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In this paper solutions to an Inhomogeneous Multiplicatively Advanced Differ-
ential Equation (MADE) of the form y/(t) — Ay(qt) = f(t), for ¢ > 1 and certain
functions f(t) € L2(R), are provided. Such solutions are obtained with the help of
wavelet frames generated by two special functions called ;Cos(t) and 4Sin(t). The
introduction provides basic definitions and useful tools. Then a specific solution
of our main MADE above is obtained, where f(t) is equal to either ,Cos(at + )
or ¢Sin(at + ). After obtaining the solutions for these specific MADE’s, we
will prove that the solutions are actually Schwartz wavelets whose series expan-
sion converge uniformly and absolutely with all moments vanishing. The general
MADE is then solved by obtaining a series expansion for f(¢) in terms of ;Cos(t)
or 4Sin(t). A series solution, y(t), of the general MADE then follows by linearity.
Assumptions on the wavelet coefficients will be obtained sufficient for the series
solution y(t) to converge uniformly and absolutely. Finally, pictures of these solu-
tions are provided along with questions about confluence between the solutions of

these MADE’s and their non-advanced differential equation counterparts.
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List of Symbols

MADE stands for Multiplicatively Advanced Differential Equation

LP(R) is the Banach space of p-integrable functions

A

f is the Fourier transform of f

0(q; x) is the Jacobi Theta function

¢Cos is a g-advanced cos function

¢9in is a g-advanced sin function



1 Start Up Section

We begin the study of the inhomogeneous MADE

y'(t) — Ay(qt) = f (1), (1)

where A € R\{0} and ¢ > 1

by introducing the basic results and techniques upon which the study of (1) is based.

1.1 Key Functions

We will rely on the following two functions in this thesis. For ¢ > 1 the function ,Cos(t)

and ,Sin(t) are defined as in [PRS3] as follows:

1 X (—1)kedH

Cos(t) = c > T (2)

C, = i (=" =0(¢*>;—1/q) > 0 3

q = S qkz = U\q Q) > ( )
(L 1)ke—d" It

Sin(t) = sign(t)ciq Z (;IET (4)

Here, in (3) the theta function is given by (31) below.
To check that

[4Cos(t)]" = —(ySin(1)), (5)



one has, for ¢t # 0, that

[(Cos(t)]" =

qu:—oo qu
1 X (—1)ked"H

1 & (—1)keail]
5 U ]

= Eqk;mT(_Qk)Sign(t)
, —1 & (—1)ked"l

) $

= —(,Sin(t).

For t = 0, the result follows from the Mean Value Theorem.

To check that
[qSin(t)]/ = quOS(qt)

one has, for t # 0, that

/
. N B e D
[(Sin(t)] = Szgn(t)qu;mw
: 1 o (—1)ke 2"l ,
= szgn(t)a Z %(_qk)SZgn(t>

9 p=—o00
, 1 X (—1)kedH
= —(szgn(t)fgq > =T
k=—00
L (S e g
C qk=1? ’

9 k=—c0

Now making a substitution of m =k — 1 gives,

LS (e
Sin@)] = —= p
q Cq . q(m)
= ¢,Cos(qt).

(15)

(16)



For t = 0, the result follows by an application of the Mean Value Theorem.

Relying on (5) and (10), we have that the following are true:

/ Sin(t)dt = —(,Cos(t)) + C (17)
/qus(t)dt = ,Sin (2) +C. (18)

From (5) and (10) we can see that ,Cos(t) and ,Sin(t) solve some certain Multiplica-
tively Advanced Differential Equations (MADE’s). Specifically, y(t) = ,Cos(t) solves
the homogeneous MADE

y'(t) + qy(qt) = 0
and y(t) = ,Sin(t) solves the homogeneous MADE
y'(t) + q*y(qt) = 0.
The MADE that we will be studying in this thesis is
y'(t) = Ay(qt) = f(t), for f(t) € L*(R). (19)

Notice that if f(¢) in (19) has Oth moment vanishing, meaning / f(t)dt =0 (ie., f(t)
is a basic wavelet), and we assume that our solution y(¢) in (19) vanishes at plus minus

infinity then, we integrate (19) from negative infinity to positive infinity to give:

/_Z y'(t)dt — A/_: y(gt)dt = /_: f(t)dt = 0. (20)



If y(t) vanishes at plus minus infinity then the term / y'(t)dt in (20) is 0 and thus,

—A /OO y(qt)dt = 0. (21)

—00

Then making a substitution of u = ¢t in (21) gives,

A oo
7 /_OO y(u)du = 0. (22)

o0

From (22) we see that if A is invertible, then / y(u)du = 0, meaning the solution y(t)
also has Oth moment vanishing and is a basic_ovfravelet. This means that if we have a
forcing term f(t) that is a wavelet, and therefore has Oth moment vanishing, as well as
we assume that our solution y(t¢) vanishes at plus minus infinity, and A is invertible, then

it is a property of our MADE (19) that the solution y(¢) will also have its Oth moment

vanishing.

Remark 1. We conjecture that if f(t) in (19), is a wavelet in the sense of Definition
4, then the solution y(t) of (19) is also a wavelet. We will work to prove this for the
solutions (103)-(104) of y'(t)—Ay(qt) = ,Cos(at+3) and (105)-(106) of y'(t)—Ay(qt) =
sSin(at + B) in section 3.

1.2 Wavelets

We first begin with the definition of L”(R).

Definition 1. £P(R) is the Banach space of measurable functions such that, f € LP(R)
if and only if
/ FOP dt < oo.

[e.9]

1
We have that £F(R) is a normed space with norm given by | f| r = (/ lf () dt) "

—00



An important case of this is E*(R) which is the Hilbert space of functions f(t) satisfying

f e LAR) if and only if /Oo |F()]? dt < oo, (23)

with the inner product in L*(R) given by the following,

(f, @) = /°° f(z) - ®(z)dx.

Next we define [*(Z).

Definition 2. Let [*(Z) be the Hilbert space of sequences, {(c,) , such that Z len|” < 0.
neZ
Similar to £*(R) we have that the norm of 1?(Z) is given by the following,

1/2
)2 = <Z |cn]2> , and inner product {(c,d); = Z Cndy.

ne”

Fourier series are able to represent periodic functions with a basis of sines and cosines.
So if f is a continuous periodic function on the interval [0,27] then we have that f is

recovered by the following,

f(z) = nio% cpsin(nx) + bycos(nx), where ¢, = % /027r f(z) - sin(nx)dx (24)

and

L /27r f(x) - cos(nz)dx for n >0
bn — ﬁ O1 o .
\/?/ f(z)dz for n=0
™ Jo

e S (O

2m
forms an orthonormal basis, since / cos(mx) - sin(nz)dx = 0 for all m and n,
0

Then we have that

2 27
/ sin(ma) - sin(nx)dx = 0 for m # n, / cos(mzx) - cos(nz)dr = 0 for m # n, and
0 0

5



% / " cos?(mx)dr =1 = % / - sin®(ma)dx for m # 0. This is also expressed in terms
of irolner products as (cos(nx)?sin(mx)) =0, Vn,méeZ and

(cos(mx), cos(nz)) = (sin(mz), sin(nx)) = Tdpm, V m € Z, where 0,,,, is the Kro-
necker delta.

We next define the Fourier transform of a function.

o0

Definition 3. For a function f(z) € L*(R) such that / |f(x)| dx < oo, the Fourier

—0o0

transform of f(x) is defined to be

F) = = [ e e da = Pl

In order to recover the original function from the Fourier transform we have that the

inverse Fourier transform:

1 g ite 30 -1
fl@) = o= [ F)-ed = 7o),

Also note that for f, g € L2(R) one has that, | f] = | f| and (f, g) = (f, §); this is known
as Plancherel’s theorem.

We will define a wavelet as in [Daubechies] and [Christensen].

Definition 4. A function f(t) is a wavelet if and only if the following three requirements

are met:

i) ) € L'R)[(E(R)[)£7(R) (25)
/ f(t)dt =0 (0th moment vanishes) (26)

o
i11) / i ———dt < oo (Admissibility Condition,). (27)

The concept of a mother wavelet will be introduced in section 1.4. Certain wavelets

will be able to recover any function f € L*(R), similar to Fourier series recovery of f(t)

6



in (24). The two such wavelets that we will be using are ,Cos(t) and ,Sin(t). It is shown

in [PRS3] that ,Cos(t) and ,Sin(t) are wavelets, meaning they satisfy, (25), (26), and

(27). In addition, in [PRS3] it is shown that

,Cos(z) = C, 002
—_ ~ —I1T
and  ,Sin(x) =C, 0 )

Here C’q is the constant

with C, as defined in (3).

6(q,z) in (28) and (29), is the Jacobi theta function

o0

" > T
0. = 3 = m I (1) (14

n=—oo n=0

where ¢ > 1, and p,, in (30) and (31), is the constant

= 1
quH(l_an)'

n=0

Essential properties of 0(q; z), upon which we rely, are

0(q; q"x) = ¢""*V2" 0(q;2) Yn€Z, and 6 (

1.3 Frames

We define the notion of a frame for L*(R).

Definition 5. Let {¢;},;

be a countable collection of functions in E*(R), then {¢;}

(30)

(32)

jeJ



is a frame if and only if there exists an A, B € R with 0 < A < B < 0o such that

AIFIP <D KEo01° < BIFI,

jeJ

for all f € I*(R).

Let f € L*(R) and {;},c, be a frame for L?(R) we define F : L*(R) — [*(Z) depend-
ing on {¢;},.;, where I is given by F'(f) = {(f, ¢;)},c;- Also define F™ : I*(Z) — L*(R)
by F* ({¢;}) = Z c;¢; which converges in L*(R). Then we have F*F : L*(R) — L*(R)

jet

and F*F(f) = F* (F(f)) = F* ({{£.09)}e,) = D_(f:83)65. 1 we let {3}, be an
jed
orthonormal basis, then we may write f = Z arpdr. Then if we take
keJ
F(F(f) =) (fr00)0; =Y O awrd5); = Y > axbjpd;. Now since dj =0
jeJ je€J ked Jje€J ked
when j # k and 6, = 1 when j = k, we have that Zakéj,k = o, thus
keJ

F*(F(f)) = Z Zak%kqﬁj = Zozjqﬁj = f. However, for a general frame, unlike an

jed ke jeJ
orthonormal basis, we do not necessarily recover f with Z( f,®;)¢;. In order to resolve

jeJ
this issue we introduce the dual frame, as in [Daubechies| and [Christensen].

Definition 6. Let gz~5j = (F*F)"! ®; then {gz;]} is called the dual frame to {¢;}. This
gives us F: I*(R) — 1*(Z) by F(f) = (f, ¢;)jes and F* : 1*(Z) — L*(R) by

F ({Cj}jej> = ¢id;.

jeJ
Then, as shown in [Daubechies], [Christensen|, and [David Edwards], for a frame

{¢;} we can write any function f € L*(R) as

F=Y0Uhe 6= (£.6:) 05 (34)

jeJ jeJ
From (34) one observes that a frame is a generating set for L*(R) (also known as a

8



spanning set for L?(R)). The functions ,Cos(t) and ,Sin(t) have been shown in [PRS3]
to be in L'(R) N L*(R) N L>(R) and produce wavelet frames for generating L*(R). For

,Cos(t) and ,Sin(t), respectively, the frames are:

N
2

{@N,M =q2 ,Cos(¢"t — Mb) ‘ N,M € Z} (35)

S

or {@N,M:q qu(th—Mb)‘N,MGZ}. (36)

1.4 Mother Wavelets

A mother wavelet ®(¢) is a wavelet in the sense of Definition 4 that can generate a

family of wavelets. We will denote mother wavelets as ®(¢) and take the set of functions
N

generated by ®(t) to be @y /(1) = aZ ®(ad't — Mby) for N, M € 7.

A wavelet f(t) is a mother wavelet for a frame generating L*(R) of form

S(®; ag, bo) = {ag/zq)(agt +mbo)/|®]

n,meZ}

if S(®;ag,bo) generates L*(R), where ag > 1 is the scale factor, by > 0 is the translation

parameter, and |®| = |®[, is the norm of ® in L*(R). One defines the diagonal term
Go[®](x) by
1 |: 2
Gol®)(+) = 15 D [ Blao)
and the off-diagonal term G4[®](x) by
1 o
G [®](x) = WZ 3 ‘@(a% ) d(ade + 21k /1)) (37)

JEL keZ/{0}



which together give the frame condition

0 < _inf {Golt)(x) - Gr[](a)} (39)
< sw {Gole](e) - Gial@) < oo (39)

sufficient for S(®;ag,by) to be a frame. It has been shown in [Christensen| that the

condition (38)-(39) is implied by the condition (40)-(41) immediately below:

0< 1<i1n‘f< {Go[®](z)} and FC >0 (40)
. : Cla|

Remark 2. The functions ,Cos(t) and ,Sin(t) have been shown to be mother wavelets
generating a frame for L*(R) in [PRS3]. Also for a mother wavelet ® it has been shown

in [Christensen] that the set

S(®; ag,by) = {&nﬂ@(agt +mbo)/| P

n,mEZ},

generates a frame for L*(R), if the conditions (40)-(41) hold.

10



2 Useful Estimates

Here we introduce known estimates that we will use in this thesis.

2.1 Bounds for ,Cos and ,Sin

The first estimate that we will use is proven in [PRS3| and are bounds for ,Cos and

¢Stn. They are the following:

|;Cos(u)] <1 VueR (42)

|,Sin(u)| < ¢? VueR. (43)

Furthermore in [PRS3] it is shown that for |u| > 1 there is an upper decay bound on

4Cos(u) of the form
|(Cos(w)| < By|u|~2/@/etin@) [yy| = Inllu) n(@)/(2/etIn@)?, (44)

Similarly in [PRS3] it is shown that for |u| > 1 there is an upper decay bound on ,Sin(u)

of the form
|¢Sin(u)| < qu_l]u\_l\u|_ln(|“‘)1n(‘l)/(2+1n(q))27 (45)

where B, in both (44) and (45) is given by

B, = (Cy)~! {1 + 41§(q) ] , (46)

and C|, is as defined in (3).



2.2 Bounds for a Gaussian

Another useful estimate is the following proposition that is used to to bound Z G(n)

nez
for G a Gaussian.

Then

g

1 N
Proposition 1. Let G(z) be a Gaussian of form G(x) = exp [—5 (x ,u)

the following bound holds

D=

S Gn) = e [ﬂ] < [1+\/ﬂa] (47)

02
nez nez

Proof. The proof for this Proposition is completed in [PRS3] ]

2.3 Rudin’s Theorem

We will also employ the following Theorem (Rudin’s Theorem) that is used to rigorously

ensure the exchange of derivatives with infinite sums.

Theorem 1. (Rudin) Suppose {f.} is a sequence of functions, differentiable on [a, ],
such that { fn(xo)} converges for some point xo on [a,b]. If {f}} converges uniformly on

la,b], then {f.} converges uniformly on [a,b], to a function f, and

fl(@) = lim fi(z) (a<z<b) (48)
n—oo
Proof. This is THM 7.17 on pg 152-153 in [Rudin], and it is proven there. O

2.4 Lebesgue Dominated Convergence Theorem

We will use the following Theorem to pass a limit through an integral.

Theorem 2. Let {f,} be a sequence of complex valued measurable functions on a mea-

sure space (S, %, ). Suppose that the sequence converges point-wise to a function f and

12



1s dominated by some integrable function g in the sense that

|[fu(@)| < lg(2)]

for all numbers n in the index set of the sequence and all points x € S. Then [ is

integrable in the Lebesgue sense and

tim [ |fu— fldp =0
©Js

which also implies

2.5 Schwartz Spaces

Here is the definition of a Schwartz space along with some consequences of a function

being Schwartz.

Definition 7. Let Ny = N U {0}. The Schwartz space or space of rapidly decreasing

functions on R s the function space

S(R,C)z{fecm‘va,ﬁeNo,|f|a,B<oo}, (49)

where C*(R, C) is the function space of smooth functions from R into C, and

|fla,s = sup |2° £ ()
z€eR

, where a, f € Np.

A necessary and sufficient condition for a function y(¢) to be Schwartz is the following:

y(t) is Schwartz <= Vp, k€N, 3C,; €R s.t. 0< [Py (t)] < Cpp < 00. (50)

13



Two properties of a function y(¢) being Schwartz that we will use are the following:

if  y(t) is Schwartz, then y(t) € LP(R"), VneN and 1<p<oo, (51)

if  f(t) is Schwartz, then f(z) is also Schwartz. (52)

14



3 The First Inhomogeneous Multiplicatively Advanced
Differential Equation

The main functional differential equation that we want to solve is:

y'(t) — Ay(qt) = f(1) (53)

for certain f(t) in L*(R). To do this we first look at the case where the f(t) in (53) is

one of our ,Cos or ,Sin functions.

So first we want to solve the two functional differential equations:

y'(t) — Ay(qt) = Cos(at + ) (54)

y'(t) — Ay(qt) = ,Sin(at + B). (55)

So we want to solve y'(t) — Ay(qt) = f(t), where f(t) = ,Cos(a+ ) or ,Sin(a+p3).
Integrating (54) and (55) over (—oo,t] and assuming the solution y(¢) vanishes at —oo

gives:

/ Y wdu— A / " ylqu)du = F (1) (56)

—00 —00

where, from (18) and (17),

P(t) = /;Oqcos(atJrB)dt = (é) Sin (O‘t;B) if f(t) = ;Cos(at + )

o 67)
/_ (ot + B)dt = (F) LCos(at+ B) if f(t) = ,Sin(at + ) .



t
Now for the term / y(qu)du in (56) we make a change of variables letting v = qu.

t qt

Then the term A/ y(qu)du in (56) becomes é/ y(v)dv = Kly(v)](t),

—00 —00

where the linear operator K is defined by:

Kmmm:é/quu (58)

Then our integral equation (56) becomes:

y(t) = Kly())(t) = F(t)

Ily()] = Kly())(t) = F(2), (59)

where I is the identity operator. Assuming invertibility of (f - K ) in (59) gives a

formal solution to (54) or (55), namely:

~

o) = (T &) [F))
y(t) = > KM F (@) (60)

Now in order to calculate K™[F(u)](t) in (60), we first compute K[,Cos(au + £)](t).

qt

K[,Cos(au + B)](t) = ?/ ,Cos(au + B)du

(=) ()] - (2).

% A t
- (q—a> ,Sin (O‘q q+/3), (61)

where (18) was used to obtain the left side of (61).

16



Next, to calculate K2[,Cos(au + B)](t)

K*[,Cos(au+ B)|(t) = K Ki) Sin (O‘QH[B)}
22

&) |
- (@) [en (=) 2
<

A2 ) Cos (q%zt—i—ﬂ)
g?a? ) ! q ’

(62)

where (17) was used to obtain (62).
Now we need to do this inductively for K™[,Cos(at+ )] and we will start by continuing
to take powers of K™ to get a general formula.

For n = 3 we have:

K3,Cos(at + B)] = f({(—n (A—Q) ,Cos (Mﬂ (t)

q?a? q

= 0 () [ (P
— (-1 (qf—;) [qsm (CIQOCZ—;B) (qioz)}

A3 _(Pat+ B
= ) <q4&3) 0 (q &qQ )

where (18) was used to obtain (63).

qt

—0o0

17



Then for n = 4 we have:

e Coston s 00 = () () i (£2552)]
() [
- () [ (2522) ()
- () (en(252)

where (17) was used to obtain (64).

qt

(64)

—00

To compute K"[,Cos(au + §](t) in general, we have the following Proposition.

Proposition 2. Applying powers of K to ,Coslau+p](t) gives, for even and odd powers,

respectively,
R A 2n 2m
R Costant 00 = (0 (2) (e ) oo (T92) 9
i A\ 20 2n+1

Proof. We will prove this Proposition with induction on n. Assume (65) as the inductive

hypothesis. We need to calculate K2"*D[ Cos(au + 8)](t).

18



First we calculate K*"![,Cos(au + B)](t).

K2, C’os(ozu + B)](t
2n r A S q2”+1at + 8
qn(n+1) I qn+1 al? tmn qn+1

i 2n+1 1 . q2”+10zt—i—ﬁ
- (5) () e () o

Here (67) follows from the inductive hypothesis (65), and (68) follows from (18). Then

K KQ”[ Cos(au + B)|(t)]
cos () (67

)
) [5 [ acos (552
) b (Ze?) ()l

' ] (68)

)
S
Q

TL

(=

(-1
(-1
(-1
(-1

N N Y
Sl Rk ol o @|u>

N
3

from (69) we have that:

K200, Cos(au+ (1) = [K?““[cosmmm )] )
(2 () £ (252
() () [ ()

- ()7 () [3 e (5] ()
(3 () (o ()

From (70), we have shown (65) holds by induction. Now that (65) is established for all

n € N, from (69) we obtain that (66) holds for all n € N. This proves Proposition 2. [

Now in order to calculate K"[,Sin(au + 3)](t) we start by finding the expression
K[, Sin(au + B))(t).

19



K[,Sin(au+ B)|(t) = ?/q Sin(au + f)du

where (17) was used to obtain

- et (D[ @
= (-1) (q%) Cos(agt + f), (72)

(71).

Next we compute K2[,Sin(au + 3)(t) using (72).

K[, Sin(au + B)](1)

where (18) was used to obtain

(73).

We need to do this inductively for K"[,Sin(au + £)](t). For n = 3 and relying on (74),

we have:

K3, Sin(au + B)](1)

20



where (17) was used to obtain (75). Then for n = 4 and relying on (76), we have:

K[ Sin(au + B)|(t) = ff[(—l)Q (?_3> 08 (MTJF[B)}

= 3 [ () (om (7))
= () o (%) @)L

= (-1)? ( A ) JSin (m—Jrﬁ) : (78)

q2

(77)

where (18) was used to obtain (77).

Now in order to compute K"[,Sin(au 4+ B)](t) in general, we have the following

proposition.

Proposition 3. Applying powers of K to Sinfau+S](t) gives, for even and odd powers,

respectively,
~ A 2n 1 2n
K>, Sin(au+ B)(t) = (—=1)" (E) (W) ,Sin (qo(;#) (79)
2n+1 n
R4 Sin(au + B)](t) = (—1)™! <g> <#) qus(qZHq+t+6) (80)

Proof. We will prove Proposition 3 with induction on n. Assume (79) as the inductive
hypothesis. In order to calculate K*" V[ Sin(au + B)](t) we will first calculate
K1 Sin(ou + B))(1).
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K2 Sin(au + B)](t) = K[Ki”Sin(au + B)](t)

) () e
(8 ) [ (C52)
- (3 (ke [ e () )

A\ 1 P at + 6
_ n+1
- (3) () o (P,

qt

|

(81)

(82)

(83)

Here (81) follows from the inductive hypothesis (79) and (82) follows from (17). Next

we calculate K2 [ Sin(au 4 B8)](t). From (83), one has:

2(n+1) [

©\

q

infau+ A1) = K [K,Sin(az + 6))(w)] (1

" (o) Kl ()

n+1
. n+1
n+1

l

Sl ol 2

>2n+1 2n+1au+ 3

> n2+3n+1) / qCos < q° )

)" ) o (2520 (2
n24+3n+1 4 qn+1 qn+1 o

A2n+2 (P2t + B

a2n+2) (qn n+2) 2n+3) ¢Sin (T)

2(n+1) qz(”ﬂ)atjtﬁ
_> ( (n+1)(n+3) ) qSZTL < n+1 > :
q q

_ ( 1 n+1

~ (-

Il
/\/\/\/\/\

)

qt

—00

From (84) we have proven (79) by induction. Now that (79) holds for all n € N, from

(83) we obtain that (80) holds for all n € N. This proves Proposition 3.

Now we solve (54) in the case where f(t) = ,Cos(at + ).
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1
As shown in (57) this means that F(t) = (—) Sin <
«Q q

at—i—ﬁ)

Then recall from (60) that:

y(t) = Y K"[Fu)(t)

S (s w

Using Proposition 3 and applying (79) to (85) and (80) to (86) gives the formal solution

to (54) as:
o . A2n 1 » q2nat+6
-G (@) BeE) .
n=0
0 . A2n+1 1 q2"+1at—|—ﬁ
+Z(_1> o <a2n+2) (qn(nﬂ))qoos (T) : (88)
n=0

Now we solve (55) in the case where f(t) = ,Sin(at + [).

—1
As shown in (57) this means that F'(t) = [ — | ,Cos(at + ().
Q q
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Then recall from (60) that a formal solution to (55) is given by:

y(t) = iR”[F(U)](t)
_ ZmK‘) cos<at+5)]<)
_ f:fc?[(%l) Cos (at + 5)] () (89)

R -

Using Proposition 2 and applying (65) to (89) and (66) to (90) gives the formal solution
o (55) is of the form:

> . A% 1 ¢ ot + 8
y(t) = Z(_l) o (a2n+1) <qn(n+1)> qC'os (q—n) (91)
n=0
e . A2n+1 1 q2n+1at +B
+Z(_1> i <a2n+2) (q(n+1 > Sin < qn+1 ) : (92>
n=0

Now to check our solutions:
First we check the solution (87)-(88); this is when f(t) = ,Cos(at + 3).

So we will formally check that it solves (54) or that in particular,

y'(t) = Ay(qt) + ,Cos(at + j).

Recall from (87) and (88) that

y(t)

& A2n 1 » 2n t 4

= 2 (=1 <a2n+1) (W) gSin (—q qofm ﬁ) (93)
n=0

A2n+l 1 q2n+1&t + 5
n+1
+Z(_1) (a2n+2) (qn(n+1)) qCOS ( qn+1 ) ) (94)
n=0
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Then we calculate, under the assumption that differentiation can be exchanged with the

infinite sums in (93)-(94), that:

- For (@)@
S () () fen(22Y]
- S () () scos (225520 ()
(@

00 A2+l @ lat + 8
n 1 . n
+Z(_ i (a2n+2) g(n+1) ) [ m( gl )] (q"c)
n=0

= ,Cos(at+ B)

> AT 1 ot + 8
e () (s ) oo (55) ")
A2n+1 1 » q2n+1at + B
20 () () in ()

Now making a change of variables by letting n = m + 1 in (97) gives:

y'(t) = qC’os(at +5)
A2(m+1) 1 P at 4+ 6
m+1
+ Z (Oé2 (m+1) > <qm(m+1)> qCOS ( qm+1 )
A2n+1 1 ‘ q2n+1at + 5
+ Z (a2n+1 ) (q?) ¢Sin ( gt >

= qC’os(at +0)

S . A2m+1 1 q2m+1a(qt) +B
+A Z(—l) - <a2m+2> <qm(m+1>> qcos( ot )
A?n 1 (¢ alqt)+ 8
a0 () (52) oo (o)

= qus(at —i— B) + Ay(qt).

This completes the check that (87)-(88) is a formal solution to (54).
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Now we will formally check that the solution (91)-(92), does indeed solve (55).

Namely, we will check that

Y (t) = Ay(qt) + ,Sin(at + B).

Recall that from (91) and (92)

y(t)
> A2 1 ¢ at + 3
n+1
ngo <042”“> (q”("“) qCOS( q" ) (58)

o0 A2n+1 1 q2n+1at+ 5
n+1
Z (Oﬂ”“) (q(”“ ) o ( gt ) 59)

Then we calculate again under the assumption that we may pass the derivatives through

the infinite sums in (98)-(99).

y'(t)
= Z%(_l) ! (a2n+1) qn(nJrl)) |: (%)} (100)
A2ntl 2n+1 !
Do () () e (]
n=0

S () () [ (252 o

. A2n+1 q2”+204t + qﬁ n
+Z(_1) o (a2n+2 ( (n+1)2 ) q {QCOS (T)} (¢"a)
n=>0

B () () ()

fe'e) n+1 A2n+1 1 C q2n+1at+ﬁ
Z o2+l g ) | 0s 7 :
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Now making a change of variables in (102) by letting n = m + 1 gives:

y(t) = ,Sin(at+ )

o A2(m+1) 1 q2(m+1)&t+5
m+1 .
20 (G ) () oo ()|
m=0
o A2n+1 1 q2"+1ozt + ,6
n+1
3o () (em) o (=)

= Sin(at + f)
+4 Z(_l) o (a2m+2) (q(m+1)2) [qu < gt )]
m=0

0 . AQn 1 q2na(qt) _|_B
a0 () (e ) oo (S0

= Sin(at + 5) + Ay(qt).

This completes the formal check for both our results.

We have arrived at the following theorem.

Theorem 3. A solution to the MADE
y'(t) — Ay(qt) = f(t) , where f(t)= ,Cos(at+ )
s of the form.:
> . A2n 1 ' q2”ozt—|—ﬁ
- S () )
n=0
> A2n+1 1 q2"+1ozt+ﬁ
n+1
+Z(—1) + <a2n+2) (qn(n+1)>q008 <T) . (104)
n=0

Similarly a solution to the MADE

y'(t) — Ay(qt) = f(t) , where f(t) = ,Sin(at+ B)

27



1s of the form.:

o) = S0 () (e ) o000 (o) (109

n=0
0 A2n+1 1 q2n+1at + 6
n+1 .
+ E (—1) (oﬂ”“) (q(“+1)2> 29N (—q”+1 ) . (106)
n=0

Proof. We will prove that (103)-(104) and (105)-(106) both converge absolutely and

uniformly in order to show that our checks are correct in assuming the exchanging of
derivatives with infinite sums. We will bound them using a completion of squares to
obtain a Gaussian bound via (47) in Proposition 1. First from the solution (103)-(104)

we can see that |y(t)| is:

@) =

o0 . A2n 1 . q2nat+ﬁ
S () () on (725
> A2n+1 1 q2"+1at~|—6
n+1
+> () <a2n+2) (qn(n+l))q005 (—qn+1 ) . (108)
n=0

Now using the triangle inequality and the bounds (43) and (42) on (107) and (108)
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respectively gives:

o < (55 ()
)
e
S (1) (L)
: i(%( )
S () ()

SM

g2 &

= Zexp nln (|APa™ )} exp [—nQ hl(Q)]

z [nIn(|A]%a"2)] exp[—n In(g)] expl—n? In(g)]

=0

i ﬁz e (s (24272 a0

S (- ()]

Now we will complete the square on n in (109) and (110). This gives that:
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o In(| A0~
W Zoexp [— In(q) (n - T@)) ]

! 1n2<|A|2a2>]
~ 4In(g)

+@ > exp |~ In(g) <n _ InAPa™) - m(Q)) ]

- exp {

a 21n(q)

[lIn(|Aa~2) — In(g)?
41n(q)

- exp

1/2 0 —

[_ 1n(|A|2a_2))]2
2nta) (111)
n=0 1
21In(q)
oo 1 In(J4%a~2)-In(g) | ]2
1A [ - (M)

2
n=0 1
v/21n(q)

1
1++V2r (T@))] (113)

1+m<—1 )] (114)

21n(q)
1/2 =
= S 1 )

|
— |
=2
9]
G
]
o
ol
N

(112)

IA
o
G

_i_ﬂ . ek2

+= . ek {1—% - < 00

In(q)

where in (113) and (114) we used Proposition 1 on the Gaussian’s in (111) and (112)
In?(JA]2a™?)
41n(q)

. Now that we have shown y(t) converges

respectively, and the ki, introduced in (111) is equal to

[In(|A]>a"?) — In(q)]’

41n(q)
absolutely and uniformly for all ¢ € R, we look to similarly bound #/(¢) so that we may

, and the ks, intro-

duced in (112), is equal to

apply Theorem 1. Recall that y'(¢) = Ay(qt) + f(¢) and since we have just shown that
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y(t) is bounded, clearly Ay(gt) is bounded as well, with the summation converging uni-
formly and absolutely on all of R. For this solution recall that f(t) = ,Cos(at + ),
which is a single finite term and thus it is clear from (42) that 3/(¢) is also bounded for
all £ € R. Then applying Theorem 1 tells us that we may exchange the derivatives with
the infinite sums in our check (95)-(96) of y(¢). This makes our solution, (103)-(104)

rigorous.

We will apply the same techniques to the solution (105)-(106) to ensure that it
converges absolutely and uniformly. From (105)-(106) we can see that the absolute

value of our solution is:

@) =

> A 1 ¢ at + 3
n+1
Z(_l) ! (a2n+1) (qn(n+1)) qCOS ( qn ) (115)

n=0
00 A2n+l 1 q2n+1at + ﬁ
n+1 .
+ E :(_1) (a2n+2) (q(n+1)2> ¢Sin ( gt ) - (116)
n=0

Now using the triangle inequality and the bounds (42) and (43) on (115) and (116)

respectively gives:
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BN

SIEONES
TS ()
nz:;eXp [nIn(|A]*a"?)] exp[—nIn(q)] exp[—n” In(q)]

| ‘ oo

Z:exp [nIn(|A]*a™?)] exp[—2nIn(q)] exp[—n” In(q)]

q'/?a?
g gexp -t (o (M) o

ALy [ (s (B 20 )
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Now we will complete the square on n in (117) and (118). This gives that:

|y (t)]

1N e |ty (o (APa™) —In(g)\*
> p[ o 2T (g) )]

[In(|A[Pa~?) — In(q))”
41n(q)

4] & In(|4Pa~?) — 2In(g) )
+W§exp [— In(q) (” - 21n(q) : ) ]

WMA&r%—zm@W]

- exp

- exp

41n(q)
| In(l4Pa~2)-n(g) | |?
1 . > 2 [n ( 21n(q) )]
= ol e Zexp (119)
n=0 1
( 21n(q))
A - 1 [n _ (1n(|A|2a2>—21n(q>)]2
2 21n(q)
1/2,2 et Zexp 2 (120)
q a n=0 1
\/21n(q)
1 1
< — e 14V [ —— (121)
| 21n(q)
A 1
+ 1|/2’2 S DRV [ — (122)
g o 21In(q)

= @ Ve

| Al k4 i
. 1 0
+q1/2a2 T In(q) =

where in (121) and (122) we used Proposition 1 on the Gaussian’s in (119) and (120)
In(|APa?) — In(g)”
41n(q)

. Now that we have shown

respectively, and the k3, introduced in (119) is equal to

In(|APa"?) — 2In(q))"

41n(q)
y(t) converges absolutely and uniformly for all ¢ € R, we look to similarly bound /()

, and the

ky, introduced in (120), is equal to

so that we may apply Theorem 1. Recall that /() = Ay(qt) + f(t) and since we have
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just shown that y(¢) is bounded and converges uniformly and absolutely on R, clearly
so does Ay(qt). For this solution recall that f(¢) = ,Sin(at+ ), which is a single finite
term and is bounded by (43). Thus it is clear that 3/(¢) is also bounded and converges
uniformly and absolutely on R. Then applying Theorem 1 tells us that we may exchange
the derivatives with the infinite sums in our check (100)-(101) of y(¢). This makes our
solution, (105)-(106) rigorous as well. This completes the proof of Theorem 1 as we
have shown both our solutions to converge uniformly and absolutely on the entire real

line. O

Now we introduce a proposition for the Fourier transform of our solution y(t) (103)-

(104).

Proposition 4. The Fourier transform of y(t) in (103)-(104) is given by

1) = i) [ Sy (32) () [i2] 0
S (B () ]| o

n=0

Proof. We start by taking the Fourier transform of (103)-(104). Note that we may ex-
change the integration with the infinite sums in (103)-(104) by the Lebesgue Dominated

Convergence of y™(t) by gm(t), for m = 0, in (214) below.

()

0 A2n 1 1 o q2nat n 5
e —1 n o . —itx S 4 ST P dt 125
n:O( ) (O‘Qnﬂ) (qn2) \ 27 /_Ooe g ( gt ) (125)
o] A2n+1 1 1 oo q2n+1at n 6
-1 n+1 / —itx T XTP) (12
+ nZ:O( ) < a2n+2 ) (qn(n+1) ) /_271' _of qCOS ( qn-i-l > ( 6)

Making a u substitution of v = ¢"'at + B¢~ in (125) and the u substitution of
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u=q"at + Bg "' in (126) gives:

()

oy [ AT 1 Y e = P
:;(—1) (a2"+2) (qn2+n1> \/%/Ooe ( ) ¢St (u)du (127)

[e’s) A2n+1 1 1 [e’s) 7i(u75qn )m
+ Z(—l)”“( - )( - n> / e o ,Cos (u)du. (128)
ra a2nt3 |\ gri+2 ar )

Now applying (29) and (28) to (127) and (128) respectively gives:

y(x)

= a1 N e |G ()
- ;(_1) (&2n+2> <qn2+n_1)eqzna - (129)
o A2n+1 1 i8
n+1 n+i,
+Z(_1) " (&2n+3> (qn2+2n) et
n=0

(130)
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Now using (33) on both (129) and (130) gives:

g(z)
—Cying® o~y (A 1 2
B #Z<_l) (O_,Qn) (qn2+2n) eae (131)
n=0
o) ]
132)
—n —n 2 —n+1 2. .2 2 (
q( +1)( +2)(a§) 9(q x /a )
- a; Z(_1> (oﬂ”) (qn2+2n> e e (133)
n=0
1 1
' 134
g (2—3)‘”] {9@2;1‘2/@2)] (134)
—CN’ql > AQTL l.Zn éﬂ 1
= _ 1\ v R .
ra ;( Y (a4"> <q2”2" ‘ 0 (¢2; 22/a?) (135)
—éqA > A2n x?n s 1
1) e R S 136
a2 <@) (q+) {9<q2;x2/a2>} (16)
1 _C’ql > A2n x?n Zﬁ
|:6(q2;x2/042)} 4aer ;< ) (a4”) (q2n2—n> exp [q2"04
_éqA > n AQ’” .132” Zﬁ
i o’ 2(_1) (044n) (q2n2+n) exp |:q2n+1& >
where (132) and (134) follow from (33). This gives (123)-(124) as needed. ]

Next we have a proposition for the 2k and 2k + 1 derivatives of the solution y (103)-
(104).
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Proposition 5. For even and odd order derivatives of y(t), respectively, we have that:

y(2)
00 . An q2knqk(k—1)a2k . q2n0¢ + 5

- Z(_l) +k <a2n+1) ( 7 ) ¢Sin (qk e ) (137)
n=0

.~ A2n+1 q2knqk2 a2k q2n+1 at + ﬁ
n+1+k k
+ } :(_1) (Q2n+2) ( g+ qCos (q gt ) (138)
n=0

y(2k+1)(t)
> . A2n q2knqk(k—1)qn+ka2k+1 anat 4 5

= > =y (Ognﬂ) < e ) 4Cos (qkﬂw) (139)
n=0

o0 A2nt+1 qan qu qn+k o 2k+1 q2n+1 at + 5
n+k . k
+ Z(_l) <042n+2) ( qn(n+1) qSZn (q qn+—1 ) . (140)
n=0

Proof. We will prove this proposition using induction on k. Also note that we may pass
the derivatives through these infinite sums since gi(t) dominates each y*)(t)’s series
expansion in (214) below. First note that for the & = 0 case (137)-(138) holds from
(103)-(104). Assume (137)-(138) as the inductive hypothesis. Then in order to calculate

yCEED) (1) = yk+2)(¢) we first calculate 321 (¢) using the inductive hypothesis.
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YD) = 0] =

(_l)n—I—k ( 1;1271 ) q2knqk(k—1)a2k 2n /
a2ntl |:qSZTL (qk Tt 5
) = (141)

n:OOO an

" 2n+1 n
+) (= (/4 g o il

> i ) [aCos (qkq at + 8\’
o0
N = (142)

Z(-l)"*k( ) <q2l~mqk(k—1)a2k>
— a2n+1 qnz

- 1q4,Cos k“—q%at—'—ﬁ
l , (q ) <qn+k1a):|

qn+1
+Z(—1)”+1+k <A2n+1) q2knqk2a2k
e a2n+2 qn(n+1)
2n+1

: [_ gS1n (qk—q ot + P itk

. qn+1 (q Oé)
2n
Z(_l)n—i—k ( 1;4 ) (q2knqk(k—1)qn+ka2k+l 2
o a2n+1 q"2 ) qCOS (qu TP fat 1+
pres (143)

2n+1 + —+ -+
( )n (A ) q2knqk2qn ka2k 1 22n 1 N t 3
Z a2n+2 qn(nJrl) qS’lTl (qk ) (1 11)
qn+1 :
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Next we calculate y*+1)(t) = yk+2)(¢) from y@F+1(¢).

YD) (1) = PR (1) = [y (1))
0 . A2n q2kn k(k—1) n+k&2k+1 q th—l—ﬁ
= 20 () Jscos (#5552 ]

n=0

o0 A2ntl an k:2 n+k 2k+1 q2n+1at+ﬁ /
n+k . k
+ Z(_l) (a2n+2 )( n n+1) |:qSZn (q qn+1 ):| (146)
n=0
= i(_l)n+k( A2n ) ( 2knqk(k 1)qn+k 2k+1)
- a2n+1

n=0 q

. k41 CI "at + 3 " a
’ |:_ qu ( n+1
o0 A2n+1 q2kn qk2 ntk o 2k+1
n+k
+ Z(_l) (a2n+2 ) < g+
n=0

2n+1
q at + B "
. [quos (qk—H e ) (q +ka)}

S () (e .
- gSin (qk“%) (148)
e () ()
-,Cos (qkﬂq%;#) : (150)

From (147)-(150), we have proven (137)-(138) by induction. Now that (137)-(138) is
established for all £ € N, from (143)-(144) we obtain that (139)-(140) holds for all

k € N. Note that we are allowed to exchange the derivatives with the infinite sums in

(145)-(146) and (141)-(142) from (214) given below. O

39



Proposition 6. The solution in (103)-(104) and the solution (105)-(106) in Theorem

3 are Schwartz.
Proof. Recall from (50) that a necessary and sufficient condition for y(t) to be Schwartz
is that

Vp,k €Ny 3C, €R st. 0 <[ty (t)] < Cpp < 0. (151)

In order to bound every |y*)(¢)|, we bound the even order derivatives, |y%)(¢)|, and the
odd order derivatives, |y®**1(¢)|. Examine Proposition 5, apply the triangle inequality

to |y¥)(t)| and |y*+1(¢)], and factor out common factors to obtain:

Y (1))
& AQn 2kn 2n t
< Vet (—zn> <q7) /Sin (qk—q L ﬂ)‘ (152)
o \& q q
) - & AQn qan q2n+104t—|—ﬁ
+AG a7y (azn> <qn<n+1>) (Cos (qkT) (153)
n=0
|y (t)!
A2n 2kn n 2n t
< a3 (5 ) (G oo (# E) (154
B AQn q2knqn ' q2n+1at +6
r e a Y () (LY asn (# L 2E0) | sy

n=0

Now we will apply the decay estimate, (44) for ,Cos(u) to (153) and (154), and the
decay estimate, (45) for ,Sin(u) to (152) and (155). Recall that in order to apply the
decay estimates (44) and (45) to ,Cos(u) and ,Sin(u) we must have |u| > 1. So we look
at the argument of the ,Cos(t) and ,Sin(t) in (152), (153), (154), and (155), and work
to get a standard assumption on t sufficient for every argument to be greater than or

equal to 1 in absolute value. We will have four such arguments to handle.
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For the argument of ,Sin in (152), we assume

2n
’ k4 qoij‘ﬁ = |g"lat + B¢t
Z ‘qn-i—k—lat‘ _ |qu—n—1}
> ¢ 'ot| - |B"] > 1.

Second, for the argument of ,Cos in (153), we assume

2n+1
¢"at+p n e
’qkz — ‘q +kat+5qk 1‘

qn+1

> ‘qn-i-kat‘ _ |ﬁqk—n—l}

> |at| —|B¢"] > 1.

Third, the argument of ;,Cos in (154), we assume

s ot +

qn+1 — ‘anrkOét + ﬁqkfnfl‘

> ‘anrkat‘ _ |ﬁqk7nfl‘

> |at| — |qu‘ > 1.
Fourth, the argument of ,Sin in (155), we assume

2n+1
q at + 5 " .
‘qk ‘q +kat+ﬂqk 1‘

qn+1

A%

‘qn—l-kat‘ _ |ﬁqk—n—1}

> |at| — |B¢"| > 1.

Since |g~'at| — |B¢*| > 1 implies that |at| — |B¢*| > 1, we have that
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(157)

(158)

(159)
(160)

(161)

(162)
(163)

(164)

(165)
(166)

(167)

(168)



is the standard assumption that we will use when we apply our decay estimates. Here
C(a, B,q,k) is given by (168). Now using our assumption, [t| > C(«, 3, q, k), with the
decay estimate, (44) on (153) and (154), and the decay estimate (45) on (152) and (155)

we get that:
[y*M (1)]
0 A2n 2kn _1
< @) (a—) (qq—> Bye™![la"at| - 154" (169)
n=0
- —1In(|lg~ at|~|B¢"||)In(q)/[2+1n(q)]?
gt — gt e o (170
[ee]
A g _ —2/[2¢~1+In(q)]
+Aq" a2y (a2n> <q7I(n+1)) By [lg™ at] - 84" voamn)
n=0
_ In(|lg~" at|—[84"*|| ) In(g)/[2¢~ +In(q)]?
“q latl |5q H ([la ¢"1])In(a) (172)
and
!y(%“)(t)\
o2k n(q)]
< z(a%)( ) Ballaatl - 3] (173)
_ —ln lg~tat|—|84"|| ) In(q)/[2e = +In(q)]?
lg ] — [k~ e i) (174)
B S A2n q2knqn 3 3 _1
+qk(k+1)|a|2k IZ (a2n) (qn(n+l)> Bge ' Hq 1Oﬂf| - |6qk|| (175)
n=0
_ —1In(|lg~ at|=[B¢"||)In(q)/[2+1n(q)]?
gt at] =gt (e e, (170

Now we will bound the sums in (169), (171), (173), and (175) using a completion of

squares into a Gaussian Bound.
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First the sum in (169), namely

> (o) ()

n=0

> A2q2k n 1
> (%) (&

)

n=0

i exp {— In(q) (n2

1 (A2q2k —2)
In(g)

Zexp [n 1n(A2q2k0f2)} exp [—712 111(@)]

)

(177)

. In(A2¢*a~2)
Zexp[ In(q (n In(g) +

(s (st

[In*(A%2¢%a2)] [ In(A%2g%*a~2)\?
— —v- 7 -/ | e Sl S S}
exp (g ;exp n(q) [ n in(g)
~ _ 1 ln(A2q2ka—2) 2
In*(A%¢%*a?)] & 2 (n 7 2In(g) )
- 7 - 1
exp (g | nz%exp 5 (178)
()
T2 ( A202k - —2Y ] 1
< e | e L (179)
411’1( ) ] Zln(q)
[In2(A2g%a~2)] -
= — |1 . 180
=Xp 41n(q) | + In(q) (180)

Here the bound (179) follows from using (47) on the Gaussian in (178).
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Now we will do the same for the sum in (171), namely

o A2n q2kn
> (5 ) (%) (181)
n=0

-2 (") ()
gt o2 an

= Zexp [nIn(A%¢* " a™?)] exp [-n"In(q)]

= :iiexp [— In(q) (”2 N nln<A21(ffq_)la_2))}

In2(A202%14-2)7 & 2 2k—1, -2\ 2
= exp (A7 a”) Zexp —In(q) (n _ In{A%™ a )> ]
- - n=0

41n(q) 21In(q)
2022 ,2k—1,,—2\T 1 n In(A2¢%k—1a—2) 2
e B
) 182
exp 4ln(q) | gexp 1 . ( )
L ( 21n(q)>
Mn2(A202k—14-2)] .
< e | sy Vo (183)
41n(q) 0

e | ]

Here the bound (183) follows from applying (47) on the Gaussian in (182).
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Similarly we do the same for the sum in (173), namely

> (o) (5)
-2 () ()

= ) exp [nln(A%*a?)] exp [-n’ In(q)]

n=0

— nf;exp {— In(q) <”2 N nln(AQIf(k;)l&_2))}

_ln2(A2q2’“+1of2)_ 0 i In (quzk -2)
= —1 _ 7 d =
exp Tin(g) | %exp n(q) <n 2in(g)

) . 1 In (A2q2’“+10f2) 2
- ln2(A2q2k+1Oz_2) Z o -3 <n - = hw )
L 41n(Q) J ’I’L:0 1 2
| 21In(q)
[In?(A2¢*+1a2)] 1
< ex 1+V2r—
- P 41n(q) v/21In(q)
'1n2(A2q2k+1a—2)' { T }
= exp 1+ .
41n(q) In(q)

)]

Here the bound (187) follows from applying (47) to the Gaussian in (186).

We will proceed similarly for the sum in (175), namely
0/ A2n ¢2kngn
£ (5
/AN [ g2kn
- 2 () ()

o[ [+t

IN

(185)

(186)

(187)

(188)

(189)

(190)

(191)

The sum in (175) is equal to (190) which is exact same as the sum in (177) so the bound

(191) is the same as the bound for (177), namely (180).
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Now that all of the sums in (169), (171), (173), and (175) are bounded by (180),

(184), (188), and (191) respectively, we look back to (169)-(176) and say that:

IA

IN

ly@0 )]

k(k—1)|a|2k—1

) 1n2(A2q2ka2)] [ ) %}

41n(q) n(q)
_ _ —1
‘Bee ! |g at| — |B¢"|

exp {

—In “Lat|—|8¢*||)-In 2-+1In(q)]?
18| (|la~tat|~[Bg*||)In(g)/[2+1n(q)]

1 2 A2 2k—1,,—2

o |t
41n(q) In(q)
_ —2/[2e7 1 +In

Nl tat] -

+Aqk2a2k_2 exp

_ —In *1at|—6 k) In ) 2e~141n )2
||q lozt|—|ﬁqk|‘ (|la 18¢*||)-In(q)/[ (@)

= Tor(t) for |t| > C(a, 8,4, k)

[y (@)

qk2 a2k exp {

lnz(AQq%“a_Q)} [ T ]
41n(q) In(q)
By |lg™ | — 184"
_ —In(||g~ at|—|B¢"||)-In(q)/[2¢~* +In(q)]?
||q 105t|—|ﬁqk|‘ (||q | “J||) q q

ln2(A2q2ka_2) T
gD 25 oy { ] [1 n ]
. 41n(q) In(q)

_ _ —1
By |lgad| — 15|

—In(||lg " at|—|B8q"||)In(g)/[2+In(q)]?
|3t ||l tetl=1Bat ] nta)/[2+nta

‘ —2/[2¢™ 1 +In(g)]

g tat] -

= T2k+1(t) for ’t| Z C(a7B7Q7 k)a

where B, is given in (46).
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We defined the function T (¢) in (198) by (192)-(197), and the function 7oy (1)
in (205) by (199)-(204). Recall that the bounds above are for |t| > C(«, 3, ¢, k), where
C(a, B,q,k) is given by (168). For the case where |t| < C(«, 5, ¢, k), we use the bounds
(42) and (43) on (152)-(155) to obtain the bounds

Y (1)
In® (Aqukoz T
< 1/2 k(k—1)| . [2k—1 1 9
In? (A%2g*1a T
k2| 12k—2
+Aq" |a]* exp { Tin(g ] [1 RV Amony " ] (207)
= My, for |t| < C(a, B,q, ) (208)
and
|y (1)
In?(A2g?+1a2)
< k2 2k 9
< Fareo [P e 1 209
In?(A2¢%*a?)
+¢'"2¢" V0] exp { ] [1 + } 210
o Tin(y) (0 210
= Moy for |t] < C(o, B, q,k). (211)

We defined the constant My in (208) by (206)-(207) and the constant Moy in (211)
by (200)-(210).

Now we will define two functions goy(¢) and gor11(t) as follows:

Tor(t) , if |t| > C(a, B,q, k)
gor(t) = (212)
My, , if |t| < C(a, B,q,k)

and

T2k+1 (t) ) it |t| Z C(Oé, Ba q, k)
Gory1(t) = (213)
M2k+1 ) lf |t| < C(Oé7ﬁvq7 k)?
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where C(a, 3, ¢, k) is given by (168).

Then by construction we have for m = 2k or m = 2k + 1 that
1™ ()] < |gm(t)] < oo, VmENand VteR (214)

and g¢,,(t) is integrable on R since it is a constant on the interval

(—C(a, Byq,|m/2]),C(a, B,q,|m/2])) and it is both continuous and decaying to 0
rapidly as [t| — oo (see below) on the intervals (—oo, —C(a, 3, ¢, |m/2])] and

[C(a, B,q,|m/2]),00). Note that although g,,(¢) need not be continuous at the points
C(a, B,q,|m/2]) or —C(«, B, q, |m/2]) this is a set of measure 0, and we may still apply

Theorem 2 (Lebesgue Dominated Convergence).

Now notice that the Schwartz bound, (50), on [tPy™)(#)| clearly holds for
—Cl(a, B,q,|m/2]) <t < C(a, B,q,|m/2]) since if
t € (=Cla, B, [m/2]), C(a B, [m/2))), then [¢7] < |Cla, B,q, m/2])F , ¥ peN.
Then recall from (214) we have that [y™ (t)| < |gm(t)|, and therefore
1Py ™ ()| < |C(av, B,q, |m/2])PM,,| < oo holds for
—C(a, 8,9, [m/2]) <t < C(a, B,q, [m/2]).
To get the desired result, namely that [tPy™ (¢)| is bounded, when
t>C(a,B,q,|m/2]) or t < —C(a,5,q,|m/2]), we rely on the fact that V A > 0 and
BeR

In|At — B|

tsoo  In |t

(215)
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From (215) we may write that,

V1i>e>0, 3 tg>1st. V|t >t (216)
In|At — B
st Co—1-c<mA=Bl_ g (217)
In |¢|

= C.n|t| <In|At — B| < B.Int| (218)
—  C?In’|t| < In®|At — B| < B*In”|¢t| (219)
—  Ke Ciln|At—B|-Cs In? |At— B < KeC1Ce In [t|—C2C2? In? |t| (220)
— ‘t’pKefcﬁ In |At—B|—C3 In? |At—DB| < Ke[p—CHCe—CQC’? In [¢]] In [¢] (221)

for p € NU {0} fixed, and for all C,Cy > 0.

Then, recall from (214) that

[y ()] < lgm(1)]. (222)

Now setting K, Cy, Cy, A, B to be as needed to match (221) with (192)-(205), then ap-

plying this to (222) we obtain that for |t| > C(«, 5,q, |m/2])

|tpy(m)(t)| < Ke[pr&CengC?lnM]1n|t| (223)

—  lim |[Py™ ()] < lim KelrmO0:Cml] il _ g (224)
[t|—+too [t|—+o0

—  lim [Py™ () = 0 (225)

[t|—+too

Now that it is established that lim [tPy™(¢)| = 0, we note that it is clear that

[t| =00
tPy™)(t)| is continuous on the intervals (226)
[Cla, 8,4, [m/2]),00) and (=00, =C(a, §,q, [m/2]),0)], (227)

since |t?| and |y(™(t)| are continuous on both of the intervals [C(a, 3, q, |m/2]), 00) and
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(—o0, —C(a, B, q, |m/2]),00)]. Then using (225) and (226) we obtain that [tPy™(¢)| is

bounded on the intervals (—oo, C(«, 5,q, |m/2])] and [C(«, 5,q, |m/2]),c0), which is

equivalent to the statement

3 B(w, 8,q, [m/2])

s.t. on the intervals [C(«, 8, q, |m/2]),00) and (—oo0, —C'(a, 3, q, [m/2])]

Py "™ ()| < B(a, B, q, |m/2]) < . (228)

This completes all cases of bounding |tPy™ (t)| and gives that since [tPy™ ()| is bounded

on the entire real line, we can conclude that y(¢) is Schwartz, as desired. A similar proof

shows that the solution (105)-(106) is also Schwartz. O
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Next we have another theorem.

Theorem 4. The solution (103)-(104) in Theorem 8 is a Schwartz wavelet with all

moments vanishing.

Proof. We have already shown that y(t), (103)-(104), is Schwartz from Proposition 6.
Now we must show that it satisfies the three conditions to be a wavelet, namely (25),
(26), and (27) in Definition 4. Since y(t) is Schwartz, as shown in Proposition 6, then
from (51) this means that y(¢) € L'(R) L*(R) N L>*(R). This is (25) confirmed. For
(26), recall from (19), (20), (21), and (22) that if f(¢), in our main MADE y/'(t) —
Ay(qt) = f(t), is a wavelet, and we assume that the solution y(t) vanishes at plus
minus infinity, then it is a property of our main MADE that the solution y(¢) will have
its Oth moment vanishing. For our solution, y(t) recall that f(¢t) = ,Cos(at + ),
which is clearly a wavelet as stated earlier and proven in [PRS3]. Since we have shown
that y(t) is Schwartz, it must vanish at plus minus infinity, meaning that our solution,
y(t), (103)-(104), must have its Oth moment vanishing. This is (26) confirmed. To
< 9

prove (27), we need to show that / Tl dr < oo. Recall from (214) that we have
x

ly™ ()| < |gm(t)] < oo, ¥m €NandVteR, where gi(t) is an integrable function as

—0o0

it constant on (—C(«, 3,q,|m/2]),C(a, B,q,|m/2])) and it is continuous and rapidly
decaying on (—oo, —C(a, B, ¢, |m/2])] and [C(a, B,q, |m/2]),00). Thus by Theorem 2,
we may pass integrals through our infinite sums in the solution y(t), (103)-(104). This
makes the computation of ¢§(x) in Proposition 4 rigorous. Then, since y(t) has been

established to be Schwartz, from (52) we get that g(x) is also Schwartz. Now that ¢(x)

—1 | 2 oo | 2
is Schwartz it is clear that / [9() dx < oo and / [9(=) dx < 0o, however we

—0o0 2‘37’ 1 ’l"
|

0 |~ 14 2
need to make sure that / [9(z) dz and / 9(=)] dz are finite. To do this first
0

-1 |$| |575|
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recall, from Proposition 4, that

()
el [EE (B (E) ]

—C AN, o (AP [ 2™ i
S (&) () ]

Taking the absolute value of (229)-(230) and using the triangle equality we obtain that:

|9()]
1
~ 0(¢%3%/a?)

|C | AQn x2n |é Al A2n x2n
|xa|z adn 2n27n + |O(_/1|3 Z adn q2n2+n (231)

n=0

o0 A2n r2n o0 A2n r2n
Denote P;(z) = Z( a4") (q2n2_n) and Py(z) = Z( a4”) (q2n2+n) so that, from

(231), we may write
. oA 1 |A|
< P — P 232
|y(l‘)| = 9((]2;332/042) IZL'OZ‘ 1(1’) + |Oé|3 2(1’) ( 3 )

Then squaring both sides of (232) we obtain that:

C,? Pi(x) 2|A|P(x)Py(x)  A2P%(x)
()2 < ——Ca 1 28| 233
I < G ey ot (233)
Now let us study 0%(¢?; 2%/a?). Recall from (31) that, 0(q; ) = Z (x—m and there-
S~ g(n—
0 2/ .2\n e 2n
2. 27 oy (z%/a?) . r . .
fore 0(q*; 27 /a”) = Z 07 Z gD Now notice that every term in
0(q* x?/a?) > 0 and therefore we can isolate one term, say n = —2, and get that
2.(~2) 4
2.,2/.2 x @
9(q X /a ) > a2'(—2)q—2(—2—1) o x4q6' (234)
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Since everything in (234) is non-negative, when we square both sides we preserve the

inequality; so from (234) we obtain that

92((]2; x2/a2) > x8q12 . (235)
Now taking the reciprocal of (235) gives:
1 8,12
<21 (236)

02(q2;m2/a2) - a8

Looking back to (233) and using (236) to bound the term and multiplying

1
02(q* 2% /a?)

1
by a — we get that:

|z]

(237)

@) [Cylate" Pi(z) | 24P (@) Py(z) APy (2)
1 - |x|a® r2a? |z|at af

_IGPe” [!fﬂ5|Pf(:v) L 2AARP(2) Po(e) | |27 APy ()

% a? ot ab

} . (238)

SN2 0 14022 112
Now it is clear that since lim [9(=) = 0 the integrals / [9() dx and / [9() dx
a0 |z] 1 2] o |zl

< )P
| ]
and last condition for y(t) to be a wavelet. Therefore our solution y(t), (103)-(104), is a

converge. Thus we have that /

— 00

dr < oo, and that confirms (27), the third

Schwartz wavelet as desired. In order to show that y(¢) has all moments vanishing notice
that from (5), (10) with (18), (17) one sees analogous to (137)-(138) and (139)-(140)

that a (2k)™ anti-derivative of y(t) is given by

y (1)
(_1)qu(k+1) o . A2n 1 - 7kq2nat_|_ﬁ
o 2k+1 (=1) aznqwmq?qs n\q gt (239)
n=0
-1 k—l—lA k2 ©© A2n 1 2n+1 t
()T’zq (=" —n (nt1) qCOS( _k%) (240)
o — a?ng?kn gnin qr
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and a (2k + 1)*" anti-derivative of y(t) is given by

y(—[2k+1])(t)
—1)* (k+1)2 A2n 1 2n ¢
o 2k+2 a2nq2kn qn(n+1) q qn+1
n=0
(_1)I<:+1Aqk(k+1) > . A2n 1 . 1 q2”ozt + 6
+ o 2k+3 Z(_1> a2ngkn gn(n+2) oSin { q gt (242)

n=0

Now from (239)-(240) and (241)-(242) we see, via an argument entirely analogous to
that given in Proposition 6, that each of the anti-derivatives y(—™ (t) is Schwartz. Thus

for y(t) our solution to y'(t) — Ay(qt) = ,Cos(at + ), we have for each m € NU {0}

/ Tyt

—0o0

= xmy(l)(t)‘ —/ ma™ 1y D () dt

= 0 —mam 1y (t)‘ — / m(m — 1)z™ 2y "D (t)dt

—00

= (=Dfm(m—1)...(m — [k —1]) /_00 ™Ry R () dt
= (—=1)™m! /00 y ™) (t)dt
= (=1)™m! y(_m_l)(t)‘oo =0

This is the definition of having all moments vanishing and therefore completes the proof
that y(t), (103)-(104) is a Schwartz wavelet with all moments vanishing. A similar
argument showing the solution y(t), (105)-(106), is a Schwartz wavelet with all moments

vanishing holds. O
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Now we provide some pictures of our solution in the case of y/(t) — Ay(qt) =
Sin(at + f), where A = 2, a = 1, f = 0, and ¢ takes on several values that get
closer to 1.

In Figure 1 - Figure 4 below the red curve is the forcing f(t) = ,Sin(t) with ¢ taking
on the value given in the figure’s caption.

The green curve is a normal sin(t).

The light blue curve is the classical solution to the non-advanced differential equation,
Y1) — 2y(t) = sint).

The dark blue curve is our y(¢) solution to the MADE, /() — 2y(qt) = ,Sin(t), with ¢
taking on the value given in the figure’s caption.

As seen in Figure 1 - Figure 4 below, as ¢ — 1 it appears that our solution is confluencing
towards the classical, non-advanced solution to the differential equation y/(t) — Ay(t) =

sin(at + ) for A=2, a=1,and g =0.

0.5

Figure 1: ,Sin forcing solution with q = 1.5
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0.5

—05{
) . : , : : .
-6 -4 -2 {3 2 4 6

Figure 2: ,Sin forcing solution with q = 1.4

-

0.5—3

~057
) . : , : : .
-6 -4 -2 0 2 4 6

Figure 4: ,Sin forcing solution with q = 1.2
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4 Applying our results to Wavelet frames to get a
solution for a general forcing term in L’

Now we apply the above results to wavelets expansions so that we may solve (53) for a
larger class of functions f(¢). We will do this by expressing our forcing term, f(t), with
frames. We rely on two frames, one using ,Cos(t) and the other using ,Sin(t) as the

mother wavelets. Specifically our two choices of frames @y 5, are:

N
2

{@MM =q2 ,Cos(¢"t — Mb) ‘ N,M e Z} (243)

or {@NM =q2 ,Sin(q"t — Mb) ‘ N,M € Z} : (244)

Now from [PRS3] we have that for any function f(¢) € L*(R), we may write f(t) as:

ft) = Z Z en, P (245)

Then from (53), our MADE becomes

y(t) = Ay(qt) = [f(t) (246)
= ZZCN’MCI)N’M' (247)

Now using the (243) expansion of ®y 5, (246)-(247) gives that:

y(t) — Ay(qt) = [f(t) (248)

= Z Z chMq% ,Cos(q™t — Mb). (249)
N M



Now integrating (248)-(249) from —oo to ¢ and relying on the same K operator as defined
n (58) and assuming the exchange of the integral in K with Z Z yields:

y(t) — Klyl(t) = i

R
- Y ety asin (T, (250)

CN.M / ,Cos(q™t — Mb)

q

where (18) was used to obtain (250).
Now applying (60) to (250) and assuming the exchange of ZK " with ZZ gives

n=0
that:

y(t) = ;%:CN,M% im {qsm <M)] (t)

7 T q
q% i on ] qVu — Mb
= ZZCN’M_N ZK gSin | —— | | () (251)
N M q n=0 q
T X - - (qNu— Mb
3 ey S R {qsm (q—)] (t). (252)
N M q n=0 q

Now using Proposition 3, and applying (79) to (251) and (80) to (252) we get a formal
solution to (248)-(249) of the form:

y(®)

- q> AN 1 gVt — Mb
= env— (—=1)" | = — | ¢Sin (—) 253
g%% N’MQN( ) (qN) (q”2>q g+ (253)

0 L 2n+1 N1

q> w1 A 1 ¢ gt — Mb
+ZZZ CNqu_N(_l) ' (q_N) <qn(n+1))q008( gt (254)
N M n=0
Next we choose (244) as our frame. Then (246)-(247) becomes:
y'(t) — Ay(qt) = [f(t) (255)
= Z Z cN,Mq% qSin(th — Mb). (256)
N M
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Now integrating (255)-(256) from —oc to t and relying on the same K operator as

defined in (58) and assuming the exchange of the integral in K with Z Z yields:

cNMq2 / 51 ( ¢t — Mb)

y(t) = K[lt) =

K
2 S

CNM

M
Z [—,Cos(¢"t — Mb)] (257)
M

where (17) was used to obtain (257).

Now using (60) and assuming the exchange of Z K" with Z Z we have that:
n=0

w(t) = 3D enuty 3K [~ Cosla™u— M) (1)
= 2N ey 3R [ Cosla™u — Mb)] (1) (258)
DD e, % > K [, Cos(¢Nu— Mb)] (259)

Now using Proposition 2, specifically applying (65) to (258) and (66) to (259) we get
that a formal solution to (255)-(256) is of the form:

y(t)
00 N 2n 2n N
_ q> n+1(A> ( 1 ) (q q t—Mb)
= env—(—1 — — | Cos | ———— 260
S et () (e ) oo (L)
00 N 2n+1 N+1
ZZZ q2 n A 1 (g g Tt — Mb
+ CN’Mq_N(_1> +1(q—N> (q(nT)g>qu( q"+1 (261)
N M n=0

We will now check that our solution y(t), in (260)-(261), does formally solve (53) by
differentiating y(t). Specifically we will check that y'(t) = Ay(qt) + f(t). So we compute

y'(t) formally from (260)-(261) assuming that we may pass the derivatives through the
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infinite sums. We have:

y'(t)
[e'e) N 2n
qz " A 1
- XX im0 () () 2
N M n=0
2n Nt—M /
(P4
00 e A\ 2 1
n+1
EEE ()
N M n=
2N+l 0 f /
|,Sin (q a qnfl b)} (265)
[e'¢) N 2n
qz " A 1
- ET T w0 () (7o) =
M n=0
. 2n Nt—Mb
. {—qu (qqq—n) (q"qN)} (267)
o0 N 2n+1
q2 wir [ A 1
PSS s (5) ()
N M n=0
2n N+1t_ Mb
- [(q),Cos (q d m )(q"qN)}
= ZZCN,Mq%qu(th—Mb) (268)
N M
= q% n A o 1 N
+ZZZCN,MQ_N(_1) Py Pl (¢") (269)
N M n=1
ngNt — Mb
()
%) N 2n+1
q2 N A 1
EE St () ()

2 N+1p _ pfh
- 14Cos <q a )] .
qn
Here we have separated the sum over n in (266)-(267) into the n = 0 and n > 1 cases

in (268) and (269)-(270) respectively. Now note that (268) is exactly f(¢) and then in

(269)-(270) making a change of variables letting n = m + 1 gives:
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[e%) 2n+1
+ZZZcN,M‘;2 (q ) (o
N M

n=0
GVt
qCos (q b= )}
= f(t)
[e’e) N 2m—+1
qz mat [ A 1
Y Y S et (£) ()
N M m=0
2m  N—+1
g " (qt) — Mb
|:qSZ7”L( m+1
q
0o N 2n
q2 it [ A 1
1SS oo (5) ()
N M n=0

as desired.

Now to check that (253)-(254) is a formal solution to (53) we will again compute

y'(t) formally from (253)-(254). We will assume that we are allowed to exchange the

derivatives with the infinite sums in (253)-(254) while we compute y/(¢) formally from
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(253)-(254). We have:

y'(t)
00 N 2n
o () ()
- enar e (1) [ — 271
2n N /
. (q7"¢"t — Mb
' [qu ( gntl )} (272)
o) N 2n+1
q: n A 1
Y e (5) (o) e
N M n=0
2n N+1y _ r /
.Cos (q a qn}:l b)] (274)
> T (AN 1
- XY ewkier (5) (o) (275)
N M n=0 q q q
2n Nt— Mb B
: {%COS <qqq—n) (" 1qN)] (276)
00 N 2n+1
q> wir [ A 1
S et (5) T ()
N M n=0
N+1
. (q"g" Tt — Mb n
: —qu( 7 ) (q qN)}
= ZZcMMq%qus(th—Mb) (277)
N M

) (") (278)

(279)

2n  N+1
) gt — Mb
[

Here we have separated the sum over n in (275)-(276) into the n = 0 and n > 1 cases
n (277) and (278)-(279) respectively. Now note that (277) is exactly f(¢) and then in

(278)-(279) making a change of variables letting n = m + 1 gives:
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‘ |: Cos (qQ(m+1)th _ Mb):|
q qm+1

n=0
N — Mb
Sin e
= [(t)
[e’e) N 2m—+1
q> ma1 [ A 1
FA S S ey () ()
N M m=0
2m  N—+1
g (qt) — Mb
[qus( o
q
o) N 2n
q2 (A 1

[ (0001 =0
= f(t)+Ay(q[t) ( q )1

as desired.
This completes both of the checks that (260)-(261) and (253)-(254) are both formal

solutions to (53).
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Now we will introduce some restrictions on the coefficients of the cy ps to ensure that
all of our sums have absolute and uniform convergence, thus ensuring that the deriva-

tives can pass through the sums in (262)-(265) and (271)-(274).

Now to ensure that our solution y(t) absolutely and uniformly converges, we will
start to bound |y(t)|, via bounding the sum of the absolute values of the summands
in the formal solutions (253)-(254) and (260)-(261). This will imply both absolute and
uniform converge of both (253)-(254) and (260)-(261). First we look at the solution
(260)-(261) which is from the case where ¢y s = ¢"/? ,Sin(¢™t — Mb).

From (260)-(261) we can see that the absolute value of our solution is:

ly(2)]

»Q
2 Sl

AN 1 gVt — Mb
n+1 il - 4 4 7
(qN> <61”(”+”) 00 < q" ) (280)

é e A . ,Si ¢*"q" 1 — Mb
N qN q(n+1 L qn—i-l

Then applying the triangle inequality and the bounds (42) and (43) respectively to

n=

ZCN
N.M

(281)

(280)-(281) gives that,

\CN M|
2

IN

’A‘2n
2Nn q" n+1)
|A| AP 1 1/2
g2Nn g (¢ / ).
!CN,M! !A\Z”
qN/2 Z 2Nn+n W (282)

Al lev | = A" /1
LESY?) Z Z N2 Z 2Nn+2n n2 : (283)
N n= O

/\/\

Now we take each sum only over n in (282)-(283) and work to bound it using a completion
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of squares in (285)-(286) below. First the sum in (282):

v (77 (254
= ZOGXP {n -In ((]LTLI)} exp [—n . ln(q)]
= 3 exp | —In 7L2 — n -1n |A|2
- Yo |0 (o - e
_ - oxb | —In 2 ﬂ In (|A2g2N-1) 2
N nzzo Y tnla) In(q) ! [QQNH} * ( 21n(q) ) (285)
0 (1A12g-28-1)\ °
-exp |In(q) (1 ( 2|lrf](q) )> (286)
B [ In? (|A|2q_2N_1)- = [ In (| A[2g~2N-1) 2
B YT HZ:OeXp (o) [” T 2In(g) ]
_ [ ln(\A|2q—2N—1) 2
B n2 (|A|2q72N—1) 00 - (n — T@))
= exp _ 41n(q) | nzzoexp (ﬁ)
- : 1 In(|A]2q—2N 1) ?
~ n? (JAPg ) | & . T2 ("_ zln_<q>_>
P am) | HZ:O Xp ( : )z (287)
L \/21n(q)
12 (|A|2q72N71)- i 1
< exp _ 1in(q) | _1 +V2r (—_2 m(q))] (288)
_ n? (JAPPg2N1) ] T o
= exp _ 11n(q) | _1 + 1n(q)] . (289)

In(|APPq*V")
21n(q)

1
deviation ———=. Furthermore the bound in (288) follows from Proposition 1. Note

v2In(q)

that the mixed term ¢*™ in (284) has been handled via the completion of squares in

and standard

Note that the expression (287) is a Gaussian with mean

(285)-(286) and the resulting Gaussian bound in (288). Also notice that the dependence

on n is gone in (289).



Now we will do the same for the sum over n in (283), again using a completion of

squares in (291)-(292) below.

_ i exp |-t (55 )] exp [0 o)

- gexp [_ @ (nz - 111T(lq) o [QL?VEQD}

_ gexp —In(q) [ n* ~ IHT(Lq) ‘In LLATE] - <ln(|1;”1?(:;v_2)>2 (291)
cexp |In(g) <ln(’§|l?(;]v_2)>2 (292)

[N g ([t

[t L)

[In? (|APg22) | & -_% _%Y

= exp (g Zexp 5 (293)

< exp 1o” (TI‘:Z;N_Q)_ _1+\/ﬁ<m)] (204)

— exp -ln2 (Tli‘(];N_g)_ 14 ln?q) (205)

Again notice that the expression in (293) is a Gaussian with mean

standard deviation

1
V/21n(q)

In(|A]Pq~*""?)

2 n(g) and

. Then the bound in (294) follows from Proposition 1. Once

more the dependence on n is gone in (295) and the mixed term ¢ in (290) has been

absorbed by the Gaussian bound (294). Now that we have bounded these terms we can
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look back to (282)-(283) and say that:

ly(t)]
T exarl | (AP
: [H 111((1)] %:%: AR 41n(q) ] (2%6)
A T e In® (|A]?¢"?)
T {1 + m] %; #vre P 41n(q) ] ' (297)

Now we will apply the same completion of squares process on the summations over
the N’s in (296)-(297). This will allow us to obtain conditions on our ¢y /’'s that will
be sufficient for (296)-(297) to converge absolutely and uniformly.

Starting with the sums in (296) we have:

>3 e
N M
=3 fewa
N M

N [—2N In(q) + In(|A|? —1)]2
-5 1n(q)] exp [ q4 In(q) : ]

1112 (|A|2q—2N—1)
41In(q)

- exp {

=22 lew
N M

.eXp[4N2 In?(g) —4N In(|A]%g~") In(g) +1n2<|A|2q1>—2N1n2<q>]

41In(q)

=3 lewul (298)

NIn(|AP¢")In(g) | W*(JAPg™")  Nln(q)
i AmG } (299)

- exp [N? In(q) —

At this point we see that |cy, /| must decay in N faster than the exponential exp [N?In(q)]

to gain convergence. We will make the assumption that:

lev | < exp[—3(N — p)?] - g(M) ,where 6 > In(q) (300)
and > lg(M)| = B < . (301)
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Then continuing from (298)-(299) and utilizing our new conditions for |cx /| in (300) ,

we get that:
ZZ |CN7M| exp 1112 (|A|2q—2N—l)
2 (g
< Z lg(M)| Zexp [—ON? + 26N p — 6% (302)
M N

NIn(JA]P¢")In(g) | W*(JAP¢")  Nln(q)
In(q) 41n(q) 2

- exp {Nz In(q) — (303)

Now using the bound B from (301), and combining like powers of N in (302)-(303) gives:

>3 e

< BZexp [NQ[ln(q) B 5]—N( —45p ln(q)+21n(2|i](2;])_1) In(q) + an(q))] (304)

In®(|APPq™") — 4op° ln(q)}
41n(a)

o o ()

41n(q)

n’ <|A|2q2N1)]

exp [ (305)

In*(|A]2q™") — 464% In(q)

Where in (306) C = . Now to complete the square on N from

41n(q)
(306) gives:
|CNM| | In? (JAPPg—>N1)
ZZ N/2 i 41n(q)

< B- eC
—48;1n(q) + 21n(]A]2¢ ) In(q) + In%(q) \]°
'%exp[““@“” - 1in(q)[In(g) ] ) )] 307

e | [—48p1n(g) + 21n(|A]?q) In(g) + In*(q)]”
1612%(q)In(q) — 9

= B-e%e® (309)
e (2 )
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— [—45u In(q) + 2In(]A|?¢") In(q) + ln2(q)}2
16 In*(q)[In(q) — J]
(309)-(310) and denoting C3 = Cy + Cy we write that

where in (309) Cy =

. Then continuing from

>y e

In2 (|A|2q2N1)]

41n(q)

N[ =

[ N (—45M1H(Q)+2 In(|A[2q~1) In(q)+1n%(q) )] 2
2Tn(q)In(q) 0]

< B-e% Zexp 5 (311)
Cs - 1

< Be 1+\/2_< 25_21n(q))] (312)

—  BeC {1 + 5+n(q)} < 00 (313)

Now that we have bounded (296) by (313) which is finite, we will do the same for (297)
in order to completely bound |y(¢)| and show absolute and uniform convergence of all

the sums in y(¢) under the assumption of (300) and (301).

Recall the sums in (297) are of the form:

|CNM!
ZZ s ©
B 3N [—2N In(q) + In(|A[2¢2)]?
— XN:%: len | exp [—7 . ln(q)] exp [ 1n(g) ]
= DD levw]

4N?1n*(g) —4N In(|A]¢?) In(¢) +In(|A[>¢~*) 6N 1112(61)1
41n(q)

= D> lenul (314)

Nn(|A]Pq*)In(q)  In*(JAPP¢™*) 3Nln(q)
In(q) 41n(q) 2

41n(q)

n’ (|A|2q—2N—2)]

x|

-exp[J\ﬂ In(q) — ] (315)
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Again we see that |cy | must decay in N faster that an exponential with a leading
coefficient of N?1n(g) so we will make the same assumption on the cy s as in (300)-

(301), namely that:

lev | < exp[—d(N — p)?] - g(M) ,where 6 > In(q) (316)
and > lg(M)| = B < . (317)

Then continuing from (314)-(315) and utilizing our condition for |cy a/| in (316), we get:

|CNM’ n2 (|A|2q—2N—2)
ZZ 3N/2 41n(q) (318)
< Z (M) exp [—ON? + 26Ny — 6°] (319)
M N

Nn(|APq?)In(g)  W*(|APq™?)  3NIn(g)
In(q) 41n(q) 2

- exp {Ng In(q) — (320)

Now using the bound (317) and combining like powers of N in (319)-(320) gives:

>y e
< B exp {N2[ln(q) - 5]—N(

n’(JA]2q?) — 462 ln(q)}
41In(q)

B . 9 ~46p1n(q)+21n(|A]*¢~2) In(q) +3 In*(q)
= ¢ Y olnt v~ 2In(g)nfg) 9 Yo

41n(q)

’ (|A|2q—2N—2>]

—46p1n(q)+21In(|A]2¢2) In(q) +31n*(q)
21n(q) )] e

(322)

o |

In*(|A]q~?) — 40 In(g)
41n(q)

Where in (323) Cy = . Now to complete the square on N in
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(323) gives,

)3 st exp
<B- 604

—46p1n(q)+21n(|A]2¢?) In(q) +31n*(q) ?
-geXp [In(q) — 4] <{N _< 41n(q)[In(g) — 9] )1 >]

[ —46p1n(q) + 21In(|A|2¢g2) In(q) + 31n*(q) ?
EAREOR Tn{q)Ing) — 9] ) ]

— B -604605 (324)

—45uIn(q)+2n(|A)2¢ ) In(q)+3 % (¢)\]
.%:exp [In(q) — 5][]\7—( 1n(q)[In(q) — )} ] (325)

SR

41n(q)

— [~46p1n(q) + 2In(|A?¢?) In(q) + 31n2(q)}2
161n*(q)[In(q) — 9]
from (324) and denoting Cs = Cy + C5 we get that,

Where in (324) C5 =

. Then continuing

> ol exy

v’ (|A|2q2N2>]

4In(q)

[ N (—4@ In(q)+2In(|A|?q~2) In(q)+31n%(q) ﬂ 2

< B.¢Cs ZGXP 41n(q)[ln(q);5] (326)
N 1
<\/25—21n(q)>
1
< Be% |14+V2r | ———— (327)
26 — 21n(q)

- BeSo |14 T 2

e [ + 5—1n(q)] < 00 (328)

Where (327) was obtain by using Proposition 1 on the Gaussian in (326).

Now that we have bounded the sums in (297) by (328) we can look back to (296)
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and (297) and using the bounds (313) and (328) respectively we obtain the bound:

()]
[l S8 e [
A o] T o [

00 i) ()

e (i) (i) <= 50

Now that we have bounded y(¢) we need to bound the y/(t) expression in order to

use Theorem 1. Recall from (246)-(247) that,

y'(t) = Ay(qt) + f(t) (331)

y(qt) + Z Z cn PN v (332)

Clearly since we have already shown in (329)-(330) that |y(t)] < oo and converges
uniformly and absolutely, it follows that |Ay(qt)| < oo, with the series Ay(gt) converging
absolutely and uniformly as well. So we will focus on bounding the f(t) term in (331)-
(332), namely » > enu®u-

N M
Recall that for this version of y(¢) that (244) was our choice of ®y s and then using
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(316) for our condition on ¢y s we can rely on (43) to obtain:

(333)

E g CN,M(I)N,M
N M

SN exp [<0(N = p)?] - |g(M)lg® |,Sin(q"t — Mb)|

IN

IN

qz Z lg(M)| Z exp [—6N? + 20N p — 6p°] exp [g ln(q)}

< Bq% exp | —0 (N2 - N (%{;D@) +/L2>}

B e | s [(N_ Gt @) _ (1504 It ;;n<q>):uz”

_1<N_M>2

— Bq? % Z exp ’ L (334)

(335)

INA
Sy
-
o
Q
| — |
—_
+
5
=)
/‘\
S~
| S

Il
oy
9]

Q
—_

_I_
=
AN
3

(336)

46+ In(q)]?
164
to obtain (335). Thus we can now say from using (333)-(336) in (331)-(332) that

Here B is given in (317) and C7 = — 6u?, and Proposition 1 was used
|y/(t)| < oo. Specifically that, y/(t) converges absolutely and uniformly on the whole
real line. Thus we have shown that y(¢) also converges at each point on the real line.
Then by Theorem 1 we are allowed to pass the derivatives through the infinite sums
as we did in (262)-(265). This means that the solution for y(t), (260)-(261), converges
absolutely and uniformly on the entire real line as needed. This rigorously allows the

exchange of derivatives with infinite sums and allows us to conclude that our solution

(260)-(261) does indeed satisfy the MADE (53).
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The above solution (260)-(261), y(t), was for the case when (244) was chosen as the
frame. We will now show that the solution in (253)-(254), y(t), when the frame is

5 ,Cos(gNt — Mb), also converges absolutely and uniformly on the whole real

Py =4q
line. We will start this by bounding |y(t)|. From (253)-(254) we can see that the absolute

value of y(t) is

ly(2)]

X 2n 2n N

w0 () () (S )
= [T (&) (k) asin (T a7
N M n=0 o qN q q i

N 2n+1 N+1

q> = A 1 q"qg" Tt — Mb
PSS S () (e oo T
N M n=0

Then applying the triangle inequality and the bounds (43) and (42) respectively to
(337)-(338) gives that,

ly(2)]

s;;iwm@m@HW%
P e () () (7)

1/2 (9N M’ |A[*"
- @Yy S ( HQ) (39)
N M

n=0

cNM| |A|2”
- |A‘ZZ 3N/2 2Nn+n n2 ) (34())
N M

nO

Now we take each sum only over n in (339)-(340) and work to bound it using a completion
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of squares in (341)-(342) below. First the sum in (339):

> ()

[e.e] r A 2
= Zexp n-In (|qz_J|v>] exp [—n2 . ln(q)}
n=0 o
- n |A]”
= exp |—In(q (n2— -ln{ })}
200 |70 g g
i 2
S n AP In (]A%q~*")
= exp | —1In(q) | n® — -In [ } + 341
,;0 @) In(q) ¢*N 21n(q) (341)
2
In (|A|2q72N)
: 1 _— 42
exp |In(q) ( 2Tn(q) (342)
r 8 i 2
In® (|4 ) | & In (|A]?¢~Y)
p—y _1 —_——
exp Tin(g) HZ:O exp n(q) | |n 2n(g)
_ [ n ln(\A|2q_2N)
(AP | e
= exp exXp
I 41n(q) | HZ:O (m)
) i 1 1n<|A‘2q—2N) 2
n2 (|A|2q—2N) 00 2\ T T aonm 243
- eXp 41n(q) nzzoexp . 2 ( )
' i ( 21n(q>>
n? (|A|2q72N)_ i 1
< ex 1+V21 | —— 344
Pl || /21n(q) (344)
[In” (|42 2Y) | [ T
= exp 1+ } . 345
T | Y@ (319
. : - In(]A*q~>")
Note that the expression (343) is a Gaussian with mean 2in(g) and standard
1
deviation ———=. Furthermore the bound in (344) follows from Proposition 1. Note

v2In(q)

that the dependence on n is gone in (345).

Now we will do the same for the sum over n in (340), again using a completion of



squares in (346)-(347) below.

|A’2n
2Nn+n n2

_ iexp [n n ((]'AT')] exp [-n? - In(q)]

= C>_Oex —In n2—n-n AP
- Yo |0 (o - e
00 ) n A2 In |A|2 —2N-1 2
= nzzoexp —1In(q) [ n* — n(q) -In [%] + ( ( thq(q) )> (346)
. n2 (|A|2q72N71>
P 41n(q) ] (347)
B 12 (|A|2q72N71)_ oo [ In (|A|2q72N71) 2
= exp _ Tin(g) | nzzoexp —In(q) [n— () ]
) [ ln(\A|2q_2N_1) 2
B T o o)
N P I 41n(q) | nZ:o P (@)
] : . In(|APq-2N-1) 2
= exp g nZ:OeXp — (348)
(12 (|A|2q72N71) i 1
< eXp_ g | _1+\/_<¢17>] (349)
_lnz (|A|2q72N71)
(e

n(jAPg V)
21In(q)
1
standard deviation ————=. Then the bound in (349) follows from Proposition 1. Once

v2In(q)

more the dependence on n is gone in (350). Now that we have bounded these terms we

and

Again notice that the expression in (348) is a Gaussian with mean

76



can look back to (339)-(340) and say that,

|y (t)]
1/2 m CN.M In® (JAPq~*Y
< (q / ) {1 + m} — % | N/2| ¢ (4IH(Z) )] (351)
- N In? (| A2 2N
+ |A| [1 + m] ;; |q3N/2| exp <4ln(zq) )] (352)

Now we will apply the same completion of squares process on the summations over
the N’s in (351)-(352). This will allow us to obtain conditions on our ¢y a/'s that will
be sufficient for (351)-(352) to converge absolutely and uniformly.

Starting with the sums in (351) we have:

>3l e
N M
=33 lewa
N M

N [—2N In(g) + In(|A]))"
-5 1n(q)] exp [ 4q1n(q)

11’12 (\A|2q_2N)
41In(q)

- exp {

=22 lewa
N M

.eXpFN? In?(g) —4N In(|A]?) In(q) +1n2<|A|2>—2N1n2<q>}

41In(q)

= > lewul (353)

NIn(JA]*) In(g) | W*(JA]>) Nln(q)]
In(q) 41n(q) 2

- exp {N2 In(q) — (354)

At this point we see that |cy, /| must decay in N faster than the exponential exp [N?In(q)]

to gain convergence. We will make the assumption that:

lev | < exp[—3(N — p)?] - g(M) ,where 6 > In(q) (355)
and > lg(M)| = B < . (356)
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Then continuing from (353)-(354) and utilizing our new conditions for |cx | in (355) ,

we get that:

In® <|A12q—2N)]

41In(q)
< Z|g(M)|ZeXp [—ON? + 26N p — 6% (357)

B Nln(|A|2) In(q) ln2(|A|2) B Nln(q)
In(q) 41n(q) 2

(358)

Now using the bound B from (356), and combining like powers of N in (357)-(358) gives:

|CNM| n’ (’A|2q72N)
I
< BZeXp {Nz[ln(q) B 5]_N(—4§,u 1n(q)+21;1§r|:zlq|))ln(q) +1In (q))] (359)
(| AP) — 4642 n(q)
e [ )

_B -608¥exp[[ln(q) - 5](N2 —N<_45” Infg ;;; ? l)n[(”?'))_ é] Hlnz(Q)»} (361)

2 2y 9
Where in (361) Cp = AP = 4017 In(g)

. Now to complete the square on N from (361)
41In(q)

gives,

ZZ len | ox [ In? (‘A’QQ—ZN)
g2 PP T ()

—45p1n(q) + 2In(|A[2) In(g) + n%(g) \]”
'Zexp[[ln(Q)—5] [ —( 41n(q)[In(q) — 4] )} )] (862)

IA

o

o
&

48 In(g) + 2In(|AP?) In(g) + In*(q)]’
P [‘ 16 1n%(g)[In(q) — ] ] -
— B.¢Cs0o (364)
—48uIn(q)+21In(|A n?(g)\]*
-%:exp[[ln(Q)—(ﬂ({ —( e )[('(’))_ é]” @)] )] (365)
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— [~46p1n(q) + 2In(|A]2) In(g) + In*(g)]?

16 1n*(g)[In(q) — J]
(364)-(365) and denoting C1y = Cs + Cy we write that

an <|A|2q72N)
)

41n(q

. Then continuing from

Where in (364) Cy =

>y e

[ — (st g st ) 2

N |—=

< B- 6C’10 Zexp 4111(‘1)[111(Q)2—5] (366)
N 1
26—21n(q)
1
< B 14 vor | ——0—o (367)
25 — 21In(q)
— Befw |14 |—T . 368
‘ [+ 5—ln(q)]<oo (368)

Now that we have bounded (351) by (368) which is finite. We will do the same for (352)
in order to completely bound |y(¢)| and show absolute and uniform convergence of all

the sums in y(¢) under the assumption of (355) and (356).

Recall the sums in (352) are of the form:

|CNM!
ZZ s ©
B 3N [—2N In(q) + In(|A[2¢)]?
— XN:%: len | exp [—7 . ln(q)] exp [ 1n(g) ]
= DD levw]

AN?1n*(g) 4N In(|A]’g™") In(g) +In*(JA[>¢~") —6N 1112(61)1
41n(q)

= > lenl (369)

Nn(|A]P¢")In(g)  In*(JAPP¢™") 3Nln(q)
In(q) 41n(q) 2

41n(q)

n’ (|A|2q—2N—1)]

x|

-exp[J\ﬂ In(q) — ] (370)
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Again to gain convergence we see that |cy ps| must decay in N faster than an exponential
with a leading coefficient of N?1In(q) so we will make the same assumption on the cy s

as in (355)-(356), namely that:

lev | < exp[—d(N — p)?] - g(M) ,where 6 > In(q) (371)
and > lg(M)| = B < . (372)

Then continuing from (369)-(370) and utilizing our condition for |cy as| in (371), we get:

ZZ |CNM’ n2 (|A|2q—2N—1) (373)
3N/2 41n(q)
< Z lg(M)] Z exp [—ON? + 20N p — 647 (374)
M N
Nn(|APq ") In(g)  W*(|APq”") ~ 3NIn(g)
. 2 —_— p—
exp {N In(q) n(q) 1n(g) 5 (375)
Now using the bound (372) and combining like powers of N in (374)-(375) gives:
ZZ ‘CNM| n2 (’A|2q—2N—1) (376)
a7 © 1in(g)
_ 2, —1 1 2
= 2In(q)
In®(JAPPq~") — 46 In(q)

2 —46pIn(q)+21In(|AP¢ ) In 31n"
- B .ecllgv:exp[[ln(Q)—(s](N _N( L 21n(c(]‘)[lr’1(qq))—5](q)+ (q)>)}(379)

n*(|Al2q™") — 464 In(q)
41In(q)

1
where in (379) Cy; = . Now completing the square on N in (379)
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gives:

= (|A|2q2N1>]

41In(q)

46 In(q)+21n(| A2~ In(q) +31n%(q) \ T2
- exp|[In(q) — 4] QN—( 41n(q)[In(q) — 4] )} )]

—46p1n(q) + 21n(|A|2¢~ ") In(q) + 31n*(q) 2
~lin(@) — ( Au(g)n(g) — ) ]

— B .eC11012 (380)
- exp| [In(q) — 4] {N—<_45” In(g)+21In(]A]*¢™") ln(q>+3ln2<q>)] 2] (381)

41n(g)[In(q) — 0]

— [—45u In(q) + 2In(]A)*¢ 1) In(q) + 31n2(q)}2
161%(q)n(g) — 0]
from (380) and denoting C13 = C; + C12 we get that

where in (380) Ciy =

. Then continuing

)Y oxtl ey

S (|A|2q-2N—1>]

41In(q)

1 [N— (745;1 ln(q)+21n(|A|2q_1)ln(q)+31n2(q))i| 2
C 2
< B-e¥ E exp

41n(q)[In(g)—0]

_ (382)

C13 T 1
< Be 1+\/2_< 25_21n(q)>] (383)
— Beln {1+ ﬁn(q)} < o0, (384)

where (383) was obtain by using Proposition 1 on the Gaussian in (382).

Now that we have bounded the sums in (352) by (384) we can look back to (351)
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and (352) and using the bounds (368) and (384) respectively we obtain the bound:

41n(q)

In2 (’A‘2q—2N—1)]

[ g | S8 e [
< BeCu(gh?) (1 + ﬁn(q)) (1 + ﬁ) (385)
+|A|BeCrs (1 + 5+n(q)) (1 + @) < o0 (386)

Now that we have bounded y(t) we need to bound the expression for 3/(¢) in order

to use Theorem 1. Recall from (246)-(247) that,

y'(t) = Ay(qt) + f (1) (387)

= A’y(qt) + Z Z CN,M(I)N,M (388)
N M

Clearly since we have already shown in (329)-(330) that |y(t)| < oo with y(t) converging
uniformly and absolutely on all of R, it follows that |Ay(qt)| < oo, with the series Ay(qt)

converging absolutely and uniformly as well. So we will focus on bounding the f(t) term

in (387), namely Z Z N PN
N M

Recall in this case (243) is our choice of ®x s and then using (371) for our condition on
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cn,m we can rely on (42) to obtain:

S enu®yum (389)
< %]Eé:leXp [—6(N — )] - |g(M)|q® |,Cos(q"t — Mb)| (390)
< %: lg(M)| %: exp [—0N? + 26Ny — 6] exp g ln(q)] (391)
= B exp :—5 (N2 - N (W) + /f)} (392)

= B exp :—5[<N—W>2—(w>2+u2” (393)

_1 (N— M)Q

2 %
= B-e“") ex 394
2_ex ) (304)
V26
1
< B {1 +V2m <—)} 395
753 (395)
= B.e¢%m {H ﬂ < o0, (396)
461+ In(q))?
where C14 = Hop+In(g)]” §u% and Proposition 1 was used to obtain (395). Thus

169
we can now say from using (389)-(396) in (387)-(388) that |y/(t)] < oco. Specifically

that, since y/(t) converges absolutely and uniformly on the whole real line, and we have
shown that y(t) also converges at each point on the real line. Then by Theorem 1 we
are allowed to pass the derivatives through the infinite sums as we did in (271)-(274).
This means that our solution y(t), (253)-(254), converges absolutely and uniformly on
the entire real line as needed. This rigorously allows the exchange of derivatives with
infinite sums in (271)-(274) and allows us to conclude that our solution (253)-(254) does

satisfy the MADE (53).



We have reached the main Theorem of this thesis.

Theorem 5. Let f(t) € L*(R) , with

f(t) = Z Z en PN
N M

where for NM € Z

Oy = ¢? ,Cos(gNt — Mb) (397)

or Oy ar = ¢V? ,Sin(gNt — MD). (398)

Let ey | < exp [=6(N — p)?] - g(M) , with 6 > In(q) and Z lg(M)| = B < 0.
M

A solution of

y'(t) — Ay(qt) = (1)

when f(t) is expanded in the (397) expansion is given by:

> N 2n 2n N
q2 n A 1 . (q"qg 't — Mb
W0 =SS o1 () (7) osin (S ) 60)
N M n=0
o) N 2n+41 2n  N-+1
q2 N A 1 g gVt — Mb
P XSS el () (o ) H )
N M

and a solution of

y'(t) — Ay(qt) = f(1)

when f(t) is expanded with the (398) expansion is given by:
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DY e

N M n=0

AN 1 gVt — Mb
n—l—l il - 4 4 ¥
<qN) (qn(”“)) qCOS( q ) (401
A\ 1 gVt — Mb
n 1
+ZZZCNM +(q_N> (W>q52n( prve > (402)
N M n=0

Proof. We have shown that (399)-(400) converge absolutely and uniformly on R via the

)Q»QhQ
ZM\Z ZM\Z

work (337)-(338) up through (385)-(386). Then we showed that y/(¢) also converges
uniformly and absolutely on R via (389)-(396). We have shown (401)-(402) to converge
absolutely and uniformly via the work (280)-(281) up through (329)-(330). Then we
showed that y/(t) also converges uniformly and absolutely via (333)-(336). After apply-
ing Theorem 1 in both cases we got that under the decay conditions for |cy a|, given
n (371)-(372), one can pass the derivatives through the infinite sums in both (262)-

(265) and (271)-(274). This provides a rigorous proof that y(¢) is a valid solution to
y'(t) = Ay(qt) = f(1). =
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Now we provide, pictures for a a picture of the main MADE, (53), using the frame

expansion (397), with b = 1, and the condition on the cy y’s from (371)-(372), letting

1
d=—,pn=0,and G(M) = .

since 0 = .5 the condition of 0 > In(g) holds for the three figures below, since

1 1
So |enm| < exp [——NZ} and note that

1
5> In(1.3) > In(1.2) > In(1.15). Also note that

;g(w:;]M;H]m

so (372) holds.

In Figure 5 - Figure 7 below the dashed line is the forcing term

f(t)= ZZCNMQN/z ,Cos(¢"t — M),
N M

1
M6+ 1

1
where q’s value is given in the figure’s caption and cy yr = exp [—5]\7 2]

The solid line is the solution (399)-(400) of the MADE

y'(t) — 2y(qt) = f(t),

for the f(t) given above and q’s value given in the figure’s caption.
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Figure 7: A general forcing solution with q = 1.15
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