actually many definitions for calculating fractional

derivatives [46], but what they have in common is that the fractional part of the derivative

is computed via integration. For instance, the right and left handed Riemann-Liouville
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fractional derivative of order α is:

Dα
a+f(x) =

1

Γ(n− α)

dn

dxn

∫ x

a

f(z)dz

(x− z)α−n+1
, (2.29)

Dα
b−f(x) =

(−1)n

Γ(n− α)

dn

dxn

∫ b

x

f(z)dz

(z − x)α−n+1
, (2.30)

where n is the smallest integer greater than α. Here the function is first fractionally inte-

grated, and that integration involves the entire domain [a, b]. Such definitions allow for the

possibility of numerically following the FFPE forward in time on a mesh until a steady state

is found [47, 48]. Because of the non-local nature of Eq. 2.29 this is not necessarily more

computationally efficient than the much simpler Langevin approach.

2.3 ‘Unsolving’ Stochastic Systems

The above sections deal with the modelling of idealized systems. It has been presupposed that

such systems actually exist in the real world. However, the question of how to characterize

a given system, or more likely a given data stream, remains. Two related issues will be

discussed - common methods to estimate the noise parameters (e.g. α) and some methods

to discriminate between types of random walks.

Parameter estimation

Different methods are available to estimate the parameters of the α-stable distribution that

best fits a set of observed data [49, 50]. Often where one starts is with an estimation of the

tail parameter, α. The most straightforward method is to take advantage of the power law

behavior of the tail, e.g. Eq. 2.8. The empirical distribution (the set of ‘noise values’ from

the data) should form a straight line on a log-log plot with slope −α. Alternatively one can

use the behavior of the mean squared deviation (MSD). Though the second moment for the

stable distributions is in principle infinite for α < 2, repeated estimates for a process should

produce convergent behavior with increasing t.
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The mean squared deviation can be derived from the aforementioned scaling relation Eq.

2.14[43]:

⟨x2(t)⟩ ∝ t2/α. (2.31)

In other words, MSD(X(t)) = (X(t) −X(0))2 should also yield a power law, but with the

scaling exponent 2/α. More usually the MSD is averaged over a number of trajectories or,

in the case of a single long trajectory, averaged by segmenting a single trajectory. In this

case, the average MSD for a small time lag τ is:

MN(τ) =
1

N − τ + 1

N−τ∑
k=0

(Xk+τ −Xk)2. (2.32)

The quantile method of McCulloch [51] has also proven practical. Locating the five

quantiles (5th, 25th, 50th, 75th, 95th) is as simple as ordering the data. McCulloch then

provided a simple formula and a set of pre-tabulated results from which one could determine

the α parameter and skew.

The maximum likelihood method is omnipresent in hypothesis testing and easy to un-

derstand [52]. It is also efficient enough for smaller sets of data and can be used to fit

all parameters of the chosen distribution. It uses a general expression for independent and

identically distributed (i.i.d.) variables, the log-likelihood [53]:

L(ξ) = log

(
n∏

i=1

f(Xi|ξ)

)
=

n∑
i=1

log(f(Xi|ξ)), (2.33)

where f(Xi|ξ) represents the probability to have drawn value Xi ∈ X1, . . . , Xn from the

distribution ξ. Eq. 2.33 can then be maximized on the parameters of ξ. For the normal

distribution, a relatively simple linear expression results. For the stable distributions in

question, one generally has to resort to pre-calculated fits of the distribution density function.

Ultimately these methods and others face the same difficulties. Primarily they rely on

the ability to separate the noise from the signal. Lévy noise is characteristically erratic,
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making even estimating the mean of a data set challenging – indeed the mean of the stable

distributions for α ≤ 1 is undefined. The tail method relies on extreme values which are

naturally sparse. Finally there is often no guarantee that parameters such as the stability

index α or diffusion constant do not change in time. Later in section 2.4.2 a method to

estimate α that surmounts these problems in limited circumstances will be shown.

Noise Processes

A number of different schemes have been developed to model anomalous diffusion. The major

examples are based upon extensions or generalizations of the simple random walk – a particle

that takes a unit step left or right each unit of time with equal probability. Allowing this step

to have a variable length drawn from a Gaussian distribution yields the classic description of

Brownian motion encapsulated by the basic overdamped Langevin equation dx(t)/dt = ξ(t).

If one allows ξ(t) to be drawn from the more general alpha-stable distributions, one retrieves

the Lévy flights described thus far.

If instead one keeps the Gaussian white noise for ξ(t), but introduces random waiting

times between steps, one has the continuous time random walks (CTRW). The waiting times,

which originally represented particle trapping that occurs in semiconductors, are often drawn

from power law distributions yielding subdiffusive behavior. And finally if one replaces the

uncorrelated Gaussian noise ξ(t) with correlated ‘fractional’ Gaussian noise ξfGn, one has

the so-called fractional Brownian motion (FBM), or fractional Lévy stable motion (FLSM)

in the case of fractional Lévy noise. In these cases, it is the correlations that are power-law

distributed.

Each of these models produce somewhat distinct particle trajectories and it is not always

clear when a particular description is most suitable. Fig. 2.6 shows some pronounced exam-

ples of their 1D versions. It is immediately apparent how the large jumps in Lévy flights or

the long pauses in a CTRW can lead to super- or subdiffusion. More subtle is the tendency

for the FBM to preserve its upward or downward trend. This tendency was brought to

prominence by Harold Edwin Hurst during his engineering of the Aswan dam [54] and is
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Figure 2.6: Comparison of common random walk models. For the Lévy flight α = 0.8 and
for the fractional Brownian motion the Hurst exponent H = 0.9

now commonly characterized by the Hurst exponent 0 ≤ H ≤ 1. The volume of water in

the reservoir behind a dam is an integration of flows from subsequent years. If the seasonal

flows from the Nile river were i.i.d., one would find a random walk for the volume, but this is

not what Hurst discovered. Instead of
√
⟨x2⟩ ∝

√
t for the MSD, he found

√
⟨x2⟩ ∝ tH with

H = 0.91. H > 0.5 means that the MSD tends away from 0 more than it would for a purely

random process. Subsequent data points (or river flows) have a positive correlation. The

Hurst exponent of the FBM in Fig. 2.6 has the value H = 0.9 and is dominated by a long,

smooth trend. H < 0.5 leads to anticorrelation and characteristically ‘rough’ time series.

The distinction between these processes will not necessarily be so clear as it is in Fig.

2.6. There are a few statistical tools which can be used to discriminate which may be most

appropriate. A first option is the behavior of the MSD and MN(τ). Ref [55] provides a table

for the behavior of many of these processes and also points out the danger of naively assuming

that ⟨MSD(x)⟩ = limτ→∞MN(τ) which is only true for some. For FBM and FLSM for

instance, both go as t2H (τ 2H) but for the CTRW ⟨MSD(x)⟩ ∝ t2H and ⟨MN(τ)⟩ ∝ τt2H−1.

Likewise for Lévy flights, the MSD is infinite, scaling as t2/α (Eq. 2.31), but ⟨MN(τ)⟩ ∝

τ 2/α−1.
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Another method that has shown some promise for analyzing single trajectories is the

p-variation, which can help distinguish between FBM and FLSM [56, 57]. FBM and FLSM

generalize their respective classical counterparts to allow for time correlations between values,

embodied by the Hurst Parameter H. The p-variational test can be seen as a way of probing

these time correlations.

The p-variation for a discrete time series X(t1), X(t2), . . . , X(tN) is a simple extension of

the quadratic variation Q(t) = limn→∞Qn where:

Qn =

N/n−1∑
k=0

|X(k+1)n −Xkn|2. (2.34)

Here the index n serves a similar purpose as the τ in Eq. 2.32 by giving the variation for a

certain small ‘lag’ or delay. If the process X(t) is taken as ordinary 1D Brownian motion

then there is a clear connection with the variance of the underlying stochastic input. Indeed,

in that case, the quadratic variance is just lim
n→∞ ⟨Qn(t)⟩ = 2Dt. The p-variation replaces the

exponent with p:

V (p)
n =

N/n−1∑
k=0

|X(k+1)n −Xkn|p. (2.35)

The p-variation has some useful properties [58]. First is that it is easy to compute – Eq.

2.35 is a simple expression. For FBM, V
(p)
n transitions from a decreasing function of n to

an increasing function of n at the point p = 1/H. For FLSM the picture is more complex

due to the fat tails. For H < 1/α, the picture is the same as FBM, but for subdiffusion,

V
(p)
n will only decrease with n. A summary of these behaviors is given in the following table.

However, a p-variational analysis can be unwieldy to interpret. An application will be shown

in the next section.

As a final note of caution, the four processes outlined here only represent the most

simplistic and basic models of anomalous diffusion. Even for these few, it is clear that

statistical tests are not of sufficient sophistication. The top performers in the AnDi Challenge

[50], which tasks entrants with identifying underlying processes and parameters from sample
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process MSD(x) MN(τ) behavior of p-variation V
(p)
n with n

CTRW ∝ t2H ∝ τ 2H−1 increasing to decreasing at p = 2
FBM ∝ t2H ∝ τ 2H increasing to decreasing at p = 1/H
FLSM (H < 1/α) ∝ t2H ∝ τ 2H increasing to decreasing at p = 1/H
FLSM (H > 1/α) ∝ t2H ∝ τ 2H decreasing

Table 2.1: Expected results for statistical tests on CTRW, FBM, and FLSM.

trajectories, were the flexible neural network approaches and not strict statistical methods.

Furthermore, there are many additional models that are themselves more complex. Ref. [55],

for instance, includes 19 different models in their overview. Many of these models try to

incorporate spatial or temporal variation by allowing parameters to change in time/space or

including confinement or trapping. A typical approach, and one of the tests included in [50],

is to segment a time series into separate regions with distinct behavior. Of course, for very

noisy processes this approaches a form of art more than science. This is all to say that this

field of study is far from mature.

2.3.1 Application of Statistical Tests

In Ref. [59] the aforementioned statistical techniques are applied to a molecular dynamics

simulation that exhibits network formation. In that system, various concentrations of mucin

are inserted and allowed to diffuse and form both hydrophobic and hydrogen bonds with each

other. Increasing the concentration beyond a certain point leads to an onset of crowding

and a transition in the behavior of the system. Full details of the simulation are given in

Appendix A.

The movements of these mucin molecules and the total number of bonds formed at any

given time are stochastic variables that may exhibit anomalous diffusive behaviors, see Fig.

2.7. That particles or polymers within a network experience anomalous diffusion under

certain circumstances is already known [60, 61, 62] but whether this is reflected in the

interaction dynamics is not well studied.
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Conc. α∗ St Dev
c1 0.931 0.008
c2 0.826 0.006
c3 0.662 0.008
c4 0.517 0.007
c5 0.610 0.005

Figure 2.7: Averaged MSD for atoms within mucin molecules for each simulated concentra-
tion and fit values for the diffusion exponent α∗ from Eq. 2.36. [59]

Figure 2.8: Top: Averaged number of formed hydrogen bonds for each concentration. Bot-
tom: Sample MN(τ) of formed hydrogen bonds for concentration c1. [59]
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The MSD average over all mucin atoms in all simulation runs for each concentration is

shown in Fig. 2.7. Each concentration is an increment of 5 mucin molecules. The sublinear

behavior is clear and can be fit to the equation for 3D diffusion,

MSD(t) = 6Dtα∗. (2.36)

Here α∗ = 2H is referred to as the diffusion exponent. The values for α∗ are shown alongside

the time series in Fig. 2.7 and range from 0.517 to 0.931. This is subdiffusive and thus

it is reasonable to question if one of the processes discussed in the previous section may

be the best model. Fig. 2.7 can be combined with an analysis of the time evolution of

inter- and intramolecular hydrogen bonds presented in Fig. 2.8. The lower portion shows a

representative plot MN(τ) for concentration c1, i.e. the application of Eq. 2.32, for the data

above it. The near linearity suggests a CTRW would model the process poorly [63, 55].

A p-variational test can in the subdiffusive case discriminate between the remaining

FBM and LSM [58]. For LSM V
(p)
n will always be a decreasing function of n. Roughly this

is because the size of the largest individual deviations (|X(k+1)n −Xkn| in Eq. 2.35) do not

meaningfully increase by adding more steps, i.e. increasing n, for Lévy noise due to its heavy

tails. This is not the case for FBM, so increasing the importance of large deviations by

increasing the exponent p will eventually reverse its trend with n (cf. Eq. 2.35).

Figs. 2.9, 2.10 & 2.11 show the p-variation for concentrations c1, c2, and c4, respectively.

It is customary to label values of p as ratios because it is expected to see a change in behavior

at p = 1/H. This reversal of trend can be seen in the upper plot, representing intermolecular

bonds, for each. That this occurs roughly at p = 1/0.5 implies a Hurst exponent H ∼ 0.5,

suggesting that this particular variable actually displays normal diffusion.

The plots of intramolecular bonds are less clear. Concentrations c1 and c4 showed sig-

nificant departure from FBM-like behavior. The largest p values have no clear trend and

look chaotic and noisy. It is possible that the noise is becoming fat-tailed but there is not
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Figure 2.9: p-variation versus n (cf. Eq. 2.35) for intermolecular (top) and intramolecular
(bottom) hydrogen bonds for concentration c1. [59]
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Figure 2.10: p-variation versus n (cf. Eq. 2.35) for intermolecular (top) and intramolecular
(bottom) hydrogen bonds for concentration c2. [59]
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Figure 2.11: p-variation versus n (cf. Eq. 2.35) for intermolecular (top) and intramolecular
(bottom) hydrogen bonds for concentration c4. [59]
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sufficient data to be conclusive in that respect. However, even for the other three cases

the change in behavior occurs for a value p > 1/0.5. This again implies H < 0.5 and the

presence of a positive correlation in the intramolecular dynamics throughout the simulation.

This is sensible as any major changes in the number of intramolecular bonds are likely due

to conformational changes induced by interactions with other molecules that resolve over

longer periods.

2.4 Application to Harmonic Potential

At the end of Sec. 2.2.1 a Euler discretization of Eq. 2.6 was described which approximates

the force on a particle as constant within each timestep. It must be noted that this scheme

is not on its own sufficient for an investigation of the asymmetry presented in Fig. 2.5 in

which the forward-time direction can be discerned. The linear approximation of the potential

produces in our case:

∆xi = −Axi∆t + θi,α∆t1/α, (2.37)

where θi,α is the i-th random number drawn from a distribution with σ = 1. The ∆t1/α

emerges from the necessity of scaling; the effect of many small timesteps must accumulate

to that of a singe large timestep of equivalent duration; a property known as ‘stability

under addition’ [39]. For normal diffusion where α = 2 the exponential tail of the Gaussian

term practically guarantees the linear approximation is sufficient. A small timestep ensures

the particle never receives a kick that is large enough to move it over a distance where

the curvature of the potential may be nonnegligible. Such is not the case for Lévy noise.

Consider again one of the large jumps from Fig. 2.5. Under a Euler scheme the particle,

which begins its jump near the bottom of the well, would experience almost no force from

the potential during its climb - despite the force being so significant that the particle would

make almost the entire return trip in the subsequent step.

Because of the scaling behavior implied by power law tails this cannot be overcome by
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taking a small enough ∆t. From Eq. 2.8, the tail behavior follows pα(z) ∝ σα

|z|α+1 . Again,

maintaining the scaling in time requires σα = (∆t1/α)α = ∆t, so taking a timestep that is

a factor λ smaller leads to kicks of a size larger than z = z⋆ to be a factor λ−1 times rarer.

However, since the simulation now contains λ times as many intervals, the total number of

large kicks remains the same.

For the parabolic potential of Fig. 2.5, there is a straightforward solution to this large-

kick problem. Within a single timestep from xi to xi+1, the kick ξα(ti) = K is constant and

Eq. 2.6 describes an exponential relaxation to the point x = K/A for a duration ∆t. In

other words, we can take the solution:

xi+1 = (xi −K/A)e−A∆t + K/A, (2.38)

as the new position without the need for further approximation. It is readily verified that

for sufficiently small ∆t and K, the above equation readily reduces to the Eulerian ∆xi ≈

(−Axi + K)∆t.

2.4.1 The Position Distribution in a Harmonic Potential

Alpha-stable noise can be readily generated for a given α parameter from functions already

available in, for instance, Mathematica. To quantify the breaking of microscopic reversibility,

we categorize steps of a time series into ‘climbing’ and ‘descending’. A step from j to j + 1

is defined as climbing if |xj+1| > |xj| and descending if |xj+1| < |xj|. Let Nf be the number

of climbing steps when viewing the time series forward in time and Nb be the number of

climbing steps when the the time series is read backwards. Notice that Nb simply represents

the number of descending steps in the original time series. With that in mind, we adopt

r =
Nb −Nf

Nb + Nf

(2.39)
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as a measure of the time reversal asymmetry. This metric ranges from r = 0 for an equal

number of climbing/descending steps to r = ∓1 for a series that is all climbing (−1) or

descending (+1) steps. Again, a difference from r = 0 implies a breaking of microscopic

reversibility, nonequilibrium, and the further consequences that entails.

Because we are dealing with a stochastic process, we expect r in our case to differ from

zero even when microscopic reversibility holds. For N steps, 1
2
N are expected to be climbing,

with a standard deviation of
√

1
2
N . From this we infer that, for the case of time-reversal

symmetry, the value of r comes with a coefficient of variation (the ratio of standard deviation

and average) of 1/
√
N . Only if |r| comes out significantly larger than 1/

√
N can we conclude

that time-reversal symmetry is violated. In the general case of the harmonic potential, we

expect r to be positive for Lévy noise.

As the system moves away from equilibrium (by decreasing α from 2 to 0), the r value

moves slowly away from r = 0, but this is not the only dependence. Fig. 2.12 shows the results

from many stochastic simulations of a Lévy noise driven particle in a harmonic potential.

Each curve represents a different value of ∆t×A. Recalling that Eq. 2.38 describes a simple

exponential relaxation, A can be identified with the relaxation time, e.g. A = 1/τ . The

product with ∆t is then a dimensionless ratio that specifies in a relative sense how much

relaxation takes place between timesteps. In alternative language, decreasing ∆t can be

thought of as increasing the sampling rate for measurement on a system with an inherent

characteristic timescale τ = 1/A.

It is intuitive that sampling too slowly, corresponding to a ∆t × A ≳ 1, leads to the

appearance of microscopic reversibility. In these cases, the particle always has the time to

relax to the point x = −K/A, where the force from the potential equals the force from

the random kick. Any memory is ‘destroyed’ and we are just left with the (scaled) kick

distribution itself.

For ∆t × A → 0, the r value as a function of α approaches a step function centered at

α = 1. The particle spends an infinite number of timesteps relaxing after a large jump. Since
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Figure 2.12: The time-reversal asymmetry parameter, r, vs the stability index, α, that
characterizes the noise. The curves result from stochastic simulations for different values of
∆t and taking A = 1. [1]

the position distribution does not scale with ∆t, what ultimately determines the value of r

is how the position distribution compares with the scaled kicksize distribution. For α < 1,

reducing ∆t rapidly shrinks the stochastic contribution in comparison to the linear force

term. This is apparent from the scaling factor ∆t1/α on the noise term in Eq. 2.37. A large

jump causes a downslide of infinitely many steps, leading to r → 1. For α > 1, the scale

factor ∆t1/α is instead sublinear. The noise contribution thus shrinks more slowly than the

drift term as ∆t decreases. The potential induced drift which may be apparent over longer

periods is overwhelmed timestep to timestep, leading to r → 0.

The curves in Fig. 2.12 are from stochastic simulations, but can also be obtained from

numeric integrations involving the kick and position distributions. The kick distribution

was the input to Eq. 2.6 and is thus known, but the position distribution must be derived.

It should also be pointed out that the position distributions deriving from Fig. 2.5b and

Fig. 2.5c are different. A Boltzmann distribution will result from Fig. 2.5b, but this is no

longer the rule with α < 2. Luckily there is another tool to bring to bear. In the first

decade of the last century Einstein and Smoluchowski separately showed that diffusion and

Brownian motion are connected at the microscopic level by retrieving the diffusion coefficient
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D = ⟨x2⟩/2t from the assumptions of Brownian motion [64, 65, 66]. Practically this provided

the relation between the speed of diffusion and the temperature dependent size of Brownian

‘kicks’, but more importantly it paved the way for the use of probability density functions

to describe the time evolution of stochastic processes – with the Fokker-Planck equation as

the archetypal example.

The equivalent Fokker-Planck equation for Gaussian noise is well known [67]. For the

stochastic Langevin (eq 2.6) the equivalent Fractional Fokker-Planck equation is [44]:

∂P (x, t)

∂t
= A

∂[xP (x, t)]

∂x
+ σα∂

αP (x, t)

∂|x|α
, (2.40)

The fractional derivatives will be dealt with by their Fourier space representations where

derivate-taking becomes multiplicative: ∂α

∂|x|αf(x) =
∫∞
−∞

dk
2π
e−ikx|k|αf̃(k) with f̃(k) as the

Fourier Transform of f(x). This provides a straightforward method for retrieving the even-

tual stationary state analogous to the Boltzmann distribution - set the left hand side to zero,

transform to Fourier space, and solve the resultant differential equation:

−Ak
dP̃st(k)

dk
− σα|k|αP̃st(k) = 0. (2.41)

Yielding the solution:

P̃st(k) = exp

[
−σα|k|α

Aα

]
. (2.42)

This solution can be identified with the noise distribution which generated it, Eq. 2.7 (for

µ = 0). Both are Lévy distributions with the same α, but the original σ scale parameter is

now σ′ = σ/(Aα)1/α. If we scale the system by taking A = 1 and σ = 1, we have

p̃(k) = exp[−|k|α] (2.43)
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for the kicksize distribution and

P̃st(k) = exp[−|k|α/α] (2.44)

for the position distribution. This probability distribution may not have a nice analytic

expression in real space, but because the 1/α in the exponent translates to a scale factor it

can be written as a scaled version of the kicksize distribution p(x). Taking that scale factor

as σ′ leads to

Pst(x) =
1

σ′p
( x

σ′

)
, (2.45)

for the probability.

2.4.2 Asymmetry Parameter for the Parabolic Well

Let Pclimb(x) be the probability that, for a particle at position x, the next step brings the

particle to a higher position in the parabola. For the fraction of steps that are climbing

steps, φclimb, we then have

φclimb =

∫ ∞

−∞
Pclimb(x)Pst(x) dx, (2.46)

where Pst(x) is the stationary probability-density distribution for which P̃st(k), cf. Eq. (2.4.1),

is the generating function. The parameter r (cf. Eq. 2.39) is related to φclimb through

r = 1 − 2φclimb. (2.47)

The argument presented in the previous section makes clear that, for 0 < α < 2, we should

have 0 < φclimb < 1/2 and, consequently, 0 < r < 1.

For positive xi, the probability Pclimb(xi) can be split out as follows: Pclimb(xi) = P (xi+1 >

xi) + P (xi+1 < −xi). With the (scaled) Eq. (2.38) this means that the kicksize, K, has to
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follow either K > xi, or K < −sxi, where

s =
e∆t + 1

e∆t − 1
. (2.48)

Generalizing to any real x, it is thus found that

φclimb =

∫ ∞

−∞

[∫ −sx

−∞
p(ξ) dξ +

∫ ∞

x

p(ξ) dξ

]
Pst(x) dx. (2.49)

The inner integrals can be replaced by their respective cumulative distribution functions

(cdf) (which are available in Mathematica). The symmetry in x, furthermore, allows us to

integrate over half the domain and double the result:

φclimb = 2

∫ 0

−∞
[cdf(sx) + cdf(x)]Pst(x) dx. (2.50)

This integral reproduces the curves of Fig. 2.12 but does not offer much intuition on why

there is a transition at α = 1. This can be made clear through an analysis of some special

cases.

The α = 2 case. - For α = 2, the statistics are not “polluted” by Lévy jumps. We take

∆t to be sufficiently small for the Euler scheme approximation to Eq. (2.6) to apply. The

piecewise-linear solution that the Euler scheme gives will be more accurate as ∆t is taken

smaller. For the increments we have

∆xi = −xi∆t + θα=2,i

√
∆t, (2.51)

where θα=2,i is the i-th random number drawn from a distribution with σ = 1. From Eq.

(2.51) it is obvious that, for one particular timestep, the deterministic part of the motion

becomes negligible if ∆t → 0. In that case (∆x)2 and ∆t are of the same order, i.e.,

(∆x)2 ∼ ∆t. We take two nearby points, x and x + ∆x, where x > 0 and ∆x > 0. We
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next focus on the particles that move between these points in exactly ∆t. If microscopic

reversibility applies, then the traffic in both directions should be equal. From Eq. (2.51) we

find that in order to move from x to x+ ∆x in time ∆t, a kick θα=2,i = x
√

∆t+ ∆x/
√

∆t is

required. In order to move from x+∆x to x in ∆t, we need θα=2,i = (x+∆x)
√

∆t−∆x/
√

∆t.

Taking into account the different probability densities, Pst, at x and x+ ∆x, we find for the

difference, r̂, between descending and ascending traffic:

r̂ = Pst (x + ∆x) p
(

(x + ∆x)
√

∆t− ∆x/
√

∆t
)

−

Pst(x)p(x
√

∆t + ∆x/
√

∆t). (2.52)

Note that r̂ is different from r (cf. Eq. (2.39)) in that it is local and has a dimension of square

density. Next substituting Pst(x) = 1/
√

2π exp [−x2/2] and p(x) = 1/(2
√
π) exp [−x2/4]

for the position distribution and the kicksize distribution respectively, we infer after some

algebra:

r̂ ∝ exp

[
−1

2
x2 − 1

4

(∆x)2

∆t
− 1

2
x(∆x) − 1

4
x2(∆t)

]
×(

exp

[
−1

4
(∆x)(∆t)(2x + ∆x)

]
− 1

)
. (2.53)

For (∆x)2 ∼ ∆t, only the first two terms in the exponent in the prefactor are finite. The

second exponential term, the one in the round brackets, has terms in the exponent that can

all be made arbitrarily small by picking ∆x and ∆t sufficiently small. We thus find that r̂

approaches zero as ∆t → 0 and ∆x → 0. Every trajectory between any two points (t1, x1)

and (t2, x2) can be constructed from small linear steps that each have r̂ → 0. It can be

concluded that microscopic reversibility applies for Gaussian noise. We thus also have r = 0

(cf. Eq. (2.39)) for α = 2.

The α = 1 case. Only for α = 1 are the kicksize distribution, cf. Eq. (2.43), and the

position distribution, cf. Eq. (2.44), identical. For this case it is easily proven that r = 1/2 if
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∆t → 0. Taking f(x) =
∫∞
ξ=x

p(ξ) dξ and next realizing that f(0) = 1/2 and f(x → ∞) = 0,

we see how the integral Eq. (2.49) reduces:

φclimb = 2

∫ ∞

x=0

(∫ ∞

ξ=x

p(ξ) dξ

)
p(x) dx

= 2

∫ ∞

x=0

(∫ ∞

ξ=x

p(ξ) dξ

)(
− d

dx

∫ ∞

ξ=x

p(ξ) dξ

)
dx

= −2

∫ ∞

x=0

f(x)f ′(x) dx = −f 2(x)|∞x=0 =
1

4
. (2.54)

With Eq. (2.47), this result leads to r = 1/2.

Through Eqs. (2.49) and (2.50) it is even possible to obtain an analytic result for φα=1
climb

for a finite ∆t. The Mathematica package readily gives the analytic result:

φα=1
climb =

1

8
+

Φ
(

1
s2
, 2, 1

2

)
4π2s

+
log(s) coth−1(s)

π2
, (2.55)

where Φ(., ., .) represents the so-called Lerch Transcendent, i.e. Φ(z, s, β) = Σ∞
n=0z

n/(n+β)s.

In agreement with what Fig. 2 shows, this analytic result has r going down from r = 1/2 to

r = 0 as ∆t gets larger.

The α → 0 case.

For α = 0 the generating function is a constant and this implies that the probability distri-

bution is a dirac delta function. In the α → 0 limit the probability distribution looks like a

sharp spike at x = 0 with power law tails. From Fig. 2 it appears that the climbing fraction

φclimb approaches zero in the α → 0 limit. Going back to Eqs. (2.44) and (2.45), we see that

the α in the denominator of the exponent in P̃st(k)(cf. Eq. (2.44)) translates into a scaling

factor σ′ = (1/α)1/α for Pst(x). This means that for α → 0, the position distribution Pst(x) is

wider than the kicksize distribution p(ξ) by a very large factor. How this leads to φclimb → 0

can be understood from a Langevin perspective by realizing that after a large Lévy jump

that drives the particle high up the parabola, it will, at ∆t → 0, take an infinite number
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of timesteps to slide down again. In the context of Eqs. (2.49) and (2.50), the φclimb → 0

result can be understood after realizing that cdf(x) decreases from 0.5 to 0 as x increases

from x = 0. If Pst(x) is much wider than p(ξ), then cdf(x) will be effectively zero for most

of the relevant domain of Pst(x) and φclimb = 0 will result.

Most natural signals appear to be not too far from equilibrium; Mandelbrot’s famous

cotton stocks and Peng’s study of heart interbeat intervals both exhibited α = 1.7 [18, 27].

The regime of interest is then just below α = 2. From Fig. 2.12 it can be seen that there is

a maximization of symmetry breaking in the 1 < α < 2 interval for ∆t×A ≈ 0.1. Sampling

at approximately ten times the characteristic timescale of the system apparently optimizes

the trade-off between increasing the number of steps on a downslide and ‘losing’ individual

downward steps to noise.

A noisy downslide is still a downslide – the r enhancement via what is essentially averaging

is purely due to the chosen construction of Eq. 2.39, which discards information about

the distances traveled for simplicity. This feature is ultimately what allows us to create a

unique equivalence between calculated r-values in a sample time series and the underlying α

parameter. Fig. 2.13 shows the behavior of this maximized r near α = 2, and was calculated

by numerically integrating the probability to see a climbing step over the entire position

distribution for a variety of α and ∆t values.

2.4.3 Asymmetry Analysis of Solar Flare Data

We propose that establishing the value of r from the observed data and next using the

patterns observed in Figs. 2.12 & 2.13 to determine the value of α is in many cases a simple,

robust, and effective method. Our method is suitable in case of a data stream as in Fig.

2.5c, i.e. a data stream that exhibits occasional large jumps. These jumps are to have

power-law-distributed magnitudes and are to be followed by a slower relaxation back to the

baseline. This is indicative of Lévy noise in a parabola (cf. Fig. 2.5a) being the appropriate

model. As was pointed out before, with a parabolic potential the α that characterizes the
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Figure 2.13: Numerically calculated relation between the maximum r-value obtained by
undersampling and the underlying α parameter. The equation is a cubic best fit. [1]

position distribution Pst(x) is the same as the α that characterizes the noise term ξα(t). In

determining the value of r, we are taking differences between subsequent numbers in a time

sequence. So in our method the order of the sampled data points is essential.

In Fig. 2.5b and 2.5c it is the value of x that constitutes the signal that is followed over

time. It should be noticed that if the value of x2 is followed instead, climbing steps remain

climbing steps and non-climbing steps remain non-climbing steps, i.e. the value of r is not

affected. As a matter of fact, for any odd or even f(x) where f(x) is increasing for x > 0,

the same value for r ensues.

With a simulation as in Fig. 2.5 it is unambiguous whether a step is a climbing step or

not. After all, we know that x = 0 represents the bottom of the parabolic potential. In a

real-life sequence of noisy data, however, it may be difficult to establish the precise location

of the point x∗ where the potential has its minimum. The particle spends the vast majority

of its time near the bottom of the parabola and a small variation in the estimate of the

x = x∗ point, i.e. moving the horizontal axis in Fig. 2.5b and 2.5c a little up or down, will for

many steps affect the assessment whether the step is “climbing” or not. Taking the average

value of the data sequence as the x = x∗ point is not a solution even if the number of data
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Figure 2.14: An approximately six hour record of solar X-ray fluxes sampled at 2-second
intervals. Data was recorded by the Geostationary Operational Environmental Satellite
(GOES) series and are published online (https://www.ngdc.noaa.gov/stp/satellite/goes-
r.html). X-rays were recorded in a window between 1 and 8 Å, the so-called “soft” regime.
[1]
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points is very large. This is because the average converges slowly or not at all if data have an

α-stable distribution. An additional problem occurs when there is a tiny shift in the value

of x∗ in the course of the data collection.

No vagueness in the estimate of x∗, however, occurs when working with a data stream

that can be identified with values that are proportional to z = (x − x∗)
2 + Z0, where Z0 is

a constant. In that case the lowest value of the signal in the entire sequence can be safely

taken as representing the bottom of the parabola. Any increase of the signal value from one

sample point to the next can then be unambiguously counted as a climbing step. Obviously

this applies for any z = f(x−x∗) +Z0 where f is a function that monotonically increases on

(x − x∗) > 0 and monotonically decreases on (x − x∗) < 0. As a first example to illustrate

this, think of a room with a thermostat. If the room gets too hot, an air conditioner is turned

on. If the room gets too cold, a heater is turned on. The power consumption, as given by the

electric meter, will always be positive. As a second example, think of an airplane with mass

m for which gravity and the lift force are in balance when the plane flies at an altitude h0 at a

horizontal velocity v0. There is a restoring force towards h0; if the plane increases (decreases)

altitude, the decreased (increased) air density will decrease (increase) the lift force. Let ∆v

be the vertical velocity due to the altitude fluctuations and the restoring force. The kinetic

energy of the plane relative to a point on the ground is Ekin = 1
2
m(v20 + ∆v2) and has the

form presented in the first sentence of this paragraph.

Figure 2.14 shows six hours of solar soft X-ray flux as captured by satellite. X-ray fluxes

are central in the study of solar flares [68]. A record of solar soft X-ray fluxes going back

many years is publicly available through the website of the National Oceanic and Atmospheric

Administration. Outliers and a characteristic “shooting up and sliding down” are evident in

Fig. 2.14. It is also clear that the sampling rate is fast compared to the rate of relaxation, as

the relaxation after a spike lasts a few thousand seconds. This allows for an analysis related

to Fig. 2.12.

The differential rotation of the Sun and the convective flows in the Sun’s interior stretch
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Figure 2.15: The values of r calculated by undersampling. The top figure (a) shows theoret-
ical results following Eqs. (2.46-2.50) for different values of α with 1 < α < 2. The bottom
figure (b) derives from solar soft X-ray data as shown in Fig. 2.14 and computed in intervals
of 10 s. [1]
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and wrap the magnetic field lines. As the solar cycle progresses the field-line pattern gets

more twisted. Solar flares occur as a result of magnetic reconnections, i.e. the field reconfig-

uring itself and transitioning to a lower energy structure [69, 70]. The peaks in Fig. 2.14 can

be associated with solar flares. The distributions of observable quantities that are connected

to solar flares have been found to follow power laws [71].

A solar flare’s X-rays are in fact bremsstrahlung and thermal radiation (at > 106 K).

These are emitted directly following the explosive release of the reconnection energy. As the

energy disperses and dissipates there is ultimately a return to the nonequilibrium steady-

state. Figure 2.14 shows the watts per square meter that the detector receives. It is not

unreasonable to identify the jump and subsequent relaxation in Fig. 2.14 with a Lévy jump

and a subsequent decrease of V (x) in Fig. 2.5a. In other words, we take
√

power as the x

variable in our analysis. But, as was mentioned before, the same value for r is obtained

for any signal that is proportional to z where z = f(x) + Z0 with f ′(x) > 0 on x > 0 and

f ′(x) < 0 on x < 0. What matters is that the underlying process giving rise to the movement

of x is the noisy particle in the parabolic potential, i.e. Eq. (2.6) and Fig. 2.5a.

The relaxations that are apparent in Fig. 2.14 indicate that Eq. (2.6) and Fig. 2.5a are

the right model. The power laws associated with solar flare occurrence tell us that we have

Lévy jumps, i.e. α < 2.

In Fig. 2.12 it is apparent that for α > 1 the value of r does not change monotonically

with the timestep length ∆t. There appears to be a peak for ∆t ≈ 0.1. Here we further

explore this feature to establish α for solar soft X-ray fluxes. Figure 2.15a derives from the

theoretical analysis using Eqs. 2.46-2.50 and shows r as a function of ∆t for different values

of α. The apparent maximum can be intuited as follows. To the right of the maximum

the number of timesteps in a relaxation back to the baseline after a peak, i.e. the number

of descending steps, decreases as ∆t is made larger. To the left r decreases because the

shrinking timesteps put emphasis on the stochastic (r = 0) contribution. The solar flare

time series can be viewed as a relaxation process (drift) being driven and obscured by a
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noise process (diffusion) with measurements occuring every ∆t. The contributions due to

drift and diffusion are

∆xdrift ∝ ∆t and ∆xdiff ∝ ∆t1/α, (2.56)

respectively. With 1 < α < 2 it is obvious that for an individual step the diffusive contribu-

tion takes on a greater significance if ∆t is brought closer to zero. So for ∆t → 0 diffusion

overwhelms drift and the probabilities to be climbing and descending both approach 1/2.

A complete relaxation from a peak back to the baseline will contain more descending steps

than climbing steps, but for decreasing ∆t that difference will be an ever smaller fraction of

the total number of steps involved in the relaxation. As a consequence Eq. (2.39) will yield

a smaller value for r. It should also be realized that information about step length is erased

when merely counting ascending and descending steps. When relaxing back from a peak to

the baseline, the required net descent also occurs when descending and climbing steps are

equal in number, but with descending steps being on average longer than climbing steps.

Finally, we mention that the above Eq. (2.56) also explains why the method described in

this section no longer applies if α < 1 – the diffusive component which dominates for small

∆t only increases in importance as ∆t grows and there is never a maximum.

The α parameter for solar soft X-ray fluxes has also been estimated through scaling

properties associated with the power-law tails for α < 2 [72]. A block of data that is twice as

long will on average yield a maximum data value that is a factor 21/α larger [73]. The slope

in a log-log plot of the average maximum value against the block size, next gives the value

of 1/α. We took the data for the years 2011-2016. These years represent a solar maximum

during which the flare activity appears fairly constant [72]. Because lengths of data blocks

must be powers of two, we ended up cutting off seven months at each end. Using the method

of Ref. [72] we thus reproduced the α = 1.22 that was also in [72] for prior solar cycles.

Figure 2.15b shows results from measurements of solar soft X-rays. The figure derives

again from the 2011-2016 solar maximum with seven months cut off at each end. The

shape is visually congruent to shapes seen in Fig. 2.15a. The location of the maximum also
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corresponds well - it occurs at a timescale close to a tenth of the observable relaxation time

after a peak (cf. Fig. 2.14). An interpolation of this maximum between the curves of Fig.

2.15a leads to an estimate of α = 1.38 for the solar soft X-ray flux. In Appendix B we

present a step-by-step algorithm to extract the value of α from a stream of sampled data.

Our α = 1.38 appeared very robust; the same value was found when shorter slices of data

(single years or months) were taken. Other methods appeared less robust in their α-estimate

when subsets of the entire record were taken (data not shown).

Applying the aforementioned quantile method (cf. Sec. 2.3) [38] to the 2011-2016 solar

maximum with seven months cut off at each end, it is found that α = 1.26. Quantile-method-

estimates for shorter slices of the data appear quite variable. This is likely a reflection of

fact that the quantile method estimates more than just the α; the scale parameter, baseline

level, and skew of the distribution are also involved and these may drift over time.

Both our r value method and the power-law-tail method of Ref. [72] are aimed at the

value of the stability index α. Nevertheless, a drift in the scale parameter σ affects the

ultimate estimate for α. For the power-law-tail method it is obvious from Eq. (2.8) that

a change of σ during the data stream will “contaminate” the estimate for α. For our r

value method the parameter A that characterizes the parabolic potential (cf. Eq. (2.6)) is

ultimately incorportated in the scale parameter for Pst(x) (see Section III). But A also gives

the relaxation time trel = 1/A. A drift in the relaxation time will shift the maximum in Fig.

2.15b to the left or right and can thus affect the estimate for α.

Finally, it is interesting to note that the power-law-tail method of Ref. [72] derives its

estimate from the numerical values of the outlier data. The vast majority of the data is

effectively not utilized. The order in which the numbers occur is also not used. Our r

method exploits the entire data sequence, but discards exact numerical values and focusses

on just the sign of the difference between two subsequent data points.
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Chapter 3

‘Entropy’ and Non-Equilibrium

3.1 Introductory Remarks

The previous chapter focuses on how the violation of some of the assumptions that define

equilibrium can lead to identifiable consequences such as broken time reversal symmetry and

deviations from the Boltzmann distribution. In doing so, the discussion was largely restricted

to the simplest case of a single dimension and the analysis was restricted to a statistical one.

This chapter will analyze a higher dimensional system and connect the results to the more

general thermodynamic concept of entropy.

Imagine a liquid in which “active” particles are suspended. Such “active” particles can be

bacteria that propel themselves, i.e. swim. These can also be particles that are manipulated

through fields from the outside. Obviously, energy is pumped into such systems and no

First Law or any of the concepts mentioned in the previous paragraph applies. Over the last

two decades, setups with active particles have been the subject of much experimental and

theoretical research.

There are many different ways to model the movements of active particles. One can, for

instance, assume that the particle has the same speed all the time and that the change of

the direction of motion follows a diffusion equation [74]. The “Run-and-Tumble” model is a



more discrete version of this and it was inspired by the way that Escherichia coli bacteria

move [75]. Here the particle or bacteria covers a finite-length, straight segment at a constant

speed. After coming to a stop it lingers for a moment. It “tumbles” and then picks a new

random direction for the next run. There are also different ways to let the active particle

interact with the wall of the reservoir in which it swims.

In the analysis below, we return to the random walk, but in two dimensions: at every

timestep a direction is picked randomly and a displacement is drawn from a zero-centered

distribution (cf. Fig. 3.1). We let the random walks happen in a confinement. Whenever the

particle hits the wall, it comes to a standstill. Subsequently, it only moves away from the

wall again if a random displacement makes it move inside the circular confinement.

If displacements are drawn from a zero-average Gaussian distribution, we eventually see

a homogeneous distribution of particle positions over the entire domain. But if we, instead,

draw distances from an α-stable distribution [76, 77, 25, 78] a nonhomogeneous distribution

develops.

The Gaussian distribution has an exponential tail, i.e., p2(ξ) ∝ exp [−ξ2/2σ2] as ξ → ±∞.

Here σ denotes the standard deviation of the Gaussian. The rapid convergence to zero of the

exponential tail means that the probability to make a big jump is very small and effectively

negligible. Figure 3.1a shows this clearly.

For an α-stable distribution, the asymptotic behavior is described by a power law:

pα(ξ) ∝ |ξ|−α−1 as ξ → ±∞. (3.1)

Here α is again the stability index for which we have 0 < α < 2 and when α = 2 it is

the Gaussian. The power law converges slower than the exponential. A result of this is

that outliers, i.e. large “Lévy jumps,” regularly occur (see Fig. 3.1b). Ultimately, the Lévy

walk resembles a run-and-tumble walk, but, following Eq. (3.1), the Lévy jumps have no

characteristic length and the average length of a Lévy jump actually diverges.
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Figure 3.1: Random walk in a circular domain. Whenever the particle hits the wall, it comes
to a standstill and later it only moves again when a computed step leads to a movement
inside the circle. For every step the direction is picked randomly and the displacement is
drawn from a (a) Gaussian distribution or from a (b) Lévy-stable distribution. The circle
has a radius of 20. Both distributions are symmetric around zero. The Gaussian distribution
has a standard deviation of

√
2. For the Lévy-stable distribution we have α = 1 and a scale

factor of σ = 1. [2]

As of yet, there is no complete and general theory to explain how and why α-stable

distributions are connected to far-from-equilibrium. For many of the phenomena mentioned

before, such as the cotton stocks of Mandelbrot or the sudden bursts of solar irradiance,

the origin seems to lie somewhere within the dynamics of the system itself. In this sense

the α-stable distributions are like 1/f -noise [26, 79]. The connection of far-from-equilibrium

with α-stable distributions and 1/f -noise is still for the most part a phenomenological one.

Interestingly, power law distributions also appear to be driven by living systems, such as

the bacteria just described, the foraging of animals [80, 81] (or even humans [82]), or the

variability of heart interbeat intervals [83].

Regardless of the source, as mentioned above, nonequilibrium characteristics do emerge

when, instead of Gaussian noise, Lévy noise is added to particle dynamics. Sec. 2.4.2 de-

scribed how an external potential in conjunction with Lévy noise can induce a breaking of

microscopic reversibility. The potential creates a time correlation on the diffusing particle

- in effect erasing the ‘memory’ the particle would have of its prior position in a normal
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random walk. Because this happens on a characteristic time scale, it was possible to see the

after effects of a large jump, deduce the forward time direction, and even estimate the α

parameter. The 2D confined random walk, however, imposes no such time correlation.

For the setup that is depicted in Fig. 3.1b, the violation of time-reversal symmetry is in

the interaction of the particle with the wall. Elastic collisions have time-reversal symmetry

and had we taken the particle in Fig. 3.1b to collide elastically with the wall, forward and

backward trajectories would have been indistinguishable. Lévy jumps are rare, but because

of their length, they are likely to end at the wall. Once the particle is located at the wall,

the probability that already the first subsequent step is a Lévy jump away from the wall is

small. Moreover, only a step that leads to movement inside the reservoir will be processed

in the simulation. So the particle can “linger” near the wall after hitting it. In the end it

appears as if it is easier to get to the wall than it is to get away from it, i.e., it looks as

if there is reduced mobility near the wall. Figure 3.2 shows how this is the case on a 1D

interval.

In the previous paragraph we put the finger on something that applies generally for active

particles in a confinement. They do not distribute homogeneously, but instead accumulate

near a wall. It furthermore appears that the accumulation is stronger if the wall has a

stronger inward curvature [84]. Active particles tend to get stuck in nooks and corners of a

confinement and even more so if the nooks and corners are tighter. This is the phenomenon

that we will elaborate on below.

How Lévy particles distribute on a confined 1D segment (cf. Fig. 3.2) can be described

with a Fractional Fokker-Planck Equation [85]. The steady-state solution of that equation

is available [86]. We show in Appendix D how this solution readily generalizes to higher

dimensional setups. Below we examine how Lévy particles distribute over two connected

reservoirs where one reservoir is a scaled down version of the other. We will see a deviation

from the homogeneous distribution that is obtained when the noise is Gaussian and when

equilibrium theory applies.
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x

Figure 3.2: A Lévy walk on the interval −1 ≤ x ≤ 1 (cf. Eq. (3.3)). The value of the stability
index is α = 0.8. Whenever the particle hits x = ±1, it stays there until an iteration occurs
in the direction away from the wall. The red curve shows the analytic solution (cf. Eq.
(3.4)). The normalized histogram is the result of a numerical simulation of Eq. (3.3); the
timestep was ∆t = 0.001, there were 107 iterations, and the scale factor of the symmetric,
zero-centered Lévy distribution was taken to be one. [2]
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Suppose we have a volume V with N particles in it. We partition the initially empty V

into two reservoirs of a volume V/2 each. Next the particles are inserted. Each reservoir has

a probability of 1/2 to receive each particle. Eventually, the probability for all particles to

end up in one particular reservoir is 2−N . The probability for an equal distribution over the

two reservoirs is
(

N
N/2

)
2−N . The binomial coefficient

(
N
N/2

)
grows very rapidly with N .

The reason that the air in a room never spontaneously concentrates in one half of the

room is that there is just one way to put all molecules in one chosen half and
(

N
N/2

)
ways to

distribute them equally. In other words, the macrostate in which all air is concentrated in

one particular half of the room has one microstate and the macrostate with a homogeneous

air distribution over the entire room has
(

N
N/2

)
microstates. The entropy, S, of a macrostate

can be defined as a scalar value that is proportional to the logarithm of the number of

microstates, Ω, of that macrostate, i.e. S ∝ log Ω [87]. In this case it is obvious that the

homogeneous distribution leads to maximal entropy.

With a partition and a pump it is, of course, possible to bring all of the air molecules to

one half of the room. Such a process requires energy and with standard thermodynamics the

involved energies can be calculated. That energy-consuming, active particles can accumulate

in a smaller subvolume does not violate laws of nature, and it is also possible to calculate

the entropy change associated with such accumulation. Such calculations are the subject of

Sec. 3.4.2.

The ultimate goal would be a Lévy-noise-equivalent of entropy. This would be a quantity

that takes its extreme value when Lévy-noise-subjected particles reach a steady state distri-

bution. The Kullback-Leibler divergence [88] is a positive scalar value that can be thought of

as a “distance” between two given distributions. The Kullback-Leibler divergence between

the steady state distribution and another distribution could be a good candidate. With

tools like Noether’s Theorem, alternative formulations of active-particle statistical mechan-

ics and of the Fractional Fokker-Planck Equation have been derived [89, 90] and work in this

direction appears to be promising.
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No general formalism is developed, but we present a setup where the entropy decrease as-

sociated with the accumulation can be readily described with simple and intuitive formulae.

The nonhomogeneous steady-state distributions that develop in the presence of nonequilib-

rium noise can be interpreted as dissipative structures [91]. The deviation from homogeneity

decreases the entropy. However, active particles pump energy into the system and the dissi-

pative structure ultimately facilitates a steady-state dissipation of energy and production of

entropy.

3.2 The 1D and 2D Random Walk in a Confined Do-

main

We start with the Langevin description of a Brownian walk in 1D:

ẋ(t) =
√

2D ξ2(t), (3.2)

with diffusion coefficient D and the normally distributed random variable ξ2(t) as well as that

of a Lévy walk in 1D, with the stochastic ordinary-differential-equation and its discretized

version, repsectively:

ẋ = σ ξα(t) and ∆xi = σ θα,i ∆t1/α. (3.3)

Here the values for θα are drawn from a symmetric, zero-centered α-stable distribution with

a value of one for its scale factor. The Lévy walk is scale-free, but because ⟨θ2α,i⟩ → ∞ for

0 < α < 2, there is no traditional diffusion equation and σ is a mere scale factor.

Figure 3.1 shows simulations of 2D random walks. At every timestep a direction is chosen

randomly from a flat distribution between zero and 2π. The displacement is the result of a

random draw from a Gaussian distribution (Fig. 3.1a) or from an α-stable distribution (Fig.

3.1b). Both the Gaussian walk and the Lévy walk are isotropic, i.e., taken from the center

of the circle, all directions are equivalent. A generalization to more than 2 dimensions is
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readily formulated and simulated. The random walks then occur inside a ball with a finite

radius. Whenever the domain boundary is hit, the particle comes to a standstill. For α = 2

the random walk is symmetric under time reversal. However, as was already mentioned in

the Introduction, for 0 < α < 2 the time-reversal symmetry is broken. It is not hard to

understand why this is the case. When the particle is followed in forward time, we will often

see a Lévy jump that makes the particle come to a standstill at the domain boundary. More

rare will be a large jump from the domain boundary into the interior. When a movie of

the moving particle is played backward, it will be the other way round. The forward and

backward played movie are distinguishable.

Figure 3.2 shows the position distribution that results after a many-step 1D simulation

on −1 ≤ x ≤ 1 for α = 0.8. For α = 2 a flat distribution results. But for 0 < α <

2 the Lévy jumps that terminate at x = ±1 and the decreased mobility there lead to

an increased probability density near x = ±1. The Langevin Equation, Eq. (3.3), can

be equivalently formulated as a fractional Fokker-Planck equation for the evolution of a

probability distribution, i.e. ∂tp(x, t) = σα∂α
x p(x, t). The stationary distribution is then

obtained as the solution of the ordinary differential equation that results when the left hand

side is set equal to zero. The fractional derivatives are nontrivial, but in Ref. [86] a solution

for the 1D case is presented:

pst(x) =
21−αΓ(α)

Γ2(α/2)

(
1 − x2

)α/2−1
, (3.4)

where Γ(.) denotes the gamma function. Figure 3.2 shows this solution together with the

results of the Langevin simulation. The next section will show with symmetry arguments

that the normalized (1− r2)α/2−1-form generalizes to the nD case, with r being the distance

from the center of the ball.
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3.3 Extension of the 1D Solution to nD

Figure 3.3: A Lévy walk in a confined domain. Whenever the particle hits the confinement

wall, it comes to a standstill there. The 1D steady-state probability distribution (a) is

solved in Ref. [86]: pst(r) ∝ (1 − r2)
α/2−1

. Between any two small intervals along the 1D

domain, steady state implies p(r1)k12 = p(r2)k21, where the k’s denote transition rates. In

2D (b) there is circular symmetry. If we take any narrow bar through the origin and look

exclusively at traffic inside that bar, pst(r) ∝ (1 − r2)
α/2−1

applies again. Next, we take a

state R3 outside the bar (c) and include transitions between r1 and r2 that go via any area

R3. As the circular symmetry implies the absence of vortices, transitions k′
12 and k′

21 that go

via R3 must also follow p(r1)k
′
12 = p(r2)k

′
21. From here it follows that pst(r) ∝ (1 − r2)

α/2−1

also applies to higher dimensional setups. [2]

For n-dimensions, the stochastic input θi,α of Eq. 3.3 is the n-dimensional isotropic stable

distribution. This distribution has a a simple characteristic function: θ̃α(k) = exp[−σα|k|α].

When α = 2 this easily reduces to p̃α(k) =
∑n

d=1 exp[−σk2
d]. Each component can be

Fourier transformed separately - the variables are independent. Likewise for α = 2, the
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equivalent Fokker-Planck equation is just Laplace’s equation, 0 = ∇2p(x), for which the

well-known prescription is separation of variables. The solution is just a linear combination

of components along each dimension. For n = 2 it is (k2
1 + k2

2)α/2 for example, but for

0 < α < 2, however, the |k|α term cannot be reduced. The individual components of the

multivariate stable distribution are not statistically independent and the equivalent fractional

Fokker-Planck equation cannot be solved by the same means.

Instead, in this section we will use symmetry arguments to show that the 1D steady-state

solution generalizes to higher dimensional setups, i.e. an n-dimensional ball of any radius.

We will show the solution to have the form p(r) = C(α) (1 − r2)
α/2−1

, where C(α) is the

normalization factor (cf. Eq. (3.4)).

First consider the 1D interval depicted in Fig. 3.3a and imagine a large number of particles

distributed according to Eq. (3.4). Next take two small intervals on the right side of r = 0:

r1 < r < r1 + dr and r2 < r < r2 + dr, as depicted. At steady state and within any time

interval ∆t, there is as much flow from the r1-interval to the r2-interval as that there is from

the r2-interval to the r1-interval, i.e. J12 = J21. This is detailed balance [87]. Next we define

a transition rate, k12, that is the probability per unit of time for a particle in the r1-interval

to transit to the r2-interval. The rate k21 is analogously defined. Detailed balance implies

that k12p(r1) = k21p(r2) and thus:

k12
k21

=
p(r2)

p(r1)
=

(
1 − r22
1 − r21

)α/2−1

. (3.5)

Next consider the 2D setup depicted in Fig. 3.3b. A bar of width δ is going through the

center of the circle. We take two little areas at distances r1 and r2 from the center. Consider

only trajectories between these two areas that stay within the bar. The traffic inside the

bar should mimic the 1D system that was considered in the previous paragraph and Fig.

3.3a. Now consider also the transitions between the two little areas that proceed through

trajectories that are not restricted to the narrow bar. Without loss of generality we take an
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area R3, cf. Fig. 3.3c, and we consider trajectories between r1 and r2 that pass through R3.

It is important to realize that the circular symmetry implies that there can be no vortices

within the circular domain. Flow along any simple, closed curve within the unit circle would

imply that there are points with net flow in the angular direction. So along the r1, r2, R3-

loop there need be as much clockwise flow as there is counterclockwise, i.e. Jcw = Jccw. This

implies k12k23k31 = k13k32k21 [92] and thus:

k12
k21

=
k13k32
k23k31

. (3.6)

The “state” R3 can be taken to be anywhere within the circle and be of any size and shape.

We can conclude that the ratio k′
12/k

′
21 for transitions along any path between r1 to r2 within

the circle must be equal to the ratio k12/k21 for transitions with trajectories inside the bar.

It follows that, for any dimensionality, the probability density at radius r must be pro-

portional to (1 − r2)
α/2−1

. For a normalized probability density in n dimensions we derive:

p(n, r) =
Γ
(
n+α
2

)
πn/2Γ

(
α
2

) (1 − r2
)α/2−1

. (3.7)

For n = 2 the prefactor reduces to a simple α/(2π).

3.4 Two Connected Semicircular Reservoirs

Imagine a semicircular 2D domain with radius R1 as in Fig. 3.4. There is a small opening

with a width d that gives access to a semicircular domain with radius R2. We have R2 < R1.

Next imagine a large number of particles in this system. The particles are subjected to Lévy

noise. In Appendix D it is derived how there is a net flow into the smaller reservoir if both

reservoirs have the same homogeneous particle density. So when starting from thermody-

namic equilibrium, a higher density develops in the smaller reservoir once Lévy noise starts

being applied.
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Figure 3.4: Two semicircular reservoirs with a small opening between them. The system
contains a large number of noisy particles. At each timestep, each particle moves in an
arbitrary direction with a displacement that is drawn from a Gaussian distribution or a
Lévy-stable distribution as in Figs. 3.1a and 3.1b. If a particle hits a semicircular wall,
it comes to a standstill and only moves again if a computed displacement leads to motion
inside the system. If a particle hits the straight vertical wall, it bounces elastically. For
Gaussian noise, the system goes to an equilibrium with equal concentration on both sides
of the opening. But when the particles are subjected to Lévy noise, the steady state has an
accumulation in the smaller reservoir. [2]
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3.4.1 Distribution over the Two Reservoirs in Case of Lévy Noise

If the noise in the setup of Fig. 3.4 is Gaussian, then the system will relax to an equilibrium

with equal concentration in the two reservoirs. Each particle then has a probability P1 =

R2
1/(R2

1 + R2
2) to be in the larger reservoir and a probability P2 = R2

2/(R2
1 + R2

2) to be in

the smaller reservoir. The probability to be in a certain reservoir is in that case simply

proportional to the volume of that reservoir. In 2D the “volume” is the area Vi = πR2
i /2.

Next consider Lévy particles. The distribution will now be different. As was shown in

the previous section and in Appendix D, Lévy particles tend to accumulate near the walls

and in the smaller “nooks and corners.” With Lévy particles, the probability to be in the

smaller reservoir will be larger than that reservoir’s fraction of the total volume.

For a stochastic simulation we let the semicircular walls be “sticky” again, i.e. the particle

comes to a standstill upon hitting the wall and only displaces again if a subsequent computed

step leads to motion inside the system. If the linear, vertical wall in the middle is hit, an

elastic collision occurs. So that wall is “bouncy.” An algorithm for treating these boundaries

is given in Appendix C.

We will use the 2D solution for a circle, pst(r) = (α/(2π)) (1 − r2)
α/2−1

, to come to an

estimate of the steady-state distribution for the setup in Fig. 3.4. We move to a description

where ρi(ri), with i = 1, 2, denotes the normalized particle density in reservoir i at a distance

ri from the opening. With

ρi(ri) =
α

πR2
i

(
1 −

(
ri
Ri

)2
)α/2−1

(3.8)

it is readily verified that ∫ Ri

ri=0

∫ π/2

ϕ=−π/2

ρi(ri)ri dri dϕ = 1. (3.9)

With a large number of particles in the setup, there will be a relaxation to a distribution with

a fraction φ1 in reservoir 1 and a fraction φ2 in reservoir 2. Obviously we have φ1 + φ2 = 1.
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For any distribution over the two reservoirs we have:

ρ(r1, r2) = φ1ρ1(r1) + φ2ρ2(r2). (3.10)

It is easy to see that
∫ ∫

ρ(r1, r2) = 1, where the integration is over the entire 2-semicircle

system in the figure.

The steady state occurs if there are as many 1 → 2 transitions as that there are 2 → 1

transitions. We will next derive what values of φ1 and φ2 lead to steady state. In the

above figure, imagine a semicircular strip of width dri at a distance ri from the opening.

The number of particles in the strip is ρi(ri)πridri (i = 1, 2). We assume that for r > r0,

we are in the region where the power-law-description of the tail of the Lévy distribution

(pα(r) ∝ r−(α+1) as r → ∞) applies. The probability that the displacement during one

timestep is larger than r is then proportional to r−α. For small d and sufficiently large r0,

the angle θ, cf. Fig. 3.4, will be small and we have d = θr. For a Lévy jump to lead to a

particle transiting to the other reservoir, the jump must also be in the right direction. This

brings in a factor (d/r) cosϕ, where ϕ is the indicated angle of the position on the semicircle

with the horizontal. Integrating over ϕ from −π/2 to π/2, the full direction factor is found to

be 2d/r. All in all, during one timestep we have for the number of cross-reservoir transitions

from a distance between r and dr:

dntr
i (ri, ri + dri) ∝ φi

d

ri
r−α
i ρi(ri)ri dri. (3.11)

Integrating from r0 to the boundary Ri, we obtain for the number of Lévy-jump-associated

transitions from reservoir i:

N tr
i ∝ φi

R2
i

∫ Ri

ri=r0

r−α
i

(
1 −

(
ri
Ri

)2
)α/2−1

dri. (3.12)

The proportionality constant (associated with the ∝) and the r0 (the radius from which the
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power law is taken to describe the Lévy-stable distribution) are the same for both reservoirs.

At this point it is also important to realize that for the Lévy jumps to dominate the number

of 1 → 2 and 2 → 1 transitions, R1 and R2 must both be much larger than r0.

Mathematica will readily give an analytical solution for the integral Eq. (3.12). The

solution involves the hypergeometric function [93]. Before working out Eq. (3.12) in its full

generality, we make a further simplification that will not affect the solution too much: as

Ri ≫ r0 for both i = 1 and i = 2, we take r0 = 0 to be the lower limit of the integral. With

0 < α < 1 the integral will not diverge with ri → 0. Next, the all-important reservoir radius

Ri can be scaled out of the actual integral and incorporated in the prefactor:

N tr
i ∝ φi

R2
i

R−α
i Ri

∫ Ri

ri=0

(
ri
Ri

)−α
(

1 −
(
ri
Ri

)2
)α/2−1

d

(
ri
Ri

)
. (3.13)

Upon taking u = ri/Ri and v = u2 (so dv = du2 = 2u du and thus du = 1/(2
√
v) dv), further

simplification is achieved:

N tr
i ∝ φiR

−1−α
i

∫ 1

v=0

v−α/2−1/2 (1 − v)α/2−1 dv. (3.14)

The integral on the right-hand-side is the well-known Euler integral, which is also known as

the beta function [93]. Ultimately, this integral depends only on α. It is finite for 0 < α < 1

and as it is the same for both reservoirs, we find:

N tr
i ∝ φiR

−1−α
i . (3.15)

The steady state condition is φ1R
−1−α
1 ≈ φ2R

−1−α
2 . With φ1 + φ2 = 1 we then get:

φ1 ≈
R1+α

1

R1+α
1 + R1+α

2

, φ2 ≈
R1+α

2

R1+α
1 + R1+α

2

, and
φ1

φ2

≈
(
R1

R2

)1+α

. (3.16)

The better approximation is obtained by not fully carrying through the r0 = 0 simpli-
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fication of the last paragraph. That the simple approximation according to Eq. (3.16) fails

for larger values of α is partly due to scaling issues. For the analytic approximation to be

consistent with the numerics, we need ∆t1/α to be significantly smaller than r0 (cf. Eq. (3.3)

with σ = 1). Setting r0 = 0 leads to a range where this is no longer true. As α becomes

larger, this range becomes larger. Keeping r0 > 0 in Eq. (3.12), we find after some algebra

and use of Mathematica for the equivalent expression of Eq. (3.15):

N tr
i ∝ φi

[
R−1−α

i −
√
π

Γ(α
2
)Γ(3−α

2
)

r1−α
0

R2
i

2F1

(
1 − α

2
, 1 − α

2
;
3 − α

2
;
(r0
R i

)2)]
, (3.17)

where 2F1(a, b; c; z) is the aforementioned hypergeometric function. It is readily verified that

the second term in the square brackets dominates for α → 2 and small r0. This due to the

leading r1−α
0 . The hypergeometric function is defined as a power series [93] and under the

r0 ≪ 1 condition we can still take (r0/Ri)
2 ∼ 0 and hence 2F1(.) ≈ 1. The ratio of particles

in the two reservoirs is then:

φ1

φ2

≈
(
R1

R2

)1+α √
π Rα−1

2 − rα−1
0 Γ(3−α

2
)Γ(α

2
)

√
π Rα−1

1 − rα−1
0 Γ(3−α

2
)Γ(α

2
)
, (3.18)

which reduces to (R1/R2)
1+α (cf. Eq. (3.16)) if we take α < 1 and r0 → 0 concurrently. Note,

furthermore, that the equilibrium distribution, i.e. φ1/φ2 = (R1/R2)
2, is properly approached

if we concurrently take α → 2 and r0 → 0. Both the approximations according to Eq.

(3.16) and Eq. (3.18) are depicted in Fig. 3.5 and compared with the results of a stochastic

simulation. Finally, it is worth pointing out that Eq. (3.18) is still an approximation. The

power law, Eq. (2.8), that characterizes the Lévy-stable distribution is not valid for small

values of ξ. For values of ξ near zero, the distribution is Gaussian-like and this is what is

relevant for the behavior of particles close to the opening, i.e. r → 0. Gaussian diffusion

near the opening will lead to a continuous and differentiable steady-state concentration profile

near the opening. This is also what Fig. 3.6 shows.

Figure 3.5 shows the ratio φ1/φ2 as a function of α and compares the result of a stochastic
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Figure 3.5: For the setup of Fig. 3.4 with R1 = 10 and R2 = 1, we let φ1 and φ2 represent
the fraction of particles in reservoir 1 and 2, respectively, at steady state. The curves depict
the analytic approximations, Eq. (3.16) (dashed) and Eq. (3.18) (solid), of φ1/φ2. Each dot
is the result of a stochastic simulation of forty thousand particles for 4×105 timesteps (with
∆t = 0.001) following a 2×105 timestep relaxation period. For the approximation according
to Eq. (3.18), we let r0 = 0.05 and find good agreement with the result of the stochastic
simulation. [2]

simulation with Eqs. (3.16) and (3.18). We took R1 = 10 and R2 = 1. For α → 0, the simple

approximation according to Eq. (3.16) leads to φ1/φ2 = 10. For the more sophisticated

approximation according to Eq. (3.18), the φ1/φ2 value at α → 0 can be brought arbitrarily

close to 10 by taking R1 and R2 much larger than r0. There is ten times as much “sticky wall”

in the large reservoir and this result tells us that for α → 0 all particles are concentrated at

the sticky walls as would intuitively be expected.

The result that is derived in Appendix D hints at the reason that α = 1 is “almost like”

α = 2. As we move away from the opening, the probability to hit the opening decreases

as r−α. However, with a homogeneous distribution of particles, the number of particles at

a distance between r and r + dr increases proportional to r. For an n-dimensional setup,

the increase is proportional to rn−1 (for n = 2 we have circular strips and for n = 3 we

have spherical shells). All in all, we find that the number of “hits” from a distance r is

proportional to rn−α−1. Note that for n = 3, the entire range of α leads to an increase of

“hits” with r. We have not done any further investigation of the 3D case. We see that for
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Figure 3.6: The figure on the left depicts a steady-state distribution for fifty thousand Lévy
particles in a two-reservoir confinement as depicted in Fig. 3.4 after 105 timesteps. We have
R1 = 2, R2 = 1, α = 0.8, and the opening has a width d = 0.1. For the figure on the right
we started with a steady-state distribution and ran the simulation for another 105 iterations.
We took a horizontal strip through the center with a width of 0.02 and partitioned it into
300 bins. Particles in each bin were counted and the results of the subsequent 105 iterations
were added. The solid line represents the resulting normalized 1D histogram. The dashed
reference curve is the solution Eq. (3.4). For the left reservoir the domain was scaled to a
length 2. Normalization of the combination of analytic solutions was done such that the
probability to be in the left reservoir is 2/3. It is readily verified that this leads to continuity
at the location of the opening. [2]

n = 2, an increase of “hits” with r only occurs if α < 1. For 1 < α < 2, the number of

“hits” decreases with r and in that case transitions mostly happen from the region around

the opening. This decrease with 1 < α < 2 also means that the particle exchange through

the opening does not “feel” the different radii of the different reservoirs anymore. Equation

(3.4) describes and Fig. 3.6 shows a nonhomogeneous distribution: as we move away from

the opening, the concentration actually increases. This should add to the exponent n−α−1

that we derived in this paragraph. Some of this effect is incorporated in the approximation

that led to Eq. (3.18). Both that approximation and the simulations show an asymptotic

approach to (R1/R2)
2 as α → 2 and r0 → 0.
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3.4.2 Entropies and Energies Associated with Lévy Noise

The nonhomogeneous distributions shown in Figs. 3.2 and 3.6 essentially function as dissi-

pative structures [91]. The depicted nonhomogeneous steady-state distributions represent

a lower entropy than homogeneous distributions. But these lower-entropy structures facili-

tate the transfer and dissipation of energy at steady state. The transferred energy comes in

through the non-thermal motion of the active particles. One can conceive of this energy then

being dissipated to the media and released through the boundaries of the system. Under

such a conception, the accumulation of the active particles near the boundary would help

facilitate this process. Those dynamics are not here explored, but are mentioned to illustrate

how, ultimately, the low-entropy dissipative structures help the energy throughput and the

entropy production.

Because of the divergent standard deviation of the α-stable noise, the energy that is

dissipated per unit of time is in principle infinite. The finite container size, however, truncates

the Lévy jumps and make the aforementioned standard deviation of the jump sizes finite.

We will not elaborate on this. What we will instead focus on in this subsection is the entropy

decrease that is associated with the apparent nonhomogeneous distribution shown in Fig.

3.6.

Imagine that the steady flow of energy that maintains the dissipative structure is sud-

denly halted, i.e. the noise becomes Gaussian in Eq. 3.3 (θα,i → θ2,i). Such halting is

straightforward if the active-particle-motion is, for instance, driven by magnetic forces or by

optics. The distribution in Fig. 3.6 will then homogenize. Such homogenization implies an

increase in entropy and a concurrent decrease in free energy. Below we will find remarkably

concise analytic expressions for the entropy change.

The relaxation towards homogeneity is two-part. First there is an intra-reservoir relax-

ation inside each of the two reservoirs to a spatially homogeneous spread. Next there is the

slower relaxation between the two reservoirs towards a ratio φ1/φ2 = V1/V2 = R2
1/R

2
2.

The entropy change associated with the intra-reservoir relaxations is hard to compute
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for the semicircular reservoirs of Figs. 3.4 and 3.6. But for a circular reservoir as in Fig.

3.1 it is easier and no resort to numerics is necessary. We take the 2D solution of Eq.

3.7, pini(r) = (α/2π)(1 − r2)α/2−1, as the initial distribution and pfin(r) = 1/π as the

final homogeneous distribution. It is well-known that for a discrete set of probabilities, pi,

the associated entropy is given by S = −Σipi log pi. However, this summation cannot be

straightforwardly extended to an integral for the case of a continuous probability density

p(r). An obvious issue is that density is not dimensionless and that a logarithm can only

be taken of a dimensionless quantity. In Ref. [94] it is explained how a sensible definition

is only obtained after introducing another probability density that functions as a measure.

We then obtain what is known as the relative entropy or Kullback-Leibler divergence [88]:

DKL(pfin||pini) =

∫
r≤1

pfin(r) log

(
pfin(r)

pini(r)

)
dr. (3.19)

With the above expressions for pini(r) and pfin(r), we find after some algebra that DKL(pfin||pini) =

−1 + α/2 + log (2/α). No such easy analytic solution ensues for more than two dimensions

or even in the 1D case. The Kullback-Leibler divergence can be thought of as a kind of

distance between two probability densities. However, it is generally not symmetric in the

two involved distributions. In our case, we find DKL(pini||pfin) = −1+2/α+log (α/2). Both

DKL(pfin||pini) and DKL(pini||pfin) are remarkably simple expressions; they are continuous

and concave up as α increases and reduce to zero for α = 2.

The speed of the inter-reservoir relaxation depends on the size of the opening. For the

small opening that is necessary for our approximations to be accurate, it will generally

be slower than the intra-reservoir relaxation. For the inter-reservoir relaxation the basic

quantity is the probability to be in either of the two reservoirs. We go back to the basics to

calculate what the entropy is for a given distribution over the two reservoirs.

In the Statistical Physics context, entropy is commonly defined as proportional to the

logarithm of the number of microstates [87]. Imagine that there are N identical particles in
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the setup of Figs. 3.4 and 3.6. Here N is taken to be very large. In case of equilibrium the

number of particles in a reservoir is proportional to the volume Vi = πR2
i /2 of a reservoir.

With φiN identical particles in reservoir i, the number of microstates in each of the two

reservoirs is given by:

Ωi =
V φiN
i

(φiN)!
. (3.20)

The numerator has the φiN -exponent because it is for each particle that the number of

microstates is proportional to the volume. The microstate is the same, however, when two

or more particles are exchanged. The denominator takes this into account and denotes the

number of permutations among φiN particles. With the definition S = log Ω and using

Stirling’s approximation [87] (logN ! = N logN , if N is very large), we derive

Si = φiN log

(
Vi

φiN

)
, (3.21)

where “log” denotes the natural logarithm. As was mentioned before, at thermodynamic

equilibrium the fraction of particles in a reservoir is proportional to the volume of that

reservoir, i.e., φi ∝ Vi. The argument of the logarithm in Eq. (3.21) is then the same constant

for both reservoirs. This leads to Si ∝ φi, as should be expected from an equilibrium-

thermodynamics perspective.

We take for the total volume and the total entropy Vtot = V1 + V2 and Stot = S1 +S2, re-

spectively. It is next derived from Eq. (3.21) that Stot = N (φ1 log (V1/φ1) + φ2 log (V2/φ2))−

N logN . The additive N logN -term is the same for all values of α. As it is only differences

in entropy that matter, we discard this term. For the entropy per particle, stot = Stot/N , it

is next found:

stot = φ1 log

(
V1

φ1

)
+ φ2 log

(
V2

φ2

)
. (3.22)

Figure 3.7 depicts stot as a function of α following Eq. (3.22). We took Vtot = 1 (leading to

V1 = R2
1/(R2

1 +R2
2) and V2 = R2

2/(R2
1 +R2

2)) and R1 = 10R2. For the dashed curve Eq. (3.16)

was used to come to the values of φ1 and φ2. For the solid curve the improved approximation,
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entropy

Figure 3.7: Given the setup of Fig. 3.4 with Vtot = 1 and R1 = 10R2, the curves show the
entropy per particle, stot, as a function of the stability parameter α of the Lévy noise. The
nonequilibrium noise leads to a concentration difference between the two reservoirs. The
associated entropy decrease stot is obtained by substituting into Eq. (3.22) the approximate
ratio according to Eq. (3.16) (dashed curve) and according to Eq. (3.18) (solid curve). For
Eq. (3.18) we took r0 = 0.05., i.e. the value that led to good agreement with the stochastic
stimulation (cf. Fig. 3.5). [2]

Eq. (3.18), was used with r0 = 0.05. The curves appear almost indistinguishably close. It

is important to realize that this entropy also represents free energy. The free energy release

associated with the equilibration can be obtained by multiplying the entropy (cf. Eq. (3.22))

with the temperature of the environment.

There is a more thermodynamic way to derive the right hand side of Eq. (3.22) through

the energy per particle that would be invested in building the dissipative structure. With

intra-reservoir equilibrium established, the chemical potential µ that is driving flux through

the opening is the logarithm of the concentration ratio [87]. If we let ϕ be the fraction

of the particles in the smaller reservoir during this construction, then we have µ(ϕ) =

log
(

ϕ
V2

)
− log

(
1−ϕ
V1

)
. The energy that is dissipated when an infinitesimal fraction dϕ follows

the potential and flows through the opening is µ(ϕ) dϕ. The entire equilibration takes ϕ

from the starting nonequilibrium fraction φ2 to the final equilibrium fraction V2. After some

algebra and setting the temperature and the Boltzmann constant all equal to unity, it is

found that the resulting total-equilibration-energy integral reduces to −stot (cf. Eq. (3.22)).

Equations (3.16) and (3.22) are concise and intuitive. Equation (3.16) is already a fairly

accurate approximation. Given the geometry of the system and the value of α, Eq. (3.16)
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gives the distribution over the two reservoirs. Equation (3.22) tells us what entropy decrease

and what free energy “investment” is associated with the concentration difference between

the reservoirs that gets established due to the active particle movement. It gives a measure

for how far the system is driven from equilibrium by the active particle motion.

74



Chapter 4

Conclusion

A thorough understanding of the universe will require a thorough understanding of nonequi-

librium. Such an understanding is still far off. It is still not entirely clear when we should

shift our framework of analysis from equilibrium to nonequilibrium. This work represents a

modest exploration in that direction in the context of stable noise-driven processes.

Chapter 2 developes a parameter, 0 < r < 1 (cf. Eq. (2.39)), cast in the form of an order

parameter which quantifies the breaking of microscopic reversibility. We took a basic and

generic system: a noisy, overdamped particle in a parabolic potential. It was shown how the

degree of symmetry breaking depended on both the stability index α of the noise as well as

the choice of time interval ∆t for the simulation. For α = 2 there is Gaussian noise, yielding

time-reversal symmetry and r = 0. The symmetry breaking increases as one moves toward

α = 0. Fig. 2.12 shows the dependence on ∆t and this is ultimately what allows possible

analysis of real systems for which the sampling rate is in some sense arbitrary.

Through the use of the parameter r we overcome some of the difficulties that are ordinarily

faced in the estination of the stability index α. Several of the methods rely on the assumption

that the amplitude of the noise is constant throughout the signal which often requires one

to segment or discard portions of data. Such is the case for x-ray fluxes from the sun

which follow an ≈ 11 year cycle. Our method is insensitive to such changes in scale. It is



furthermore remarkable and useful that the value of r stays the same when the time signal

that is being followed is not the x in Eq. (2.6), but an odd or even function f(x) where

f ′(x) > 0 for x > 0. The value of r readily leads to the stability index α that characterizes

the underlying Lévy noise term ξα(t) (cf. Eq. (2.6)). A good estimate for α is essential in

identifying the physics taking place at the source of a signal. The method developed in

Section 2.4.3 yields a reliable estimate of α from a real-life time series. This method could

more generally be helpful in the analysis of nonequilibrium systems, not just in astrophysics,

but also in geology, physiology, climate science, economics, etc.

Chapter 3 investigates the consequences of a bath in which particle velocities are Lévy-

stable distributed. In such a system, larger concentrations of particles occur near the walls

and in smaller cavities. We have analytic expressions for the distribution of Lévy particles

in the circular and the spherical domain. For the two connected reservoirs as depicted in

Fig. 3.4, we have derived a good approximation for the concentration difference between the

reservoirs at steady state. We have presented an accounting of the energies and entropies

for such divergence from equilibrium.

This work may have implications for a number of different fields. The initial discussion

honed in on active particles and how e.g. bacteria will accumulate in regions of high curvature

[95]. It has also already been demonstrated that fluids containing bacteria or other active

particles can lead to interesting and unexpected hydrodynamics, including Lévy-like, for

passive particles in the same liquid [96, 31].

There may also be a connection with plasma physics, where it is still common to assume

particle speeds follow a Maxwell-Boltzmann distribution [87]. There is some evidence that

this equilibrium assumption may not be adequate. At Lawrence Livermore Lab a table-

top-size construction was developed to generate pulses of fast neutrons from high-energy

deuterium collisions in plasma. Such collisions lead to the nuclear reaction D+D →3He +

n [97]. In the experiments it appears that the number of produced neutrons exceeds the

theoretical predictions by more than an order of magnitude. Plasmas in which energy is
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converted or transferred are of course not in a thermodynamic equilibrium. In containers

with plasma, a homogeneous distribution is therefore unlikely and accumulation at the edge

as described in this work is possible. This is important because it means that fusion reactions

in a plasma will occur at different rates at different positions. Through feedback mechanisms

such inhomogeneities may rapidly augment and possibly develop into serious instabilities.

Engineered microswimmers are probably the field where our results could ultimately be

most applicable. There are good methods and technologies for manipulating suspended

micrometer size particles from the outside with acoustic, magnetic or optic signals (see e.g.

Refs. [98] and [99]). Today the exciting new developments are in the medical application of

such microrobots. Clinical uses for imaging, sensing, targeted drug delivery, microsurgery,

and artificial insemination are envisaged and researched [100]. The microswimmers and

microrobots are particles that are operating in a very noisy environment. Accumulations as

described and explained in this article are likely to be encountered.

There appears to be a connection between nonequilibrium and alpha stable noise. The

investigation in the last two chapters provides a subtle clue. Richard Feynman was invoked in

the Introduction to help explain the implicit scale in the assumption of equilibrium. Nothing

is truly at equilibrium, but on the physical scale of a laboratory and the time scale of the

experimenter it is a good approximation. Lévy noise, however, has no scale. If it is present

in a system, it can make itself known regardless of the window of observation.

The analysis of solar flare data in Section 2.4.3, included as an implementation of the

α parameter, demonstrates that idea. A Lévy walk ordinarily has no identifiable ‘arrow

of time’, but the presence of a potential can break this symmetry. This potential imposes

a timescale upon the system and when we view the system at similar scales we find the

largest breaking of symmetry. What is the chance that the structure of the noise is relevant

in precisely those ranges? With Lévy noise, it is a certainty. The structure of Lévy noise

has a fractal character and appears the same when viewed on any scale. Likewise in the

behavior of the reservoir system of Section 3.4. The accumulation of active particles has
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prior been modeled with Gaussian noise by assuming that noise must have a very large

amplitude [84]. No such assumptions are necessary in our case. The elegance of our results

here are owed entirely to the elegance of Lévy distributions. Some may oppose the use

of Lévy noise on the grounds that its infinite variance is unphysical. However, nothing

particularly unphysical has emerged from its use in these model systems. What emerges

instead are structures reminiscent of the ‘dissipative structures’ of Prigogine in which systems

spontaneously organize to facilitate the transport of energy and production of entropy.
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[30] K. Burnecki, A. Wy lomańska, A. Beletskii, V. Gonchar, and A. Chechkin, Phys. Rev.

E 85, 056711 (2012).

[31] K. Kanazawa, T. G. Sano, A. Cairoli, and A. Baule, Nature 579, 364 (2020).

[32] B. Dybiec, E. Gudowska-Nowak, and I. Sokolov, Physical Review E 78, 011117 (2008).

[33] N. G. Van Kampen, Stochastic processes in physics and chemistry, volume 1, Elsevier,

1992.

[34] M. Muller, Annals of Mathematical Statistics 29, 610 (1958).
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[77] P. Lévy, Calcul des probabilités,, Gauthier-Villars, Paris, 1925.

[78] G. Samorodnitsky and M. S. Taqqu, Stable Non-Gaussian Random Processes:

Stochastic Models with Infinite Variance: Stochastic Modeling, Chapman & Hall,

London, UK, 1994.

[79] E. Milotti, arxiv (2002).

[80] P. A. Abrams, The American Naturalist 124, 80 (1984).
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Appendix A

Mucin Simulation Description

There is evidence that phase transition-like effects and nonequilibrium phenomena may play

an important role in some dynamic biological systems, particularly network formation. One

key player in this respect are the mucins. Mucins are large glycoproteins first isolated by

acetic acid precipitation - little more than mixing joint fluid with the acidic component of

vinegar - as early as 1846 by German pathologist Frerichs [101]. They are widely distributed

in the human body - they can be found in the stomach, lungs, respiratory tract, gastrointesti-

nal tract, liver, kidney, colon, eye, and ear [102]. They lubricate and protect a large range of

epithelial surfaces by forming gel-like mucosae when secreted in a large enough concentra-

tion. There are also mucin-like regions present in other molecules known for their lubricating

properties, such as lubricin [103, 104] - suggested to be the key constituent in Frerich’s joint

fluid, i.e. synovial fluid [105]. Lubricin itself is too complex a molecule (comprised of over

1400 amino acids) with too many glycosilation sites to model realistically.

Genetic sequencing has identified 22 human mucin genes, denoted MUC1-MUC22. Here

MUC1 is studied as it is the most widely distributed in humans and contains the features

of the mucin family responsible for lubricating properties [106]. Prior studies of mucin’s

docking/binding and adhesive properties [107, 108, 109, 110] have targeted inter-molecular

hydrogen bonds as being of principal importance in its biological function. How mucins



cross-link to form networks and the statistical nature of the atomic interactions will be

discussed.

In vivo, proteins operate in crowded environments [111]. It is obvious and intuitive that

this will affect behavior. In [112] it was shown that the excluded volume effect, produced

by a high density of macromolecules, alters the stability and the folding rate of globular

proteins. This is because the macromolecules do not have the same freedom to explore all

of their possible conformations as they would in an uncrowded environment. Instead they

entropically tend toward more compact states that ‘exclude’ less volume from the system as

a whole.

The difference between crowded and diluted environments can be observed in the inter-

and intra-molecular interactions, especially in hydrogen bonds’ creation and annihilation,

and the hydrophobic interactions, which are of major importance for self-arrangement and

dynamic properties. Molecular crowding also affects the transport properties of proteins;

molecules in a crowded system exhibit subdiffusion [113]. Molecular dynamics is able to

probe both of these effects by calculating bond energies based on an implemented potential,

and creating statistical ensemble averages over the course of many simulations.

A visualization of MUC1, whose structure was retrieved from the Protein Data Bank

[114], is shown in Fig. A.1. A molecular dynamics simulation of a fixed size allows only

relatively coarse control over the concentration of protein molecules. In these simulations,

even adding a single mucin molecule represents an increased concentration of about 10.68

g/L, but this is not the main limitation. What actually bottlenecks the resolution of the

study is simulation time. Each chosen concentration was simulated 20 times with randomized

realizations of temperature to obtain a reliable average. Because of this, and the large

range of concentrations to probe, increments of five mucin molecules were used for five

concentrations, from c1 = 53.42 g/L (5 mucin molecules) to c5 = 267.1 g/L (25 mucin

molecules). This encompasses the range present in living organisms and provides both under-

and over-crowded conditions.
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Figure A.1: Ribbon diagram of MUC1 visualized with Mathematica. It is a complex of two
separate chains, connected by their interleafed β-strands.

Figure A.2: Depiction of the equilibrium bond parameters from Eq. A.1.

Molecular dynamics simulations are deterministic. The evolution of a system from its

initial conditions is determined by a user defined ‘force field’, of which there are numerous

standards, that defines the potential energy of a particular arrangement of atoms. At each

time step, the atoms in the simulation move toward the lowest energy configuration possible.

For protein simulation, the AMBER force field is widely used and trusted. The AMBER03
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force field [115] is given by:

Etotal =
∑
bonds

kb(R−Req)
2 +

∑
angles

kθ(θ − θeq)
2+

∑
dihedrals

Vn

2
[1 + cos(nϕ− γ)] +

∑
i<j

[
Aij

R12
ij

− Bij

R6
ij

+
qiqj
ϵRij

]
,

(A.1)

where kb, kθ, and Vn are force constants. The various atomic bonds are incorporated based

on known equilibrium lengths Req and angles θeq. Thus the first two sums represent the

approximate energy cost of deviating from these known equilibrium values. The third sum

represents a torsion term for dihedrals, with torsion angle ϕ, multiplicity n, and a phase

value γ of 0◦ or 180◦. These are arrangements of four atoms for which the central bond can

be ‘twisted’, see Fig. A.2. The final sum accounts for particle-particle interactions. The first

two terms are reminiscent of the Van Der Waals equation for simple gasses, accounting for

a strong short range repulsion (Aij) to simulate particle ‘size’ and short range attraction

(London dispersion) (Bij). The final term is simply the electrostatic force between charges

qi and qj, in which the dielectric permittivity ϵ can be taken as 1 [115].

Typical simulation parameters were otherwise used. A physiologically similar bath of T =

310 K, pH = 7.0, and 0.9% NaCl aqueous solution and a time step of 2 fs. The temperature

and pressure are maintained by procedures fittingly referred to as the (Berendsen) thermostat

and barostat. These scale the entire system (velocities or distances, respectively) at each time

step such that the desired set point temperature or pressure is approached via exponential

relaxation. It is lastly important to note that the conformational state of proteins as retrieved

from the data bank and the positions of molecules at the start of a simulation may be very

far from what is appropriate for ‘equilibrium’. Thus it is typical to allow a very short

equilibration time, in this case 6 picoseconds, for these very fast relaxations to occur.
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Appendix B

Algorithm to Extract α from a

Stream of Sampled Data

As discussed in Section 2.4.3, the value of r is enhanced for sampling rates just above the

characteristic scale of a system. For series that encompass this range, an estimate for α can

be obtained by comparison with theoretical values computed via Eq. (2.50), which are unique

for 1.1 ≲ α ≲ 1.9 (cf. Fig. 2.15). Numerically calculated maximum-r values are shown in

Fig. 2.13, along with a polynomial fit. For a series X with a zero value corresponding to the

position at the bottom of the parabolic potential, the estimation is done as follows:

• Create a set of undersampled series Xn’s by taking every n-th value for n = 1, 2, 3, ... .

• For each Xn, calculate rn according to Eq. (4), i.e.:

– Take the absolute value of each element.

– For each element, subtract the subsequent element.

– For the ensuing differences, subtract the number of negative values from the num-

ber of positive values.

– Divide by the length of Xn minus 1.



• Find the maximum rn, which should correspond to a peak in the trend of the ordered

rn values (as in Fig. 2.15).

• Determine the corresponding α through the curve and formula in Fig. 2.13.
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Appendix C

Algorithm for the Two Reservoir

System

Consider the situation in Fig. C.1 which depicts a particle in the reservoir system of Sec. 3.4.

Each particle in the system has its current position p0 = (x0, y0) updated to a new position

p1 = (x1, y1) by the addition of a random vector with a length drawn from an alpha stable

distribution. The new position must be updated to reflect the boundaries: a reflector with

an opening of size d in the middle and the ‘sticky’ circular walls on the outside. This leads to

the seven possible cases for each p0,p1 pair depicted in Fig. C.1. The x coordinates x0 and

x1 may have the same or differing signs. If the signs differ, the cases differ based on what

boundary the particle first encounters - the opening, the reflecting, or the sticky boundary.

Then, in all but the final case, the particle may still need its trajectory truncated to remain

within the reservoir.

This algorithm operates in two blocks and tries to minimize the number of steps. The first

deals with the midline, updating both p0 and p1 to accomodate the truncation calculation

in the second block.

Block 1

• If sign(x0) = sign(x1), exit block 1.



Figure C.1: The two reservoir system described in Sec. 3.4. There are seven possible cases
of particle starting and ending positions to discriminate.

• Compute the intercept point yI that the particle crosses x = 0.

• If yI is larger than the radius of the reservoir of origin, set p1 = (0, yI) and exit block

1.

• Set p0 = (0, yI).

• If |yI | < d/2, exit block 1.

• Set p1 = (−x1, y1).

Block 2

• Compute the distance to the origin D = ∥p1∥.

• If D is smaller than the radius of the ending reservoir, exit block 2. Which reservoir

the particle finishes in can be determined by sign(x0 + x1), where a negative result

corresponds to the left reservoir.

• Truncate the remaining trajectories at the appropriate boundary. This can be accom-

plished by computing at when a particle starting at p0 with a velocity vector p1 − p0
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exceeds the radius of the reservoir.
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Appendix D

Traffic between the Larger and the

Smaller Semicircular Reservoir

Consider the setup in Figs. 3.4 and 3.6 and let a homogeneous particle density ρ be same in

both reservoirs. In this Appendix we show that, if the particles are subject to Lévy noise,

accumulation in the smaller reservoir develops. Imagine a semicircular strip of width dr at

a distance r from the opening. There are ρπrdr particles in this strip. We let the power-law

approximation, cf. Eq. (2.8), be valid for r > r0. Here r0 is much larger than the width of

the opening d and much smaller than the radii R1 and R2. The angle θ is small and with

θ expressed in radians we have d = θr. For a particle in the semicircular strip at distance

r > r0, there is a probability that a Lévy jump will bring it to the other reservoir. To

achieve such transition, the jump needs to be larger than r. For such a jump the probability

is proportional to r−α. In order to go through the opening, the jump must also be in the

right direction. This leads to a factor (d/r) cosϕ (cf. Fig. 3.4). After the integration from

ϕ = −π/2 to ϕ = π/2, we derive a “direction factor” of 2d/r, i.e. ∝ 1/r. Putting together

all of the effects specified in this paragraph, we have the following formula for the number



of transitions during a small timestep from a distance between r and r + dr:

dntr(r, r + dr) ∝ 1

r
r−αr dr = r−α dr. (D.1)

Next we integrate from r0 to the boundary Ri (i = 1, 2) and find for the number of Lévy-

jump-associated transitions from reservoir i:

N tr
i ∝

∫ Ri

r0

r−α dr ∝ sgn(1 − α)
(
R1−α

i − r1−α
0

)
. (D.2)

Care must be taken in case of α = 1. In that case N tr,α=1
i ∝ logRi− log r0. We thus conclude

that for 0 < α ≤ 1, the number N tr
i diverges as Ri is taken to infinity. For 1 < α < 2 a

constant value for N tr
i ensues if Ri → ∞.

The proportionality constant (associated with the ∝) and the r0 (the radius from which

the power law is taken to describe the Lévy distribution) are the same for both reservoirs.

So if both reservoirs in Figs. 3.4 and 3.6 have the same uniform ρ, then we find for the net

number of particles ∆N tr = N tr
1 −N tr

2 that transits from the larger to the smaller reservoir:

∆N tr ∝ sgn(1 − α)
(
R1−α

1 −R1−α
2

)
. (D.3)

If 0 < α ≤ 1 and if values for R1 and R2 are large, then there is accumulation in the smaller

reservoir.

For 1 < α < 2 there will again be accumulation in the smaller reservoir, but the effect

gets smaller as R2 and R1 grow and will become negligible as R1,2 → ∞. Effectively, the

geometry of the reservoirs is irrelevant for large R1 and R2. In that case it is particles near

the opening that dominate the traffic through the opening.

In the main text the above derivation is carried out for the case of a density ρi(ri)

(i = 1, 2) that depends on the distance ri from the opening.

Finally, it is worth pointing out that the above derivation readily generalizes to higher
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dimensional reservoirs. In the 3D case we face hemispheres. The number of particles in a

hemispheric shell is ρ2πr2dr. For the nD case, the shell contains a number of particles that

is proportional to rn−1dr. We thus have for dntr
nD:

dntr
nD(r, r + dr) ∝ 1

r
r−αrn−1 dr = rn−2−α dr. (D.4)

This leads to:

N tr
i,nD ∝

∫ Ri

r0

rn−2−α dr ∝
(
Rn−1−α

i − rn−1−α
0

)
. (D.5)

and

∆N tr
nD ∝

(
Rn−1−α

1 −Rn−1−α
2

)
. (D.6)

This is an interesting result. For 3 and more dimensions, we do not need to discriminate

between different ranges of α. Lévy noise with any α (0 < α < 2) will in that case lead to a

significantly higher density in the smaller reservoir and the effect will be stronger for higher

values of R1,2.
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