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CHAPTER 1: Introduction to Matrix Groups

1.1 Matrix Groups

Let M(n,K) be the set of n x n matrices with entries in K = R or K = C. Note
that M (n,K) is a vector space over K in the usual way, isomorphic to K"*. We equip
M (n,K) with its usual vector topology. The subset of invertible matrices in M (n, K)
forms a group under matrix multiplication, known as the general linear group, denoted

GL(n,K). Another way to define the general linear group is

GL(n,K) = {X € M(n,K) : det(X) #0}.

As GL(n,K) = det (K — {0}) and det : M (n,K) — K is continuous, G L(n, K) is an

open subset of M (n,K).
Definition 1.1. A closed subgroup of GL(n,K) is called a linear Lie group.

There are a number of classic examples.

e SL(n,K) = {g € GL(n,K) : det(g) = 1} = Ker(det : GL(n,K) — K) is
called the special linear group.

e O(n) = {g € GL(n,R) : |gz| = [z[, forall z € R"} is the orthogonal
group and SO(n) = {g € O(n) : det(g) = 1} = O(n) N SL(n,R) the special
orthogonal group. As is well known g € O(n) if and only if gTg = I.

e Un) = {9 € GL(n,C) : g¢g*¢q = 1} is the wunitary group and
SU(n)={ge€ U(n) : det(g) = 1} the special unitary group.

An important fact about linear Lie groups is that each such group G C GL(n,K)
is a smooth sub-manifold of M (n,K) [2, Corollary 3.3.5]. This will allow us to apply
calculus on manifolds to linear Lie groups.

We can extend the usual exponential map to a matrix valued function of a matrix

variable.



Definition 1.2. The exponential of a matrix X € M (n,K) is the sum of the series

eXp(X) = ﬁ
k=0

Here we have that X% is simply X matrix multiplied by itself k¥ times with the
usual convention that X° = I. Since matrices do not usually commute, we do not

have, in general, that exp(X + YY) = exp(X)exp(Y). However
exp(X)exp(Y) =exp(X +Y) provided XY =YX; (1.1)
see [2, Proposition 2.2.3]. Indeed, if X,Y commute we can write

oo [e.e] 1
exp(X)exp(Y) = Z Z ‘—K‘XkYﬁ
= !

We will also need the following important relation later.

Lemma 1.3. For X € M(n,K) we have

det(exp(X)) = e,



dy
Proof. First observe that for a diagonal matrix D = one has
dy,

di

det(exp(D)) = det = edl... gl = ghittdn — tr(D)

as claimed. Moreover if X is a diagonalizable matrix then X = gDg~! for some
diagonal D and invertible matrix ¢ € GL(n,K). As X* = gD*¥g~! we see that also

exp(X) = g exp(D)g~! and now
det(exp(X)) = det(g exp(D) g~") = det(exp(D)) = e!"P) = (97" X9) — tr(X)

The result in general now follows from the fact that {X € M(n,K) : X is diagonalizable}
is dense in M (n, K) together with the continuity of the functions f(X) = det(exp(X))
and g(X) = e, Indeed given any X € M (n,K) we can find a sequence {X,,} of di-

agonalizable matrices converging to X. Therefore f(X) = lim f(X,,) = lim ¢(X,,) =

m—0o0 m—o0

g(X) by continuity. ]

1.2 Lie Algebras

Using the afore mentioned exponential function we can now define the Lie algebra of

a linear Lie group.

Definition 1.4. The associated Lie algebra for a linear Lie group G is
g = Lie(G) ={X € M(n,K) : forallteK, exp(tX)e G}

It is a non-trivial fact that g is a vector subspace of M (n,K) and that g is closed



under the commutator bracket, namely
(X, Y]=XY -YX.

That is, [X,Y] € g whenever XY € g, [2, Theorem 3.2.1].
We can now apply this definition to the classical examples of linear Lie groups

mentioned before.

e The Lie algebra of GL(n,K) is
gl(n,K) = M(n,K).
Indeed, by Lemma 1.3 we have that for any X € M(n,K)

det(exp(tX)) = "X £ 0.

e The Lie algebra for SL(n,K) is
sl(n,K) = {X € M(n,K) : tr(X)=0}.

Indeed X € M (n,K) belongs to Lie(SL(n,K)) if and only if det(exp(tX)) =1
for each t. But Lemma 1.3 shows

det(exp(tX)) = e!"X) = (ttr(X),
Thus X € Lie(SL(n,K)) if and only if tr(X) = 0.
e The Lie algebra of both O(n) and SO(n) is
so(n)={X € M(n,R) : XT=—-X},

the skew symmetric matrices. First note that X € M (n,R) belongs to Lie(O(n))
if and only if exp(sX)Texp(sX) = I for every s € R. Thus if X € Lie(O(n))
we must have

d
0= I (exp(sX)Texp(sX)) = XTI+ IX
5=0

and so XT = —X. Thus Lie(O(n)) C {X € M(n,R) : XT = —X}. On the
other hand if XT = —X then X commutes with XT and we can apply Equation



1.1 to obtain
exp(sX)Texp(sX) = exp(s(XT+ X)) = exp(0) = 1.
Hence Lie(O(n)) ={X € M(n,R) : XT = —X} as claimed.
e The Lie algebra of U(n) is
u(n) ={X: X*=-X},

the skew-Hermitian matrices. This can be shown just as for the Lie algebra of
SO(n), replacing XT by X*.

e The Lie algebra of SU(n) is
su(n) ={X € u(n) : tr(X)=0}.
Indeed X € M (n,C) belongs to Lie(SU(n)) if and only if exp(tX) € U(n) N

SL(n,C) for each t. From above this is equivalent to X € u(n) (i.e. X* = —X)
and tr(X) = 0.

1.3 Representations

A topological group is a group G together with a topology for which the maps

GxG—G (z,y) — zy, G—G z—a!
are continuous. Note that, in particular, every linear Lie group is a topological group.

Let G be a topological group and V' a complex vector space.

Definition 1.5. A representation of G on a finite dimensional complex vector space
V' is a group homomorphism 7 : G — GL(V) for which g — m(g)v is continuous for

each v € V. (GL(V) is the group of invertible linear operators on V.)

Suppose (71, V') and (7, W) are two representations of G in vector spaces V' and

W. Then we say that m; and my are equivalent, and write m; ~ w9, if there exists a



continuous isomorphism A : V' — W where
Ami(g) = ma(g)A.

In this case we call A : V — W an intertwining operator and say that A intertwines
1 and .

Suppose (7, V) is a representation of G and W C V' a subspace of V. We say that
W is invariant if for every g € G and w € W, we have m(g)w € W. The restriction

7(g)|w is now a representation of G on W.

Definition 1.6. A representation is said to be urreducible if there are no closed

invariant subspaces except {0} and the whole space.

Let (7, V') be a representation of a linear Lie group G in a finite-dimensional vector

space V. The derived representation of the Lie algebra g for GG is defined as
d
dm(X) = %W(eXp(tth:o

for X € g. It is a non-trivial fact that dn(X) : V' — V is a well-defined linear operator
on V and that the resulting map dr : g — ¢l(V) is a Lie algebra representation of g.

That is, dr is a linear mapping and
drn([X,Y]) = dn(X)dn(Y) — dn(Y)dr(X).

(See [2, Page 53].)
Next we will see the relationship between equivalent representations of a linear

Lie group and its Lie algebra.



Lemma 1.7. If my ~ 7 then dmy ~ dmy. Conversely if dmy ~ dmy then m

Go 27T2|Go

where G, denotes the connected component of the identity element in G.

Proof. Let m : G — GL(V}) and my : G — GL(V,) and suppose m; =~ my. Let

T : Vi3 — V5 be an intertwining operator. Then for X € g we have

d d
dmay(X) = g7 ma(exp(tX)) = pr Tm(exp(tX)T ' =T pr w1 (exp(tX))T
0 0 0
= Td7T1 (X)T_l

Thus d’/Tl ~ d’/TQ.
Conversely suppose dm; ~ dmy and T : Vi — V5 is an intertwining operator. X € g

then

mo(exp(X)) = Exp(dna(X)) = Exp(Tdr (X)T ™)
= TExp(dr (X))T™*

= Ty (exp(X))T*

As exp(g) generates G, (see [2, Page 43]) we see that m(g) = Tmi(g)T ! for all
g € G,. O

Notice that if G is connected then we get that m ~ 7, if and only if dmy ~ dm,.
There is also a relationship between irreducibility of a representation and its derived

representation.

Lemma 1.8. Ifdr: g — gl(V) is irreducible then so is m: G — GL(V). Conversely

if m|g, is irreducible then so is dm.

Proof. Let dm : g — gl(V) be irreducible and W C V be some 7(G)-invariant closed



subspace. Then for X € g and w € W we have

ar(X)(w) = & rlexp(tX)(w)

also belongs to W. So W is dr(g)-invariant. Hence W =V or W = {0}, as dr is
irreducible.
Conversely, let m|g, be irreducible and let W C V be a closed dm(g)-invariant

subspace. Let X € g and w € W then
m(exp(X))(w) = Exp(dr(X))(w)

which is in W. As exp(g) generates G,, W is a m(G,)-invariant subspace. Thus
W =V or W = {0}. Hence dr is irreducible. O

Again we get that if G is connected then the previous lemma shows 7 is irreducible
if and only if dr is irreducible.
Next suppose that V' is a hermitian vector space. That is a complex vector space

equipped with a hermitian inner product (-,-). An operator A on V is unitary if
(Av, Aw) = (v,w) for all v,w € V.
Definition 1.9. A representation 7 of G on V is said to be unitary if for every g € G

we have that 7(g) is a unitary operator.

Lemma 1.10. Suppose that 7 is a representation of a compact linear Lie group G
on a finite dimensional vector space V.. Then V admits a w(G)-invariant hermitian

inner product. Thus we may always suppose that m is unitary.



A proof will be given below at the end of Section 1.5. An important fact is
that every irreducible representation of a compact Lie group is finite dimensional [2,

Theorem 6.3.2].

1.4 Adjoint Representation

Let G be a linear Lie group with Lie algebra g. For X € g and g € G we define
Ady(X) via
Ady(X) =gXg .

As (gX g 1)F = gXF*g~! for each k = 0,1,2,... it follows that for each t € R

exp(tAdy (X)) = exp(Ad,(tX)) = gexp(tX)g™

by definition of the exponential map. Now as exp(tX) € G we see that Ady(X) € g
by definition of the Lie algebra. It is clear that Ad, : g — g is linear and invertible

with (Ad,)~" = Ad,-1. Moreover we see

Ady(X) = (gh) X (gh)™" = ghXh~g™" = Ad,(Ady(X)).

So
Ad: G — GL(g), Ad(g) = Ad,

is a representation of G in g. This is the adjoint representation for the linear Lie

group G. From above we see that this representation carries the important property

exp(Ady(X)) = gexp(X)g .
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Proposition 1.11. The derived representation for Ad : G — GL(g) is given by
dAd(X)(Y) =[X,Y].
Proof. Indeed for XY € g we compute

dAAX)(Y) = — OAd(eXp(tX )(Y)

= Gl (exp(tX)Y exp(tX)™")

=l (exp(tX)Y exp(—tX))

== O (I +tX+0())Y(I —tX +0(t?))
d

= Il (Y + (XY —YX) +O(t?))

=XY -YX
=[X,Y]. ]
1.5 Haar Measure

It is well documented that there exists on any linear Lie group G a measure p which

is left invariant, that is which satisfies
[ #)dnte) = [ 1) duto)
G G

for each k € G and measurable function f : G — C. Such a Haar measure is unique

up to a scalar multiple. If G is compact, then we can normalize so that

/ du(z) = 1.

G
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Moreover, for G compact, it is known that p is also right-invariant, that is [2, Propo-

/ka’du /f ) dpu(a

Later we will see this explicitly for the Haar measure of SU(2).

sition 5.1.3]

Proof of Lemma 1.10. Let m be a representation of a compact Lie group G on a finite

dimensional complex vector space V and let (-,-) be any hermitian inner product on

/ v) du(g)

is a new inner product for which 7 is unitary. Indeed, for any fixed g, € G we have

V. Then

(rlgoJu.m(g.)0) = [ (rlg)m(go)u w(a)r(g.)e) dus)
(m(990)u, m(ggo)v) diu(g)

(m(g)u, w(g)v) dp(g) = (u,v)’

QLQ\Q

by right-invariance of the Haar measure on G. ]



CHAPTER 2: Compact Lie Groups

Let G be a compact linear Lie group and (7, V;) be an irreducible, unitary represen-
tation in a finite dimensional complex vector space. Now let (-|-) be a 7(G)-invariant

hermitian inner product on V. Also, let ;1 be the normalized Haar measure on G.

2.1 Schur Orthogonality

Lemma 2.1 (Schur’s Lemma). If an operator T : V, — V. commutes with m then T

1S a scalar operator.

Proof. As V =V, is complex then T must have at least one eigenvalue, say A\. Now
let V), be the eigenspace V\, = {v € V : T, = Av}. Since V) is an eigenspace then

Vi # 0. We will show that V) is 7(G)-invariant. Indeed for v € V) we get

since T commutes with 7 and thus

m(9)T (v) = 7(g)Av = Am(g)v.
Now since 7 is irreducible then V), = V. Thus T\ = v, Vv € V. So we get that T is
a scalar operator. O

We will now define a special operator that commutes with the representation m

that will help us later. Let v € V, and define the operator K, : V; — V. by

Ko(w) = / (w, w(g)v)m(g)v du(g)

G
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So now if we look at the inner product (K,(w),w’) we see

Lemma 2.2. K, commutes with .

Proof. We have
Kor(ge)(w) = [ (r(g.)uw,wlg)o)n(a)o dulg)
G

and now since (:|-) is 7(G)-invariant we can apply 7(g;!) on both sides to write
Kor(ge)w) = [ (w,n(a: r()o)n(a)v dutg) = [ (w,n(az g)o)nl)odido).
G G
We can now apply change of variables and by taking ¢ — g.g we get
Ko7 (go)(w) = /(wm(g)vﬁr(gog)v dp(g) = /(wm(g)vﬁr(go)ﬂ(g)v dp(g)
G G

and so by taking the constant operator m(g,) out, we get that the integral is equal to

7(go) Ko (w). O

Thus by using lemma 2.1 we see that the operator K, must be a scalar operator,

say K, = A(v)I where A\(v) € C. Using this fact will help us show our next theorem.

Theorem 2.3 (Schur Orthogonality). Let m be an irreducible unitary C-linear rep-

resentation of G on a complex vector space V with dimension d,. Then for v,w € V

[ 1w, w)? dutg) = oIl

where (-|-) is the inner product in the space V.
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Proof. Let v,w € V. If v =0 or w = 0 then the proof is clear. Assume v, w # 0. We

know that K, = A\(v)I for some scalar A(v) € C and applying Equation 2.1

/ (g}, W) du(g) = / (n(g)v, w) r(g)or 0} diu(g) = / (w, 7(g)v) (n(g), w) dyu(g)
G G G

= A(v)[|wl. (2.2)

But we also have

[ i@yl dutg) = [ [tw.n(g ) duts)

G

and by replacing ¢ — ¢! and using the fact that y is right invariant as G is compact

[ 1w, w) duts) = [ 1r(gye, o) dutg) = Mw) ol

Now by equation 2.2 we have that A(w)|[v|*> = A(v)||w||?>. That is \(v) =

we get

I

independent of w # 0. This shows that A(v) = \.||v||? for some A, constant.
Now choose an orthonormal basis for V,, say {ey,...,eq }. Since 7 is unitary for

any g € G we have

I* =

lw(g)ol* = ZI g)vs ;)|

lv

and applying (2.2) we obtain

d7|- dﬂ'
loll* = Z/ [(m(g)v, )P dulg) = D AollolPllesl* = Y Aolloll® = Aodev]|.
j j=1 j=1
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This gives \, = i and A(v) = iHUHZ. Substituting A(v) into equation 2.2 yields
2 2,2 L 20101112
/I(W(g)v,wﬂ du(g) = AollvlIPJw]” = —llv[llwl”. T
G s
As explained in [2, page 105] Schur Orthogonality together with polarization yields

- 1 S
/(W(Q)UIUNW(Q)M’I”U’) du(g) = —{ulu')(v]v)
o ™
for u,v,u’,v" € V. Then for the chosen orthonormal basis in the preceding proof,
{e1,...,eaq, }, we consider the matriz coefficients m; ;(g) = (m(g)e;, e;) and look at the

inner product of two such matrix coefficients

<7Ti,j,7Tk,l> :/Wi,j<g)7rk,l(g) du(g)
(m(g)ej, ei)(m(g)er, ex) dp(g)

(ej, er){ei, ex)

>—~$|>—~Q\Q

= —biidi

where ¢ is the Kronecker delta.

Definition 2.4. We let M, denote the subspace of L*(G) spanned by the matrix

coeflicients {m; ; : 1 <1i,j <d.}.

It is not hard to see that M, does not depend on the choice of orthonormal basis
in V. We have shown that the 7; ;’s are pair-wise orthogonal functions in L?(G) with

|7 5112 = i. Hence {/d,m;j : 1 <i,j < d,} is an orthonormal basis for M.

Theorem 2.5. Suppose m % n' are inequivalent irreducible representations of G.
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Then M, L My in L*(Q), i.e.,

/ (m(g)u, v} (7' (g)u', ')y du(g) = 0

where (-|-), and (-|-)y» are the respective inner products for V. and V".

Proof. Let u,v € V and u/,v" € V' be fixed. Define the operator T : V' — V' via
T(z) = (x, o).

We can clearly see that T € £(V, V') and we will also define T : V — V' via

T= /W/(g‘l)Tﬂ(g) dyu(g)-

G

We show that T intertwines the representations 7w and 7’. Then by Schur’s Lemma

we have that T = 0 since we assumed 7 +# 7', Indeed, for g, € G we have

Tr(go) = / (g~ Tr(g)m(g.) dulg) = / (97T (gg.) dplg).

G G

Take g — ggo !, ie., g7 — gog~', to obtain

/ 7 (g~ T(gg0) du(g) = / 7 (gog™ V)T (g) du(g) = (o) / (g~ T(g) dyu(g)
G

G G

=7'(g)T.
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Therefore we have that T = 0 so

Flu) = / (g~ )T (g)(u) du(g)

G

— [ ®a ) rlg)u. e’ dutg) = [ (rlg)uvh (o™ dulg) =0

G

and hence also

(m(g)u, v)y (v, 7' (g)u' )y du(g)

[ @a)u.o) TG dulg)

G

/

B / (m(g)u, v}y (7' (g~ )0, 0 ) dpu(g)
G
(T

ORI

=0.

Here we have the £2 inner product of two matrix coefficients always being zero for

arbitrary u,v € V and u/,v" € V'. ]

2.2 The Peter-Weyl Theorem

Before we can understand the Peter-Weyl Theorem we will first need to understand

the right regular representation. For f € L?(G) and g € G define R(g)f € L*(G) via

(R(g)f)(z) = f(xg).
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Then we have R : G — U(L?*(G)) where U(L*(G)) is the group of unitary operators

on the space L*(G). Indeed,

IR(g) £ = / (R 2 du(x) = / \f(zg)? du(x).

G

Then by the right invariance of the Haar measure we get
/|f rg)|? du(a) /|f )2 duta) = 1717

Definition 2.6. G will denote the set of equivalence classes of irreducible unitary

representations of the compact group G.

This means that if 7; and 7y are two equivalent irreducible unitary representations

of G then they are considered in the same class in G.

Lemma 2.7. For 7 € G the subspace M, C L*(G) is R(G)-invariant.

Proof. Given u,v € V; we have the matrix coefficient
Pu(®) = (T(2)1, 0)7
as before. Then
(R(9)¢u0) () = bun(g) = (m(xg)u,v)7 = (m(2)7(9)t; V)7 = Dr(g)u.v(¥)

which is another matrix coefficient. As R is a linear operator the result follows. [

Let M =" _5 M., that is, the subspace of all functions f € L?*(G) that can be
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written as finite sums, i.e.

f:fm +f7r2+"'+f7rk7

where fr € My, and 7y,...,m € G. Note that since M, L M, for m % 7" we have

a direct sum
M - @weéMW'

We let M = ®weéM7~ the closure of M in L?(G). In view of Lemma 2.7 the

subspace M, and hence also, M is R(G)-invariant

Lemma 2.8. The orthogonal complement (M)* is R(G)-invariant.

Proof. Let ¢ € (M)*, ¢ € M and g € G. We have

(R(g)v, ¢)2 = (R(g™")R(9)¥, R(g™")¢)2 = (¥, R(g™")¢)2 =0

1

since R(g) preserves M. Thus R(g) preserves (M)* as claimed. O

We now have all the tools we need to prove the Peter-Weyl Theorem.

Theorem 2.9 (Peter-Weyl).

LG = M.

TeG

Proof. We must show that M = @__5 M, is dense in L*(G), i.e.,

TeG
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Indeed, suppose M # L*(G), then M # {0}. One can show [2, Theorem 6.3.2]
that M must contain a non-zero R(G)-irreducible subspace Y C M. Note that,

in particular, R|y belongs to one of the classes in é, i.e. R|ly ~ 7 for some 7 € G.

Now, let f € Y and f # 0. Also, let Ry = R|y and define F': G — C by
P(g) = (Rl9)f. f): = [ Fag) Tl dute)
G

Note that F € M, thus F € M, however, f € Y C M

Now for u,v € V, we have

(F, $u) Z/F(9)<W(9)u>v>ndu(9) =//f(xg)f(fﬂ)(W(g)%Wwdu(x) dyi(g)

G G G

By change of variables let ¢ — 27 !¢’ then

| [ tag @ m@ . d

fg V) dp(g') dp(x)

8

flg ,(2)0) 7 dp(g') dp().

= [T 10
[

And now we have that

[ 16T w7 dulg)) = (. Guston)s =0

since f € Y C M and Gur(z)o € M. Now we have that (F, Guw) = 0 for every
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Guy € M, and as F' € M, this gives F' = 0. In particular

F(B) = <R(€)f,f>2 = <f7f>2 =0
so f =0 € L*G) which is a contradiction. Thus M = L%(G). O

2.3 The Plancherel Theorem

For each 7 € G we let V. denote the representation space for 7 and d, = dim(V;). It

is known that each d; is finite [2, Theorem 6.3.2]. If f is an integrable function on G

~

then its Fourier coefficient f(r) is the operator acting on V, defined by
fr) = [ 1@rte ™) duto) (23)
a
For each 7 € G we choose an orthonormal basis say

Bﬂ- = {Bﬂ-,l, ...eﬂ-,dw}

for V. Now define ¢r;; = dre. .., Where dre .o (x) = (7(x)erj, €ri)x. Then by

Schur orthogonality and the Peter-Weyl theorem, we get that

B:{\/dwqéw,i,j:ﬂ'ea, lgl,jgdﬂ}

is a Hilbert basis for L?(G). By using this Hilbert basis for L?(G) we can produce
the Plancherel theorem, but first we need to see the relationship between the inner

products in L?(G) and V.

-~

Lemma 2.10. For u,v € V; and f € L*(G) we have that {f, ¢ruw) = (f(m)v, u)x



Proof. Indeed,

For A, B € L(V;) the Hilbert-Schmidt inner product is defined by
(A|B) = tr(AB")

and

1Al = (A]A4)"2

is the associated Hilbert-Schmidt norm.

Theorem 2.11 (Plancherel Theorem). Let f € L*(G).

~

1. f(g9) =X cadatr(f(m)m(g)) in the L* sense.

~

215 = 2ree delll F (@17
Proof. (1) Using the Hilbert basis B = {\/d ¢n;;: 7 € @, 1<i4,j <d.} we get
dr

flg) = Z dr Z (fs Onij)2mii(9)

reG  hi=l1

22
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(in the L%*-sense) and by using the previous lemma we get

Zd Z f ¢7r2] ¢7TZJ Zd Z e7r]767rz> < (g)em-,emj>7r.

el i,j=1 pate 3,j=1

We now consider f and 7(g) as matrices and see

S 4 S (Fmens, exibaln(@)enss enite = S0 deFm)s, [r(9)]s. )i
neG L=l re@ i=1
= Z dytr(f(m)m(g)) (2.4)

(2) Let B be the Hilbert basis for L?(G) as before. We have

dr dr
LA =0 1V debri)al? =D de Y (fs brii)l?

ﬂea 7/7.7:1 ﬂ'Eé 27‘7:1

Now look at

dr
Z | f ¢7rz] - Z<fv ¢7r,i,j>2<f> ¢7r,i,j>2

1,j=1 1,j=1
dr N __
= > (fmen eni)nlf(T)en, eni)n
i,j:l
= Z F(m)en s exidnlenis F(T)ers)n
i,7=1
dr N N
= Z< (7r>67r,j767r,i>7r< (ﬂ_)*eﬂ,iaeﬂ',j)ﬂ"
ij=1

)

Now considering f(7) and f(?‘f)* as matrices as before
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S (P enssenidnlFr) enssenste = S (F s )is (Fr) ].)s0

~

Thus [|f|* = 32 de[l[f(m)]|[*. O

TeG

2.4 Absolute and Uniform Convergence of Fourier Series

Let f be a continuous function on G. We have just seen that the Fourier series
converges to f in the L?>-norm. Below is given a sufficient condition for uniform
convergence of the Fourier series. But first we need the following relation. As above

7 € G acts on V. with dimension d.

Lemma 2.12. For each g € G one has |||7(9)||| = Vdx.

Proof. As m(g) is a unitary operator on V,, hence normal, the Spectral Theorem [5,
Theorem 6.25] ensures that there is an orthonormal basis for V., say B , depending

on g, for which [7(g)]s is a diagonal matrix,

dq

s

and finally [||7(g)|l| = V/dx. O
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Proposition 2.13. Let f be a continuous function on G such that

Y P < oo,

we@

Then the Fourier series

> datr(f(m)m(g))
converges absolutely and uniformly to f(g) on G.

Proof. Recall for A, B € L(V,) that (A|B) = tr(AB*). Now note

~ ~ ~

[t (f(m)mw(g)] = [(f(m)]m(g))] < ML e (g) "]

by the Cauchy-Schwartz inequality. As m(g) is unitary we have |||7(g)*[|| = |||=(¢™)||| =

v d, by the previous lemma and thus

[ detr(F(m)m(9))] < &[] F(m)]I-

As by hypothesis > d?r/ZH‘f(ﬂ')Hl < 00, the M-test implies that > d,rtr(f(ﬂ)ﬁ(g))
neé weé
converges uniformly and absolutely on G. It remains to show that

Let

We will show that h = f. Since the series converges uniformly and each term is

continuous, then h must be continuous. In particular we get that h € L(G) and will
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show that /f;(ﬂ) = f(?T) for each 7 € G.

Fix 7 € G and let B = {ey, ..., e4. } be an orthonormal basis for V. Then

(h(m)er, e)n = [ h(x)(m(z ™ ex, 1)x dps(x)

S durtr(F' ) () (m(a e, 1) ().

TE

N

Q)

Note that (m(z7')er, e1)r = (m(z)er, ex)n = Gpri(x) and that tr(f(w’)w’(x)) € M.
Indeed, let T'(z) = tr(f(x')x'(z)) and A = [f(7')]s and B(z) = [7'(z)]z. Then

dr

T(x) = tr(AB(z)) = Y a;;b;4()
ij=1
is a linear combination of matrix coefficients for 7’ and thus T'(z) € M.

Now, since ¢, ;1 € M, Schur orthogonality yields

mensee = [ 3 dutr (Fl)w (2o du(a) = [ dotr(Flrym(e)bmir ).

GWEG G

3>

~ dr

But we have shown that tr(f(m)n(z)) = > (f, drij)2Pri;(z) by Equation 2.4, so
ij=1

we get

dr
(};(W)ek’ €l>7r = d7r Z <f7 ¢7r,i,j>2<¢7r,i,ja ¢7r,l,k>2~

,j=1

By Theorem 2.3 we have (¢r;;, Orik)e = é5i715j7k S0,

dr
de Y (f. bmi)a{bnigs Sman)e = (s bmane)s = (F(T)er, €1)e.

1,j=1

~

Thus we have (h(m)ep, e} = (f(m)en, e)r for all @ € G so h = f. Finally,
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applying Theorem 2.11 part (2) to the norm of the difference between f and h, we

see,
If =Rl =" dalll f(m) = BIII” = 0,
e
Le. [|f(z) = h(z)]*du(x) = 0. Now as f and h are continuous then f = h. O
G

2.5 Fourier Series for Central Functions

Let G be a linear Lie group and 7 a representation of G.

Definition 2.14. A function f : G — C is central if and only if

flgzg™) = f(x), forall g,z €G.

We denote the space of integrable central functions as L'(G)4%.

Lemma 2.15. If f € L*(G)*? then for each irreducible unitary representation m € @,

~

f(m) is a scalar operator.

Proof. By Schur’s Lemma (2.1) we just need to show f(w) commutes with 7, i.e.

~

]/C\(W)ﬂ'(g) = 7(g)f(n) for all g € G. By definition we have

/f 7(g) dn(x).

If we now substitute © — grg~' then 27! — gz ~'g~! so the integral becomes

/fg:vg r(galg™? /f #(g2 g )(g) dyu(x)



as f is central. Also as 7 is a homomorphism

/ F(@)m(geg ) (g) du(z) = / F(@)(g)n(a (g™ )r(g) ds(z)

Definition 2.16. The character of 7 € G is Xx : G — C where

X () = tr(m(2)).

Lemma 2.17. x.(z) = x.(z71).

Proof. For x € G we calculate

Xr(7) = tr(m(2)) = tr((m(2)")7) = tr(r(2™)7) = tr(r(z7")) = xx(z7).

Theorem 2.18. For f € L*(G)A?,

F9) = (f:xx)xx(9)

weé

converges in the L?-sense. Moreover if f is continuous, central, and

Zdﬂ"<f7 X7r>2’ <00

WG@

then the series converges absolutely and uniformly to f on G.

28



29

Proof. Let f € L*(G)"?. We know the Fourier series

> detr(F()(s)

~

converges to f in the L?-sense. But since f is central the previous lemma shows f(m)

~

is a scalar operator, f(m) = C,(f)Iy, say. Thus

Y dtr(f(m)m(9) = D deCr( )tr(m(9)) = Y d=Crl(f)x(9).

el el el

We now calculate

(f xa)2 = / £(9)%n(9) dulg) = / F(9)xnlg™") dulg) = / F(@)tr(n(g™)) du(g)

G G “
— tr f(g)m(g™h) du(g))
/
= tr(f(m))
- dﬂ'CT((-f)

So Cr(f) = (f, Xx)2/dr and ZA(f, Xa)Xx(g) converges to f in L*(G) as stated.

TeG
Next assume that [ is a continuous central function satisfying

Z dﬂ"(f?Xﬂ>2‘ < 00. As

meq

7 5 <f7X7r> %|<f7X7r> | %‘<f7X7r> |
BTN = || L=t || - 21Xl g — o Xl
:d7r|<f7Xﬂ'>|a

3
we have that > d2|||f(7)||| < oco. Proposition 2.13 now ensures that the Fourier
weé
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series converges absolutely and uniformly to f on G. m

2.6 Laplace Operator

As before let G denote a compact linear Lie group. Let (-,-) be the Hilbert-Schimdt
inner product on g, that is (X,Y) = tr(XY™), and {X}, ..., X,,} an orthonormal basis
for (g, (-,-)). Define A : C*(G) — C*(G) via

where (p(X)f))(g9) = %‘Of(g exp(tX)) for f € C*(G) and g € G. A is known as the
Laplace Operator.

Notice that

X)) = oX)X)0) = | 2310 exp()
= Gl B 70 () expls)
o AR G)
= ;i; f(g exp(tX)).

Therefore we can write

n

0=3 Gal,/

(g exp(tXj;)).

Proposition 2.19. The Laplace operator A does not depend on the choice of or-

thonormal basis.



Proof. Let {Y1,...,Y,} be another orthonormal basis for (g, (-, -)) then

Y; = i aij Xi
i=1

for some matrix A = [a;;] € O(n). Now we observe

jf;mwzji (Zp ) Z (Z%p ) (fjakjmxk))
—ZZ <Za”ak]> (X;)p(Xk)

i=1 k=1 7=1

- Z Z(Z Ay AL ) p(Xa) p(Xi)

i=1 k=1 j=1

- Z Z(AAT)ikp(Xi)p(Xk)

i=1 k=1

=) dup(X:)p(Xe)

i=1 k=1

=2 Py

Proposition 2.20. A is left G-invariant, i.e.

A(foL(g)) = (Af) e L(g)

where L(g) : G — G is left multiplication by g, i.e. L(g)(z) = gz.

Proof. First observe that

(XN o L)) = G| (7o Lo expltX)) = ) flar expltX))

= (p(X)f)(gz)

31
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Thus we have

Finally, observe that
A(f o L(9) = 3 p(X,)*(f o Lig)) = D _(p(X;)*f) o L{g) = (Af) o L(g). T

We will show that A is right G-invariant under certain conditions but first we will

need the following lemma.

Lemma 2.21. p(X)(f o R(g)) = (p(Ad(g~")X)f) o R(g)

Proof. For x € G we calculate

P 0 R@)@) = | (7o Ro)exp(tX) = G| fresp(tX)g

flxg(g~ " exp(tX)g))

fzgexp(t Ad(g™") X))

dt
d
dt|,
d
dt|,

= (p(Ad(g~")X) f)(xg)

= ((p(Ad(g™")X) f) © R(9))(x).0

Proposition 2.22. As (-,-) is Ad(G)-invariant then A is right G-invariant.
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Proof. Since the Hilbert-Schmidt inner product (-,-) is Ad(G)-invariant then

A(f o R(g)) = Z p(X;)*(f o R(g)) = Z p(X;)((p(Ad(g™")X;)f) © R(9))

= D_(p(Ad(g™)X;)*f) o R(g).

Now if we let Y; = Ad(g~')X; then as (-,-) is Ad(G)-invariant we get that {Y;} is

another orthonormal basis for g. Now by the previous proposition we have
D (V)P =) p(Ad(g)X;)? = A,
j=1 j=1
Thus we have
A(foR(g)) = AfoR(g)

as desired. [

Corollary 2.23. Let f,g € C*(G) then

(Af,9)2 = (f. Ag)2

where (-,-)o = [ f(x)g(z)du(z), the inner product for the space L*(G). In other
G

words we have that A is self-adjoint.

Proof. Let X € g then

X)L = [ o0 S @ dulo) =

G

0 / f( exp(tX))g(@) dpu(z).
G
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We now perform a change of variable with « +— z exp(—t.X) then the integral becomes

e /f (o(—X)g) (@) du(x)

= (f,p(=X)g)2
—(f, p(X)g)2-

Thus we have shown that p(X)* = —p(X). Now we get that

=1 =1 =1
Lemma 2.24. (Af, f)o <0 for all f € L*(G).

Proof. We have

(Af, f)o = Z<p<Xj>p<Xj>f, flo=— Z<p<Xj>f, p(X;)f)2
=—Z||p I3 < 0. 0

Thus A is a negative self-adjoint operator and any eigenvalue for A is a non-
positive real number.

Let 7 : G — GL(V) be a representation of G on a finite dimensional complex
vector space V. Then we also have dr : g — gl(V') where

dr(X)(v) = &

dtlow(v exp(tX)).
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We now define the Casimir Operator as 0, : V — V as
Q= dr(X;)
j=1

where { X7, ..., X,,} is, as before, an orthonormal basis for (g, (-,-)) and (-, -) is Ad(G)-

invariant.

Proposition 2.25. The Casimir Operator €. does not depend on the choice of or-

thonormal basis.

Proof. As the Casimir operator is a sum of derived representations similar to the

Laplace operator. The proof follows directly from Proposition 2.22. O

Proposition 2.26. ), commutes with =, i.e.,
Qrom(g) =m(g) o Qs

forall g € G.

Proof. First notice that for ¢ € G we have 7(g)m(¢g~') = id. Thus we can do the

following,

dr(X)7(g) = w(g)m(g~")dn(X)7w(9) = w(g)dm(Ad(g~")X).

From this we get
dr(X)*m(g) = m(g)dm(Ad(g~")X)>.
Now observe that

Qrom(g) = (> dn(X;)*) on(g) =m(g) oY dm(Ad(g~")X;)*.

J=1 J=1
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Since (-, -) is Ad(G)-invariant then {Ad(g~*)X,} is an orthonormal basis for g. Thus
we get

Qrom(g) =7(g) o Qs
as desired. O

Now we will suppose that 7 is an irreducible representation of GG. Recall that V
is necessarily finite dimensional as G is compact. By Lemma 2.1 and the previous

proposition it follows that €, = Aid for some A € C.

Lemma 2.27. Q. = —k, id where k, € RT.

Proof. We already have that €2, = \id where A\ € C. First we calculate

(dr(X)v,w) = % ) (m(exp(tX))v, w) = % ) (v, T(exp(tX)) tw)
= G| wrtep-t
= (v, dr(—X)w)
= —(v,dr(X)w).
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Hence € is a self-adjoint operator and its eigenvalues lie in R. Now observe that

n n

(Qev,v) = (dr(X;)%v,0) = =Y (dm(X;)v, dn(X Z |dm(X;)v|*> < 0.
Jj=1 Jj=1
Finally
(Qv,v) = Mo,v) <0, foral wvelV.
So A = —k, for some k. > 0. O

Proposition 2.28. Let 7 be an irreducible representation of G on V; and k, € R

be as in Lemma 2.27. Then

for every function f € My. In particular each matriz coefficient m;; is an eigenfunc-

tion for A with eigenvalue —k,.

Proof. By definition of M and linearity of A it suffices to verify that Am;; = —k,m;;
for each 4,5 € {1,...,n}.

Observe

2

Ms
&|Q‘

m d2
ATFZJ Z ﬁ

k=0

) (m(g exp(tXy))ej, €:)

mij(gexp(tXy)) =

0 ¢

2

il
=)

0 (m(g)m(exp(tXk))ej, €:)

I
NE
Q.|Q‘
[\&]

t

il
o

2

[
NE

m(exp(tXy))e;, €;)

(m

(9)@0

i
o

—~

m(9)lre;, €;)
= —kr(m(g)e;, ei)
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2.7 Uniform Continuity on Compact Groups

Recall that a continuous function on a compact metric space is uniformly continuous.
Later we require a version of uniform continuity for functions on SU(2). In general
a continuous function on a compact topological group is uniformly continuous in the

sense of the following proposition.

Proposition 2.29. Let G be a compact topological group and f : G — C a continuous
function. Then for any e > 0 there exists an open neighborhood V' of the identitye € G

such that

|[flyz) = f(2)] <<

for all x € G, y € V. Likewise one can find a neighborhood V' > e with ‘f(acy) —
f(x)} < e forallxz € G,y € V'. One says that f is left and right uniformly

continuous.

Proof. Let f : G — C be continuous and € > 0 given. For each fixed x, € G the

mapping
F:GxG—=C,  F(z,y) = f(yz.) — f(y)

is continuous with F'(x,,e) = f(z,)— f(z,) = 0. Thus there exist open neighborhoods
Ul o x, and V. > e with [F(z,y)| < ¢/3 for all (z,y) € Uy, x V;.. That is

| f(yzs) — f(yz)| < /3 for all z € U} and y € V,}. Also, by continuity of f at .,

there is a neighborhood U2 > z, with

for all z € UZ.. (2.5)

Let

Uy, :=U, NUZ, Vo :=Vo N (UZx)").

To" O
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These are neighborhoods of x, and e respectively for which both

’f(ywo) — f(y:v)‘ < for all x € U, , y € V,, and (2.6)

<
3

< for all y € V.. (2.7)

| fyzo) — f (o)

<
3

As (G is compact the open cover {UEO 2, €G } has a finite subcover,
G=U,,UU,U---UU,,
say. Let V be the neighborhood of e defined via
V=V,nV,Nn---NV,..
For any given z € G we have x € U,, for some k. So now for all y € V' one has
|flyz) = f@)| < | fya) = flyz) [+ [ fyan) = flao)| +] flon) = fl2)] < s+ 5+

as desired. Indeed

o |f(yz) — f(yzx)| < /3 by (2.6) since z € U,, and y € V C V.
o |f(yxr) — flzx)| <e/3 by (2.7) sincey € V C V,.
o |f(zr) — fz)| <e/3 by (2.5) since x € U, C UZ2.

This completes the proof. O



CHAPTER 3: Analysis on U(1)

Recall that U(n) = {g € M(n,C) : g*¢g = I}. For n = 1 this reduces to U(1) =
{z€C : |22 =1} ={e? : 0 € R}. Thus we have that the Lie group U(1) is the
unit circle in the complex plane. We first see how the Plancherel Theorem for this
group specializes to the classical L?-theory of Fourier series for 2r-periodic functions
on the real line. Then we see under what conditions we have absolute and uniform
convergence on U(1).

Given a function f: U(1) — C we define f : R — C as the 27r-periodic function

F(0) = f(e”).

Using this convention the Haar measure on U(1) is

/f ) du(a /f )dt.

It is easy to see that this is normalized.

3.1 Determination of U/(T)

We now need to find the set of irreducible unitary representations of U(1), up to
equivalence, known as ﬁ(l\) First note that as U(1) is abelian each irreducible repre-
sentation (m, V') is necessarily one dimensional. Indeed each operator 7(z) commutes
with 7(U(1)) and Schur’s Lemma (2.1) implies that each 7(z) is a scalar operator,
say m(z) = x(z)id. This means that any one dimensional subspace of V' is w(U(1))-

invariant, but as 7 is irreducible we must have dim(V') = 1.

If we identify an irreducible representation (m, V'), as above, with the mapping



41

X : U(1) — C such that m(z) = x(z) id then, in fact, as 7 is a unitary representation

we must have |x(z)| =1 for each z. That is

x:U() = U(1).

Moreover as m(z122) = 7(z1)7(22) we have x(z122) = x(z1)x(22). That is, x is a

continuous group homomorphism U(1) — U(1). Let

Xm(z) =z

where m € Z.

Lemma 3.1. The mapping x.m, is a representation of U(1).

Proof. 1t is clear to see that y,, is a continuous mapping. Also we have

Xm(2122) = (2122)™ = 27"25" = Xm(21)Xm(22),

which shows X, is a homomorphism and therefore a representation of U(1). O

—

Theorem 3.2. U(1) = {x,n, : m € Z}.

Proof. We follow the proof in Folland [4, Page 90]. The previous lemma shows that

—

Xm s a representation of U(1) and thus {x,, : m € Z} C U(1). It remains to show

the converse. First note that

X:R=U@), X(t)=x("”)

is a continuous group homomorphism from (R, +) to U(1). As X is continuous and
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X(0) = 1 we must have that

A::/Esg(s)ds?éo

provided € > 0 is sufficiently small. Now observe

€ € 0+¢
AR(6) = / O(6) dé = / 60+ 6) do = / $(6) do.
0 0 0

The Fundamental Theorem of Calculus ensures us that y is differentiable with

AX'(0) = X(6 + ) — X(0) = (X() — D)X(0).

Letting

_X(e)—1
Ni= S

we see that Y satisfies the first order differential equation
~ -
X = AX

with initial condition ¥(0) = 1. Thus X(#) = e and as |Y(t)| = 1 for each @ then we

must have that A\ € iR, say A = ¢m. Thus now
X)) =e™ and x(z) =™

Finally as 1 = x(e?™) = ™™ we must have that m € Z. Hence xy = X, as

desired. ]
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3.2 Classical Fourier Series: L2-theory

Let f:U(1) — C be an integrable function. Using Equation 2.3 for f gives

Fm) == FOom) = [ F(2)xm(zY)dpa(z / F(0)emdp.
)

U1

Here notice that the numbers f(m) are the classical Fourier coefficients for the 27-
periodic function f: R — C. Now if we apply the Plancherel Theorem 2.11 we see
that for f € L*(U(1)) that

> flm

m=—0oQ

converges in the L?-sense. Equivalently

o0

Z J/”\(m)e"””‘19 (3.1)

with convergence in L?*([—m,n]). This is the formula for the classical Plancherel

Theorem. Theorem 2.11 part (2) implies

1712 = / Fora=2r 3 [Fm (3.2)

m=—00

which is sometimes referred to as Parseval’s Equation [3, Section 3.3]. This shows
that Theorem 2.11 can be thought of as a generalization of the classical L?-theory of

Fourier series.
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3.3 Classical Fourier Series: Point-wise Convergence

Theorem 3.3. If f € CY(U(1)) then

> Flm)e™

converges absolutely and uniformly to f(ﬁ)

Proof. Let f € CY(U(1)). Thus f is a 2m-periodic C*-function R — C. We compute

1 [
= %/f'(z)e_lmecw

via integration by parts using u = e~™ and dv = f'(6) df. Now du = —ime~™" df
and v = f(0) and
Flm) = o [ (o) / F(o)e ™ do.
2m

Observe that e_imef(ﬁ) is the multiplication of two 27-periodic functions and therefore

we must have that

{e*@'mff(e)]; — 0.

Thus i
Fim) =5 [ F@)e it = imfiom).

Now by using Proposition 2.13 we only need to see that

Y 1fm)] <o

m=—0o0



and the rest follows. We calculate

o0 o0

S fmi= Y Wl‘\f'(mn.

m=—00,m7#0 m=—o00,m7#0
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Let £% be the space of square summable sequences indexed by Z — {0}. Notice that

1 oo
<—> cr?
|m| m=—00,m7#0

and

since

[e'e) R 1 s _
Z |f’(m)|2=%/|f'(a:)\2dx<oo

m=—0oQ

by (3.2) for the function f € C(U(1)) € L*(U(1)). Now by using the Cauchy-Schwarz

inequality we have
oo oo

> %1,|?<m>|s( ) mi>

m=—00,m7#0 m=—00,m7#0

3.4 Abel Summability on U(1)

Theorem 3.3 states that the series

Y Fm)xm(2)

m=—0Q

MH
NE
—
3
T
N———



46

converges absolutely and uniformly to f(z) when f € C1(U(1)). For f € C(U(1)) we

will look at the series

Y m)xm(2)

m=—0Q

where 0 < r < 1.

Lemma 3.4. For fized 0 < r < 1 the series

o

S 7 Fm)xn(2)

converges absolutely and uniformly on U(1).

Proof. Observe

~

[P F(m)xm (2)] = |F ()],

Notice S [f(m)[r/m < oo since 0 < r < 1 and f(m) is bounded. Indeed as

m=—0oQ

C(U(1)) € L*(U(1)) Parseval’s Equation (3.2) ensures that > >~ | f(m)|? con-

verges. O

Therefore formally we have that

T > () = f(2)

which is indeed the case according to the following theorem.

Theorem 3.5. ([8, Chapter 4 Theorem 6-3].) For f € C(U(1)),

o0

lim 37 o fm)e = J0)

for all 8 € R. Moreover convergence is uniform in 6 asr — 17.
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Definition 3.6. The Poisson kernel P,(0) is the 2m-periodic function defined as

P.(0) = Z plml gimé

forf e Rand 0 <r < 1.

Observe that the above series converges uniformly in 6 for fixed 0 < r < 1. Using

the Poisson kernel we can rewrite the series

e}

S Fm)xn(2)

m=—00

as a convolution integral. We write

1

(9 0)6) = - [ 9l6— &)hio)ds

—T

for 2m-periodic functions g, h integrable on [—m, 7]. Thus for given f € CY(U(1)) we

have

_ o fm| _
PrDO = > G [ emFo) a0

_ Z T|m| %/f(¢)ezm¢ d(b eim@

m=—0oQ

o0

= Z r|m|f(m)eim9.

m=—0oQ

We can now restate Theorem 3.5.



Theorem 3.7. For f € C(U(1)),

converges uniformly in 6 asr — 17.
We conclude this chapter with an explicit formula for the Poisson kernel.

Proposition 3.8.

B 1—r?
1 —2rcos(d) +r?

=1+2 Zr” cos(nf).

n=1

P.(6)

Proof. We have

oo oo 0o
Pr<‘9> — 2 : T|n\ezn€ — § Tneznﬁ + § Tnefm9.
n=0 n=1

n=—oo

These are geometric series that converge for r < 1, therefore we observe

1 re=i 1—7r? 1—1?

P.(9) = : _ = : — = )
(9) 1 —ret + 1—re® (1—re?)(1—re) 1—2rcos(f)+r?

If we now go back to the two series and combine them we obtain

o0 [e.9]

P.(0) = Z reimf 4 Z re” =1 4 i (e e =1 42 i ™ cos(nf).
n=1 n=1

n=0 n=1
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CHAPTER 4: Analysis on SU(2)

Recall that SU(n) = {g € GL(n,C) : g¢* = I,det(g) = 1}. Thus it is easy to see

that SU(2) consists of the following matrices,

ol ™

o=[% 2. asec jarripr-n
Here we see that SU(2) is homeomorphic to the unit sphere in C? = R*, therefore it

is compact and connected. From Section 1.2 we know that the Lie algebra of SU(2)

18

su(2) ={X e M(2,C) : X*=-X, tr(X)=0}

:{{ 41 T2+ U3 : Il,IQ,IgeR}.

—T9 + il’g —iIl
4.1 Haar Measure on SU(2)

As SU(2) is a compact Lie group we know that it supports a unique normalized (left)
Haar measure p which is also right invariant. In this section we will give an explicit

formula for this Haar measure. Let

o {[5 4 s

r1+1i1xe X3+ 1xy
. . s x = (21,29, T3, % R
— 3 + 1Ty T — 1T ( 1, 42,43, 4) S )

I
—N
=
I
| — |

then it is clear that H ~ R* via the isomorphism of real vector spaces

M:R* - H, M(x)=M,. (4.1)
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Observe that for (¢ = M,) € H we have det(q) = 2% + 23+ 23 + 23 = ||z||?, the square
of the Euclidean norm of z € R*. Also det(q) = 1 if and only if ¢ € SU(2), thus
SU(2) C H corresponds to the unit sphere S* C R? via the mapping M. We will
obtain a Haar measure on SU(2) via a suitable measure on S® using this identification.

Since S? is a sub-manifold of R*, using [6] we can do calculus with differential

forms on manifolds. First we define the tangent space to S® at x € S® to be
S, ={v, : vER* v-z =0}

The standard volume element w on S® is the 3-form defined via
Wy (U, Vg, Wy ) = det(z, u, v, w)

for z € S* and w,, vy, w, € S;. A basis {ug,v,,w,} for S2 is said to be positively
oriented if wy(uy, vy, w,) = det(x,u,v,w) > 0. A diffeomorphism f : S* — 5% is
orientation preserving if {(Df).(uz), (Df)z(ve), (Df)z(w,)} is a positively oriented
basis for S]?i(x) whenever {u,, v,,w,} is positively oriented.

We can think of the group SO(4) as being the set of orthogonal linear transfor-

mations L : R? — R* with det(L) = 1, that is,
SO4) ={L € GLR*) : (Lu)- (Lv) = u- v, for all u,v € R* anddet(L) = 1}.

In particular if z € S3 then |[Lxz| = ||z]| = 1, so Lz € S3. That is, each L € SO(4)

preserves S3.

Proposition 4.1. Fach L € SO(4) is an orientation preserving diffeomorphism of

the sphere S3 C R*.
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Proof. Since L : R* — R*isin SO(4), it is linear and its derivative (DL), : R — R}

at a point z € S? is (DL),(u,) = (Lu)r,. Now notice that
(Lu) - (Lx) =u-2=0

since u, € S,. Thus the derivative (DL|gs), : Sy — Sps of L|gs : S® — S3 is also
given by

(DL‘S3)x(ux) = (LU)LI'

Now suppose that {u,,v,,w,} is a positively oriented basis for S,. Then the corre-

sponding basis for S,

{(DL[gs)s(tz), (DL|s3)2(ve), (DLl g3)(wa)} = {(Ltt) Loy (LV) Ly (L) 1},

has
det(Lz, Lu, Lv, Lw) = det(L) det(x, u,v,w) = det(z,u,v,w) > 0. O

Now that we have shown each L € SO(4) is orientation preserving we get that
/ L*(n) = / 7 (4.2)
53 53
for any 3-form on S3. [6, Page 123].

Lemma 4.2. w is SO(4)-invariant. That is L*(w) = w for each L € SO(4).

Proof. Let L € SO(4), v € S and u, vy, w, € S;. Then

(L*w)a (e, Vey Wa) = Wra((DL)z(uz), (DL)e(ve), (DL)2(wy))
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= wLx((Lu)L:w (L'U)an (Lw)Lx)
= det(Lx, Lu, Lv, Lw)
- det(L)wx (uxa Uy, wx)

= Wy (Ug, Vg, Wy ). O

Let
Vg = /w
53

be the volume of S. Now we can define a measure p on S? via
1 3
F@)du(e) = = [ fo. for f e O(s%).
53 i

It is clear to see that p is normalized, that is [ du(z) = 1.
S3

Lemma 4.3.

/fo du(zx /f )du(z) for L € SO(4).

Proof. By the previous lemma, as L*(w) = w we obtain

[ 1@ due) = = [(rony == [(foLls)Tlo)w)
=~ [ (se).

Now by Equation 4.2 we get

= [0l () = /fw—/f du(x). O

SS
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Identifying SU(2) with S% via the mapping M : R* — H we can regard the

measure g as living on SU(2), explicitly

/ F(9) dulg) = / FOL) du(x),  for f € C(SU(2)). (4.3)
g3

SU(2)
Lemma 4.4. u is a Haar measure for SU(2).

Proof. We already have that u is normalized and we simply need to check that it is

left invariant on SU(2). Let k € SU(2) and define a map
Ly :SU(2) — SU(2), Li(g) = kg.

Notice that this map corresponds to the restriction of a transformation, say Zk €

SO(4), to S3. Indeed, let
Ty :H— H, Tip(q) = kg,

then Ly is the restriction to SU(2) of Ty. Now, under the isomorphism from Equation

4.1 we have that T} corresponds to the linear map
L R* S RY Ly=M 10T, oM.

We just need to verify that Ly, belongs to SO(4).

Let z,y € R* and suppose Zk(a:) = y. Then we have

kM, = M, = det(kM,) = det(M,)

= det(k) det(M,) = det(M,)
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= det(M,) = det(M,)

— wi+tas+ai+ai =yl + v +y5+ L

Thus Zk is an orthogonal transformation and just need to check that the determinant
is one. Since k — det(L;) = =+1 is continuous on SU(2) and det(I = L;) = 1 then

by the connectivity of SU(2) we must have det(L;) = 1 for each k € SU(2). O

One can replace the map Lj in the preceding proof by a right multiplication,
Ry : SU(2) — SU(2), Rk(g) = gk.

Just as above this corresponds to the restriction to S® of a transformation in SO(4).
So the proof argument also establishes the right invariance property of the Haar

measure mentioned earlier.

Lemma 4.5. Every matriz x € SU(2) decomposes as

e 0 cos  sinf| (e 0
T= 10 e®||—sind cosB| |0 e i@
where 0 <0< 7, 0<¢<m, —7m<¢ <.

Proof. Let x € SU(2),

say where o, 3, € C. Let o = re’® and 8 = se® where r,s,a,b € R, r,s > 0. Since
x € SU(2) then 7?4+ s* = 1. There is a unique 6 € [0, 5] with 7 = cos§ and s = sin6.

Also letting ¢ = (a+b)/2 and ¢ = (a — b)/2 we can write a = ) + ¢ and b = ) — ¢.
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(=7, W)gm-mmmmmpmmmm e m 2 (7, 7)
| 3 1
! (2m,0)
L2 2
—7'(', —Tr 7]" —1Tr
( ) . h (m, —)
(0,2m)
Figure 4.1: (a,b)
So we have
o rel('(/)"‘(b) Sei(¢_¢) o _eiw O 1T fre‘(ﬁ se 'L¢
U7 | msei=9) pemit4e)| T | g e —seit e
. e 0 ] s
0 e™ —s T fwﬁ
e 0 ][ cos() sind] [e 0
L0 e ™| |—sin(0) cosd e~

as desired. To complete the proof it remains to shows that we obtain all of SU(2)
when angles ¢, 1 range over the intervals [0, 7] and [—m, 7| respectively. In Figure 4.1

the shaded rectangle is the image of [—m, 7] x [0, 7] under the mapping

As indicated in the figure, for any point (a,b) € R? one has that (a + 2km,b + 2im)

lies in the image of [—7, 7] x [0, 7] for some integers k, [.



56

]

The numbers 6, ¢, are called the Fuler angles of the matrix z. Using this de-

composition we can find an integration formula as follows.

Proposition 4.6. Let y be the normalized Haar measure of SU(2) and f an integrable
function on SU(2). Then

/f ) dp(z /san@dG/qu/fo@ L6, dip

where @ : [0, 7/2] x [0, 7] x [—m, 7] — SU(2) is the map

ev 0 cos  sinf| [e® 0
@(97¢7 ¢) = |: O 6—i1[):| |:_SZTL6 COS@:| |:O 6_i¢:| .

Proof. Let x € SU(2) where

SIE]

. T+ 7:172 T3 + iZL’4
T l—x3t+iry w1 — 129

then using the decomposition above we can write

r1 = cos b cos s
To = cosl sins
T3 = sinf cost
Ty = sinf sint

where s = ¥ 4 ¢ and t = ¢ — ¢. Now by differentiating

dr; = —cos0 sinsds — sinf cos sdf
dre = cos O cos sds — sin 6 sin sdf
drz = —sin 6 sintdt + cos € costdf
dxy = sin 6 costdt + cos O sintdb
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also ds = dy + d¢ and dt = dy) — d¢ so we have

dry = —sinf cos sdf — cos O sin s (di + do)
dry = —sin @ sinsdf + cos 0 cos s (dy + do)
dxg = cosf costdl — sinf sint (dp —do)
dxy = cosf sintdf + sinf cost (dy — do)

and we calculate

1 —sinfcos(p + 1) —cosbsin(y + ¢) —cosOsin(i + @)
gy —sinfsin(yY + @) cosbcos(ip + @) cosbcos(¢ + @) | —900s0sind
zy  coslcos(ih — @)  —sinBsin(p — @) sinbsin(y — ) | T~ 2COSUSIY

det )
xy  cosOsin(ip — @) sinfcos(ty — @)  —sinbcos(i — @)

Thus we have that |®*w| = 2cosfsing dO A dop A dip = sin20 dO A dé A dip. Tt remains

V3 = w
93

to find v3 where

. We calculate

W =
S3

m m

s$in20d6 / do / ddpdd = 2

0

sin(20) df

o\

INIE]

o\
NE

1 Ly
= 2%2[—5003(29)]3

= 272
as desired. [

4.2 Central Functions on SU(2)

Recall that a function f on a group G is central if and only if for all g,z € G,

f(grg™') = f(x) from Definition 2.14



58

Lemma 4.7. Let x € SU(2) then there exists k € SU(2) such that

if
-1 € 0
kxk™ = [ 0 e“’]

where 0 < 6 < 7.

Proof. Let x € SU(2) be given. By the spectral theorem for normal operators [5]

there exists g € U(2) such that

for some 6,6, € R. Suppose det(g) = €'* where a € R. Now define k = ¢35 g. Then
det(k) = det(e™'2g) = (¢7'%)?det(g) = ¢ e = 1

and thus k € SU(2). Also k™' = (e7"2g) ™' = e'2¢g~" then we see

Now

4 .a 101
kak™ = e 262 gug™! = [e 0 ]

0 et
Now since k,z € SU(2) we get kxk™" € SU(2) and hence '@ +%2) = det(kzk™") = 1.

We conclude that for 2z € SU(2) there exists k € SU(2) and 0 € (—m, 7] with

0
-1 __ |€ 0
kxk = |: 0 e_i9:| .
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Also note that for
we have

Thus we can ensure that 6 € [0, 7. O

Lemma 4.8. If f and g are two central functions on the group SU(2) then f = g if

and only if

f <[€(§9 691-9]) =g <[€S€ 692-9]) , forall 6€]0,n].

(2 O)=a([2 L)) et ocios

and let © € SU(2) be given. Then by the previous Lemma there exists k € SU(2)

such that
i0
krk™ = [60 692-9] with 0<6<m.

Then we get

o) =gkt =g (|5 L] ) =1 (|5 S ) = ke = ). ©

This Lemma allows us to prove the following important Proposition.

Proposition 4.9. Given F : [—1,1] — C then f: SU(2) — C defined as

fla)=F (%tr(:p))



60

is a central function on SU(2). Moreover, every central function f : SU(2) — C is

obtained in this way for some F'.

Proof. Let F : [-1,1] — C be given then define f(z) = F(3tr(z)) for z € SU(2).
Let k € SU(2) then

and thus f is central in SU(2).

Now, let f: SU(2) — C be a central function and define F': [—-1,1] — C via

Then claim that f(x) = F(

DO [
~
=
—~
=
S
=
e,
S
m
nn
3
—~
N/
—
=
Q.
D
(¢}
oL
S
=]
g
<
>
m
=)
A
=
@

0 e

F (%w@:)) — F(cost) = f ({eg) 69"9D — f(a).

As both f and x +— F(tr(x)/2) are central the previous lemma implies that f(z) =

0
have that for x = {e 0 ] ,

F(tr(z)/2) for every x € SU(2). O

4.3 Irreducible Representations of SU(2)

First we will study the irreducible representations of sl(2, C), which will help us study
su(2). Recall from Chapter 1 that si(2,C) = {M(2,C) : tr(X) = 0}. The following

proposition shows that s/(2,C) is the complexification of su(2).
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Proposition 4.10. If Z € sl(2,C) then there exists unique X,Y € su(2) such that
Z =X +1iY.

Proof. Let Z € si(2,C) and set

' .
X=3(Z-27, Y= —%(Z + 2.

Then we will see that X, Y € su(2). Indeed,
X' =227 = (2 = 2)=—5(2-2") = =X

and also
tr(X) = %(tr(Z) —tr(2%) = %(0 ) =0

therefore X € su(2). Likewise

i

2

i

Y* =
( 2

(Z+27) = %(z* 2 =Lz 42) = -y

and

tr(Y) = —%(tr(Z) L tr(Z7)) = —%(0 +0)=0
and thus Y € su(2). Next see that

i 1, 1 1, 1
2+ TN ==L — T -F+ =2
QG+ 20 =52 =52 45745

=Z.

1
X+z'Y:§(Z—Z*)+i(

It remains to show that this decomposition is unique. Suppose X, X' Y, Y’ € su(2)
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and X +iY = X' +4Y’ = Z. Then we have X — X’ = i(Y' —Y) by rearranging.
Here see X — X' € su(2) hence skew-hermitian but Y — Y € su(2) so i(Y' —Y) is
hermitian. The only matrix which is both skew-hermitian and hermitian is the zero

matrix. Thus X = X’ and Y = Y’ completing the proof of uniqueness. O
Definition 4.11. Let P,, be the the space of two variable polynomials with complex
coefficients that are homogeneous of degree m, namely

Prn = Span ({fj(u,v) =w/v™7 : 0<j<m}).

As {fj(u,v) = wlv™ 7 : 0 < j<m}is a basis for P, we have dim(P,,) = m+ 1.
Now define a map

Tm : SL(2,C) — GL(P,)

via the rule

(T (9) f)(u,v) = f(au + cv,bu + dv)

o= |0 4.

Another way to view this is (m,,,(¢) f)(u,v) = f((u,v)g).

where

Proposition 4.12. 7, : SL(2,C) — GL(P,,,) is a continuous group homomorphism,

i.e. Ty, is a representation of the group SL(2,C) on the vector space Py,.

Proof. First note that one has

Tm(9)(fr + f2) = Tm(9) fr + T (9) 2, Tm(9)(cf) = emm(9) f
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for g € SL(2,C), f, f1, fo € P, and ¢ € C. Thus indeed m,,(g) € GL(P,,). We have

Tm(9192) f (u,v) = f((u,v)g192) = f(((u,0)g1)g2)
= (Tm(92).)((u,v)g1)
= (T (91) (T (g2) ) (u, v)
= ((mm(g1) © mm(92))f) (u, v).

Thus 7, is a group homomorphism. O]

To study the derived representation dm,, : sl(2,C) — gl(P,,) we need the following
basis for sl(2,C),

f 2B e g

We will also need to know the commutator relations of these basis matrices. It is easy
to calculate,

[H,E] =2E, [H,F] = —2F, [E,F| = H.

Recall that for X € si(2,C) one has
d
dmm(X) = %Wm(exp(tX))h:O.
Understanding the derived representation will require knowing exp(tH ), exp(tE), exp(tF).

2 t3 20
exp(tH) :1+tH+§H2+§H3+... = [(1) (1)] + [6 _Ot] + [(2) tQ] + ...

et 0
|0 et



t? t3
exp(tE) = I +tE + aEQ + §E3 + ...

I
—
O =

t2 t3
exp(tF) = I +tF + 5F2 + 5F3 + .

I
1
O =

drn(H)f(0,0) = | Texp(t D) (s, 0) =

0

A, (E) f(u,v) = i

3| " BUEE) f ()

0

A (F) f(u,v) = % Tm(exp(tF) f(u,v) =

dt
d

dt|,
of

U&u.

[anNan]
O o+
1
_|_
—
o O
[anNan]
[

1 (et )

f(u+tv,v)

64
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Applying these operators to the basis B = {f; = w/v™ 7 : 0 < j < m} for P, gives

drm(H)fj = (u% — v%) = julv™ I — (m — )™ = (25 —m) fj,
dmn(E) f; = Ué% = (m — )"0 = (m = j) fii, (4.4)

A (F) f; = vt = jul o™ 7t = jf; .

It follows that the matrices for dm,,(H), dr,,(E), and dm,,(F') with respect to B are

—m 0 0 0

0 —m+2 0 0
[drm(H)ls = | 0 0 0 0/;

0 0 m—2 0

0 0 o0 m

0 0 - 00

m 0 0 0
dr(E)s= |0 m—1 0 0,

0 0 . 00

0 0 10

0 10 --- 0

002 --- 0
[drm(F)lz= [0 0 0 0

00 0 m

00 0 0

Proposition 4.13. The representation dm,, is irreducible for each m.

Proof. Let W C P,, be a non-zero invariant subspace. We will show that W = P,,.
Indeed, since W is a complex vector space its characteristic polynomial for dr,,(H) :
W — W must have at least one root. So dm,,(H) : W — W has an eigenvector. As
dm,(H) has one dimensional eigenspaces, spanned by the f;’s, we conclude that W
contains f; for some j = 1,...,m. Now by acting on f; with dr,,(E) and dm,,(F) it
is clear we can conclude f; € W for all j = 1,...,m. Now since B = {f;} C W then

W =P, O

Theorem 4.14. Every irreducible finite dimensional C-linear representation of sl(2,C)

1s equivalent to one of the representations dm,y,.



66

Proof. We follow the proof given in [2, Section 7.5]. Let p be an irreducible repre-
sentation of sl(2,C) on a finite dimensional complex vector space V. Since V is a
complex vector space, p(H) admits at least one eigenvalue of minimum real part, say

Ao. Let ¢, be an associated eigenvector. So

p(H>¢o = )\ogbo-

First we will show ¢1 = p(E)¢o, if non-zero, is an eigenvector of p(H). Indeed,

=
3
>

||
>
3
=
)
=
o

||

p(E)p(H)do + p(H)p(E)do — p(E)p(H ) o
= p(E)p(H)do + p([H, E)do
= Xop(E) o + 2p(E) o

= (Mo +2)61. (4.5)

Letting ¢, = p(E)k¢y for k =1,2,... we have

p(H)p = (X + 2k)dy..

by Equation 4.5 and induction. If these vectors are non-zero, then since each one is

an eigenvector of p(H) with distinct eigenvalues they are linearly independent.
Since ¢q is non-zero then there exists m € N with ¢ # 0 for all £ < m and

¢m+1 = 0. This is true since V is finite dimensional. Now let W be the subspace of

V' spanned by the set {¢y, ..., ¢r}. So far we have

p(H)dr = (No + 2k) b

P(E)¢k = Prt1
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Therefore W is invariant under p(H) and p(E).

We will show that W is also invariant under p(F'). As E, F and H span sl(2,C)
it follows that W is invariant under p(sl(2,C)). As (p,V) is irreducible this shows
that W =V.

First we need to see that p(F)¢y = 0. Indeed

p(H)p(F)do = p(F)p(H)¢o + p(H)p(F)do — p(F)p(H)do
= p(F)p(H)¢o + p([H, F])¢o
= Aop(F) o — 2p(F) o

= (Ao = 2)p(F)o.

Thus if p(F)¢, # 0 then it is an eigenvector for p(H) with eigenvalue A\, — 2. As A,
is an eigenvalue with smallest possible real part, this is not possible. So p(F)¢pg = 0
as claimed.

Now we will prove inductively that p(F)gr = —k(Ao +k — 1)dg_1. For k =1 we

compute

= —Aop.

Next assume inductively that p(F)¢r = —k(Ao + k — 1)¢p—1. We will show that

P(F) i1 = —(k + 1)(Xo + k) g, completing the induction. Indeed



p(F) o1 = p(F)p(E)dr, = p(E)p(F)or + p([F, E]) ¢
= k(Ao +k = 1)p(E)¢p—1 — p(H )
=(—k(Ao+k—1)— (Ao + 2k))p
= —(kXo + k* + k 4+ Xo) b

= —(k+ 1) (Ao + ).

68

Thus, in particular, W is invariant under p(F') and W = V follows as explained

above.

Next we will show A, = —m. Notice that

tr(p(H)) = trlp(E), p(F)] = tr(p(E)p(F) — p(F)p(E)) =0

since tr(AB) = tr(BA) and trace is linear. But,

tr(p(H) =Xo+ Ao +2)+--+ Ao +2m)=(m+ DA +2(1 +2+---

=(m+ 1) +m(m+1)

=(m+1)(\o+m)

and hence A\, + m = 0.

We have established these relations:

p(H)pr = (2k — m) ¢y,
/)(E)¢k = Qpt1

Now we claim that p is equivalent to dm,, via the intertwining operator A : V — P,
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given on the basis vectors ¢ by

m)!

A% = h)

Ji

We must verify that
1. Aop(H)=dm,(H)o A,
2. Aop(E) =dm,(F)o A, and
3. Aop(F) =dn,(F)o A.
Indeed

1. Ap(H)pr = A2k — m)pr, = (2k — m)( mi/r and also
dmp(H)Ady = k)rdﬂm( Ve = (2k — m)mfkv

2. Ap(E)pr = Adpir = %fkﬂ and also
A (E)Apy = G2m1dmn(E) fr = li(m — k) fir = gt fers

3. Ap(F)ér = k(m —k+1)Agp_1 = k(m — k + 1)#;1,(]%_1 and also

dﬂ-m( )A(bk —dﬂ-m( )fk (m— k)lkfk 1= k(m k+1> (m— k+1 lfk 1-
Thus we have that p is equivalent to dm,,. O]

Theorem 4.15. Fach finite dimensional irreducible representation of SU(2) on a

complex vector space V' is equivalent to mpy|su() for some m.

Proof. Let m: SU(2) — GL(V) be an irreducible finite dimensional complex repre-
sentation of SU(2). Recall that Z € sl(2,C) can be written uniquely as Z = X +iY

where X,Y € su(2). Now using Lemma 1.8 the derived representation,

dm : su(2) — gl(V),
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is also irreducible as SU(2) is connected. We define a complex linear mapping dr

sl(2,C) — gl(V) via
dr(X +iY) = dn(X) + idn(Y).
We will show that this is a Lie algebra representation. Indeed for Z; = X; +14Y; and

Zy = Xy +1iYs in sl(2,C) (where X3, X5, Y], Ys € su(2)) we compute

dr([Z1, Z2)) = do([X1 + Y2, X +iX3))

dr([X1, Xo] = V1, Ya] +i([ Xy, Yo] + [V1, X))

= dr([Xy, X5 = [V1, Ya]) +idn ([Xy, Vo] + V1, Xo])
— [dr(X), dm (X)) — [dm(¥2), dr(¥)] + ildn(X,), dn(¥)] + ildn(Y), dm (o)
= [dn(X;) + idn (Y1), dn(X2) + idn(Y3)]

= [dn(Z1), dn(Zs)].

Also, as dm(su(2)) C cfi7vr(sl(2, C)) and dr is irreducible it follows that dr is irre-
ducible. Now we know dr is equivalent to one of the representations dm,, : sl(2,C) —

gl(Pp). Therefore there exists an intertwining operator T : P,, — V for which
dr(Z) = Tdr,,(Z)T™", for all Z € sl(2,C).

In particular for X € su(2) we have drn(X) = Tdnr,,(X)T~!. This gives us that

dm ~ dmp,|su@). Now as SU(2) is connected it follows from Lemma 1.7 that m ~

Tm|sU(2)- 0O

Recall that the character of a finite dimensional representation 7 is defined as

Xr(g) = tr(m(g)) from Definition 2.16.
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Lemma 4.16. Fach character is a central function

Proof. Let G be a linear Lie group and 7 : G — GL(V) be a representation of G on

V. For x,g € G we have

Xx(grg™") = tr(n(gag™")) = tr(x(g)w(x)m(g7")) = tr(x (g~ )7 (g)7(x))

= tr(m(x)) = x.(x). O

i0
Recall that every matrix in SU(2) is conjugate to a matrix of the form {60 691-9}

where 6 € [0, 7].

Proposition 4.17.

Proof. First notice that

([ ] ) o =g (wor (15 %))

= fj (eieuv e*i0U>
(0, p—i0(m—j) ym—i

0(2j—m), j,,m—j

= ¢ wu

= 0™ £, v).

ei@

Thus the matrix for m,, ( [ 0

e%D with respect to the basis B={f; : 0 <j <m}

for P, is '
efsz 0 . 0

c? 0 0 e—i2-m)e ...
()



72

ei&

0 694) are /2= where j = 0, ..., m.

In other words, the eigenvalues of m,, ({

Thus we have

0 6 ' ' |
X7m ({60 60@'9:|) =tir <7Tm (|:60 601’9} )) — 6*1m9(1 4 6219 I e?zme)

imp (e2i(m+1)9 _ 1)
— —_—
6219 —1

im0 _ ,—i(m+1)0

il _ —if

_ sin((m+1)0)
B sin(f) -

We will now look at some specific examples of hermitian inner products on P,
which make 7, unitary. Recall that P,, is the space of homogeneous polynomials in

two variables of degree m. Consider the inner product on P, defined via

(.0 = =5 [ plu il e PN d)A )
C2

where ) is the Lebesque measure on C. This is known as the Fock inner product.

Proposition 4.18. 7, is a unitary representation of SU(2) on (P, (-,-)).

Proof. Let g € SU(2) then

(T ()P, T (9)a) = % / T (9)p (11, V)T (9)q (@, e~ P+ N (du) A (d)
C2
= %/p((w v)g)a((u, v)g)e 1\ (du)A(dv).
C2

Here we have that | - |* is the square of the usual norm on C2. Also, notice that



|(w, 0)* =

[(u,v)g|* =

Therefore the integral becomes

_/ u,v)g

:_/ u,v)g

Now if we use change of variable:

Ty(u,v) =

then det (T, (u,v

= (u,0)gg" (u, v

= (u,0)(u,v)" = |(u,0) .

|(u,v)g|* since g € SU(2). Indeed,

(u,v)g((u,v)g)T

T

~—

q((u, v)g)e 1@ \(du) A (dv)

q((u, v)g)e @9 X (du) A (dv).

(u,v)g, T,:C*— C?

)) = det(¢gT) = 1 and the integral becomes

%/p(u, v)q(u,U)e"(“’”)‘Q/\(du))\(dv) =(p,q). O

(C2

Proposition 4.19. {f;

/517 = 71(m — j)!. Equivalently

1s an orthonormal basis.

0 < j < m} is an orthogonal basis for (
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Prn, (-,-)) with
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Proof. We must compute

() = =5 [ Bl ol oe A A@)
C2

1 m— m— u'U
:F w ™I ™ e X\ (du)A(dv)

co oo 21 27

— 1 ////Tj—i-k 2036—10k 2m—k—j uj)(m 7) —z¢(m k) —'r —s? TSde¢deS
0 0 0 O

where we let u = re? and v = se’® and continue in polar coordinates. Suppose that

0 < j < k < m then the integral above becomes

oo 2w oo 21

%//rk+jei9(j_k)e_r2rd9dr//sZm_k_jeid’(k_j)e_sgs dods.
s
00 00

If we focus on the integral with respect to theta we see that

2

/ew(j_k) df = 0.

0
Therefore we have that (f;, fi) = 0if j # k. Suppose that j = k then

oo 2w

1
1£11? = 7Tz// o rdrd@// (m=1) =5 dsde
= /7“ T 2rdr/s m=i)e=5*95 ds.

0 0
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Now we do a change of variable and let t = r? and p = s and we get

oo o0

150 = [ e ardr [0 asds

0

0
= /tje_t dt/pm_je_p dp
0 0

= jl(m — j)L. 0
We will now consider another inner product on P,,, namely

(p,q) = / pla, B)q(a, B) du(g)

SU(2)

0= |55 o

Proposition 4.20. 7, is a unitary representation of SU(2) on (P, (,-)’).

where

Proof. First see that (a, ) = (1,0)g4 5. Now let g, € SU(2) then

(T (900, Tn(90))' = / o (90)P(0 B)Ton (9020 Bt (g )

SU(2)

= / P((1,0)90,695)4((1,0)ga 590 ) dji(ga.5)-
SU(2)

Thus by the right invariance of the Haar measure we have that the integral reduces

to (p, q)’. O
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Proposition 4.21. {f; : 0 < j < m} is an orthogonal basis for (P, (-,-)") with

1£5]1? = ) . Equivalently

(m+1)! L -
{ j—!(m—j)!f] cg=1,.., }

1s an orthonormal basis.

Comparing Propositions 4.19 and 4.21 we see that (-,-) and (-, )" are related via

;o 1
Proof. We simply need to find (f;, fx)'
by = [ a7 dulg)
SU(2)
= / ol 37 B dp(g).
SU(2)

Now by using the Euler angle formula (Proposition 4.6), where o = ¢ (¥*%) cos(#) and

B = e'¥=?) sin(f), to represent the Haar measure the integral becomes

/ ol "I E" " dp(g)
SU(2)
_ / (i TR0) o (9= =0 Gin2m=i=k(9) ()

SU(2)

27r2/// )9 ot (0)e'TR)? 5in?m =17k (9)2 cos(6) sin(0) dpdeds.

0 0 —m



Notice if j # k then the integral with respect to ¢ becomes

™

/62i(jk)¢> dp = 0.

0

Thus it remains to find (f;, f;)’. We have

7

(fis 1) ///cos 0) sin®™=2%)(9)2 cos(0) sin() dipdpdd

0 —m

27T2/ / / cos™ (§) sin®" 7 (6)2 cos(6) sin(6) dipdgdd

0 —m

cost(G) sin?(™=9 ()2 cos(H) sin(6) df

I
O — o © T — i

Let t = sin?(6) then dt = 2sin(f) cos() then the integral becomes

1

/(1 — )7t dt.

0

Now we let u = (1 —t)7 and dv = t™ 7 dt then we get du = —j(1 —

v = tm=J*1 and perform integration by parts

m— ]+1

1

(1 — sin?())? sin® ™9 ()2 cos(0) sin(6) dypdpds.

)=t dt and

1
1) _gmeitl /—tmﬁl' 1— )1 dt.
=t =1 h+ m—j+1 ja=1)
0
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Now by performing integration by parts j times we have

JG—1)1 o ! jlm— )
(m—j+1)(m—j+2)---(m)0/t dt_(m—j+1)---(m+1)_ (m+ 1)

Thus we have that
PN J'(m B .])‘
<fj7.fj> - (m_'_1>' .
4.4 An Alternate Model for 7,

Let V,,, denote the vector space of complex polynomials in one variable of degree at

most m. For g = [g Z] in SL(2,C) define o,,(g) : Vi, — Vi, via

(On(alp)(a) = (b + @ )

for p € V,,. In particular for p(z) = 27 (0 < j < m) we have (0,,(9)p)(z) =
(ax+c) (bx+d)™ 7. Note that the mapping o,,(g) does send V,, to V;, and is clearly

linear in p.
Proposition 4.22. o, is a representation of SL(2,C).

Proof. As the mapping o, sends V,,, to V,, then it is just a mapping of polynomials and

therefore continuous. Therefore we just need to check that o, is a homomorphism.

a/ /

Let g,¢' € SL(2,C) where g = {Z g] and ¢’ = [ / Z/] Then

C

; |ad +bc al + bd
“led +dd b +dd|
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Thus we have

(0m(g9")p) () = ((abl + bd')a + (b’ + dd'))"p ( T dd))

(
(ab +bd)x + (cV + dd')
/

= ((t(ax +¢) + d'(bx +d))"p (b’((ZZiCC)) iccl’gl;i i ;l;)

- (v (v (255) o)) ()

= om(9)om(g")p(). O

Lemma 4.23. o, >~ m,.

Proof. Given f € P, we write

fu,v) = aov™ + aguv™ ' + .. 4 apu™ = v"(ao + ar(u/v) + ...+ ap(u/v)™)

= v"p(u/v)
where a.,...,a, € C and p € V,,. We define an isomprphism A : V,, — P,, via
Ap(u,v) = v"p(u/v).

Recall that, for f € Py, we have 7,,(9) f(u,v) = f(au+cv,bu+dv) where g = [2 Z] :
Now as Ap(u,v) € P,, then

Tm(9)(Ap)(u,v) = (Ap)(au + cv,bu + dv) = (bu + dv)"p((au + cv)/(bu + dv)).

On the other hand

Alom(9)p)(u,v) = v (om(9)p) (u/v) = v™(bufv + d)"p((au/v + ¢)/(bu/v + d))
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= (bu + dv)"p((au + cv)/(bu + dv)).

Thus we have that Ar,, = 0,,A, that is A intertwines 7, and o,,. O

Since we have 7, ~ 0,,, then we also get that o,,|su(2) is a representation of SU(2)

on V,, equivalent to 7, |su(2). Let g € SU(2) where

Ol @

g:[_(% }, a,feC

we have

(Om(9)P)(2) = (B2 + @)™ (O‘Z il ) |

Bz + @

Define an inner product on V,, via

m—+ 1
T

(plg) =

/ ()7 (1 + 22 2dA(2).

C

Proposition 4.24. {p; : 0 < j < m} is an orthogonal basis for (Vp,(-|-)) with

HQ _ Jlm=g)! _ (m)_l_

Hpj ml o\

Proof.

(pilpw) = mTH/pj<Z)M(1+|Z|2)m2d)\(z) = mTH/szk(l—i—\zF)de/\(z)
c C

Now let z = re?. Now dz = r drdf and

oo 2w

m+1 g T
. — Jj+k i(G-ko___ "
(pjlpr) = — //T e e dfdr.
0 0
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If we look at the integral with respect to 6 we see

2

/ U=k gp — 0

0
as before when j # k. Moreover for 7 = k we have

oo 2w o]

||pj|| _T//TJWdeT— (m+1)/m2rdr.
0 O

0

Now if we let s = 72 then ds = 2r dr and the integral becomes
(m+1) / s1(1 M2 s,
0

Now using integration by parts we let u = s/ and dv = (1 + s)"™ 2ds. We get

du = js’"tds and v = (1+ s)™™"! 50 that the integral becomes

—m—1

) 1 )
1 7 1 —m— m—1_._7—1
(m+1) {s ——(1+9) } / (1) s s

:]/(1 + S)_m_lsj_l dS.

0

If we continue using integration by parts j times we get

j(j_l 7 s —(m+2—7) s — ]'
T T O/” RIS e )

Proposition 4.25. The inner product (-|-) is om,-invariant on V.



82

Proof. We have already shown that the Fock inner product (-, -) on P,, is m,,-invariant
from Proposition 4.18. We have also seen the isomorphism A : V,, — P,,, which

intertwines o, with m,,.

Now as (fj, fx) = 0;xk!(m — k)! and {f;} is a basis for P, we see that

(plg) = %(Ap, Aq)

holds for all p,q € V,,, in view of Proposition 4.24. Thus for g € SU(2) we have

(0w (9)p1n(6)0) = (A0 ()0, A0 (9)d) = -1 (Tn(9) Ap. Tn(9) Ad)

(Ap, Aq) = (plg)- O

&
m!
4.5 Reproducing Kernels for P,, and V,,

Let V' be a finite dimensional space of complex valued functions on a set S and (-]-)
a hermitian inner product on V. Let B = {¢o, ¢1, ..., o} be any orthonormal basis

for (V,(:]-)) where dim(V) = m + 1. We define a function K : S x S — C via

for z,w € S.

Proposition 4.26. f(w) = (f|Ky) for any f € V and w € S.

Proof. Since {¢;} is an orthonormal basis we have for f € V' that

=S (16,6

j=0
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Here see that

m m

(F150) = (F1 D d5(w)ey) = D d5(w)(ploy) = f(w). O

j=0 7=0

Proposition 4.27. K(z,w) does not depend on choice of orthonormal basis.

Proof. Suppose {9;} is another orthonormal basis for (V, (-|-)) and set

~—

K'(z,w) = ij(z)wj@u .

Now by using the previous proposition

K'(z,w) = K, (2) = (K, |K.) = (K:|K],) = K.(w) = K(w, 2) = K(z,w). O

Below we give formulas for the reproducing kernels for (V,,,, (+|-)) and for (P,,, (-, -)).

For these examples we have set S = C and S = C? respectively.

Proposition 4.28. For V =1V,, and z,w € C we have
K(z,w) = (1+zw)™.

Proof. Letting ¢; = , /j!(mLij)!pj, Proposition 4.24 shows that {¢;} is an orthonormal
basis for (V,,, (+|-)). Then

o o m o m!
K(z,w) = 2;@(2)@@) = Z T = Z T
=3 ()
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Proposition 4.29. For V = P,, and z,w € C* we have

1
K(Z, w) = %(lel + ngg)m.

Proof. Proposition 4.19 shows that

1
{65} = { mfy}

is an orthonormal basis for (P, (-,)). Then we have

m 1 . o . m 1 ,

— E J M= om] oM —] E m .\ —

K(Z, U)) = lezz WiWo = m(zlwl)j (ZQU)Q) 7
J=0 J=0

= % z:; (T) (21w01)? (29705) ™

1
= ﬁ(ZIEI + 22w2>m. ]

4.6 Laplace Operator on SU(2)

We now let G = SU(2) and g = su(2) and recall that for X € g we have X* = —X

and tr(X) = 0. Then define an inner product on g via
1 . 1
(X,)Y) = §tr(XY )= —§tr(XY).

Here we have that (-,-) : g x g — R since for X,Y € g we have
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tr(XY) = tr(XY) = tr((X)T(Y")T) = tr((=X)T(=Y)T)
=tr(XTYT)
=tr((YX)T)

=tr(YX)=tr(XY).

Clearly this inner product is bilinear, since the trace function is linear. Also we have
(X, X) > 0. Indeed, using the spectral theorem we know that X is conjugate to a

diagonal matrix with diagonal entries ia and —ia where a € R. Then we get
1 2 2
(X, X) = —étr(X )=———"—>=0a">0.
Also it is easy to see that for
0 0 1 0 ¢
A e

we have { X7, X5, X3} is an orthonormal basis for g with respect to (-, ).

Proposition 4.30. Let w be a representation of SU(2) on a finite dimension complex

vector space V. The Casimer operator Q, : V. — V' (see Section 2.6) satisfies
—Q, = dn(H)? + 2dn(H) + 4dr(F)d=x(E).

Proof. Recall the matrices
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in si(2,C). Notice that

iH=X,, E—F=X, iE+F)=X;

Thus we have

dr(X,)? = dn(iH)? = —dn(H)?
dr(X,)? = dn(E — F)* = dr(E)? + dn(F)? — dn(E)dr(F) — dr(F)d=(E)

dr(X3)? = dn(i(E + F))* = —dn(E)* — drn(F)? — dr(E)dr(F) — dr(F)dr(E)

Thus

Q= dr(X1)? + dn(Xo)? + dn(X3)* = —dn(H)? — 2dn(E)dr(F) — 2dn(F)dn(E).

Now using the relation [EF, F] = H gives

Qp = —dn(H)* — 2dr(H) + 2drn([E, F)) — 2dn(E)dr(F) — 2dr(F)dr(E)

= —dr(H)* - 2dn(H) — 4dn(F)dn(E).

Finally
—Q, =dr(H)? + 2dn(H) + 4dn(F)dn(E). O

For G = SU(2) we know that every irreducible representation is equivalent to 7,

for some m > 0. Also we have shown that 2, = —k, id. We will write 2,,, = Q,

m

and k,, = —k,,,.

Proposition 4.31. k,, = m(m + 2).

Proof. For f € P, we get Q. f = —knf. We now let f,,(u,v) = u™ and recall that
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dr(H) fr, = mf, and dn(E) f, = 0. Thus by the previous proposition

—Qfn = (M* +2m) frn = m(m +2) fr,. O

Proposition 2.28 shows that each f € M,  is an eigenfunction of the Laplace
operator with

Af = —m(m +2)f. (4.6)

Now suppose that f is a central function and recall that a central function is deter-

mined by its values on diagonal matrices

Proposition 4.32. If f is a central function then

(Af)o = Lfs
where fo(0) = f(a(f)) and
Lf, = fé’;o + 2cot(6) Cg;’
— mdﬂ@ (mﬁ(e}é@)

d2
— sz'nl(ﬁ) (W + 1) sin(0) fo.

Proof. 1t is a simple calculation to check the above formulas for L f, are equal. From

Proposition 4.9 we know that f(z) = F(5tr(x)) for some F : [-1,1] — C. Also
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A = p(X1)* + p(X3)* + p(X3)?. Thus

(X)) = G| S

= —| fla(6+1))

0

= —| F(cos(0+1))

= WF(COS<9))

d _, .
— @F (cos(0))(—sin(0))

= —cos(0)F'(cos()) + F"(cos(0))sin*(h).

<p<X2>2f><a<9>>:§—; ! ( (t{ D>

- 4 5 )
- sl s [ttty o)

_ 5_; F(cos(B)cos(1))

_ 5_; P (cos(B)cos(t)cos(0) —sin(t)

— [F"(cos(0)cos(t))cos(8)sin(t) + F" (cos(8)cos(t))cos(8) (—cos(t) s

= —F'(cos(0))cos(8).



Finally

PP (0l0)) = f(a exp {Zt o])
- f({o e-w] { ) o
=

_ d_2 f e?cos(t) e zszn (1)
- d?|, zsm “eos(t)
d2
= F(cos(t)cos(0))
dat? 0

= —F'(cos(0))cos(8).

So we observe

(Af)o(a(B)) = F"(cos(6))sin*(0) — 3F'(cos(6))cos(8).

Also notice that

fo(0) = F(cos(0))
fo(0) = F'(cos(0))(—sin(8))
f1(0) = F"(cos(0))(sin*(0)) — F'(cos(8))cos(6)

and finally

(Af)ola(0)) = f2(0) + zjﬁiggg f1(0) = 2L cor) %

as claimed.

=Lf
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4.7 Fourier Series on SU(2)

Recall that if f is an integrable function on a linear Lie group G and (m,V;) € G

then f(ﬂ) is the operator

f(m) = /f(g)ﬂ(g‘l) dp(g)

G

on V. This is the operator valued Fourier transform.

Now for G = SU(2) the irreducible unitary representation 7, has dimension
d,, = dim(P,,) = m + 1. The Plancherel Theorem (2.11) (1) and ensures that for
f e 1(SU) )

) = > (m+ 1)tr(f(mm)Tm(x))

m=0

where the series converges in the L?-sense. Part (2) of the Plancherel Theorem gives
173 = / SR dute) = 3 m+ Dl T
m=0

Proposition 4.33. If f € C*(SU(2)) C L*(SU(2)) then

Af(m) = —m(m +2) f(m,).
Proof. For u,v € P, Lemma 2.10 shows

<§f(ﬂ-m)vv U’>7rm = <Afv ¢7rm,u,v>2

where ¢r, uv(9) = (Tm(9)u, v)r. Now as A is self-adjoint we have

<A.fa ¢7‘rm,u,v>2 = <f> A¢ﬂ'm,u,v>2'



Now we know that ¢, ., € Mx, and Ay, = —m(m + 2)id. Thus

~

(fs Ay uw)2 = —m(m + 2)(f (70 ) 0, U)r,,

~

Since this works for all u, v € P,,, we conclude that Kf(ﬂ'm) = —m(m+2)f(r

Theorem 4.34. If f € C*(SU(2)) then

> (mA 13| f(mn)l]] < 00

m=

o

and the series
o0

(m+1) tr Tm)Tm(9))

converges absolutely and uniformly on SU(2) to f(g).

m)-
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]

Proof. Using Proposition 2.13 and the fact that f € C?(SU(2)) C C(SU(2)) we just

need to show that

> (m+ 12| ()] < 00
m=0

and the rest follows. First by the last proposition we can write

oo

St DTl = 32 STl

As Af € C(SU(2)) € L*(SU(2)) part (2) of the Plancherel Thm (2.11) gives

(VT AT @ll) = S m+ DAl = [AF]3 < oo.

0 m=0

M8

3
Il
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We let /5(N) be the space of square summable sequences. Then we have that

(an = V= TNFE) " € L)

and

Then by the Cauchy-Schwartz inequality we see that

m=1 m=1

Zr(n”(l i HlAf Tm |||_‘Zamb | < (Z|am|2> (Z(bm)z> <oo. U

The following result concerns convergence of Fourier series for central functions

on SU(2). This follows immediately from Theorems 2.18 and 4.34.

Corollary 4.35. For f € L*(SU(2))A4

= {fxm)Xm(g
m=0

converges in the L*-sense. Moreover if f is continuous and central and

Z m+1 me>2|<OO
m=0

then the series converges absolutely and uniformly to f on G. In particular this is

the case when f € C*(SU(2))A4
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4.8 Poisson Kernel on SU(2)

Let 0 < r < 1 and define P, : SU(2) — C as

Po(z) = (1 —r*)det(I —rz) 2

P, is known as the Poisson kernel. The following Lemma ensures that P, is well-

defined.

Lemma 4.36. det(! —rz) # 0 for x € SU(2) and r € (0,1).

Proof. If det(I — ra) = 0 then also det(+/ — ) = 0. That is, 1/r is an eigenvalue of
the matrix x. But as x € SU(2) is a unitary matrix we know that its eigenvalues lie

on the unit circle. As 1/r > 1 it follows that 1/r is not an eigenvalue for z. O

Proposition 4.37. P, is a central function, i.e

P.(x) = P.(gxg™"), forallz,g € SU(2).

Proof. For x,g € SU(2) we have

P(grg™) = (1 —rH)det( —rgzg )2 = (1 —r?)det(g( —rz)g )2
= (1 —rdet(¢g'g(I —ra))?

= (1 —r*)det(] —rx)?



we can find an easier expression for P,.

1—re 0 i —i
det(I —ra(f)) = det <[ Ore 1_ rei"]) =(1—re®)(1—re™)
=1— T(@ia + 6—2'9) + ’I“2

=1 —2rcos(d) + r?.

Thus we can write
1—12
(1 —2rcos() +1r2)?

Fr(a(0)) =

This shows that the Poisson Kernel is a smooth function and thus

Z(Prv Xm) Xm ()

m=0
converges uniformly to P,(z) by Corollary 4.35.

Proposition 4.38. (P, x;n) = (m + 1)r™. Thus the series

im—l—lr Xm ()
m=0

converges absolutely and uniformly to P.(z) in x € SU(2).

Proof. Recall from Proposition 3.8 the formula for the Poisson kernel on U(1),

1—r?
1 —2rcos(f) + r?

=1+2 Z r™ cos(m@).

m=1

If we now differentiate term-wise in 6 we get

—(1 =71 — 2rcos(d) + r*)"%(2rsin(f)) = 2 Z mr™(— sin(m#))

m=1

94
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and as | — mr™sin(m@)| < mr™ with Y mr™ < oo (since r < 1) the M-test shows
that the resulting series converges uniformly, justifying our term-wise differentiation.

Finally we observe

PAON) = (Tl 7 = o g™ 00

using Proposition 4.17. O

Proposition 4.39. The Poisson kernel carries three important properties
e P(z) >0
o fSU(Q) P.(x)du(x) =1
e For any neighborhood V' containing I one has lim, ;- [,, P,(z) du(z) = 1
o For f € C(SU(2)), limyy1- (P, * f)(z) = f(2)
Proof. 1.) Since

1—r?
(1 —2rcos(f) + r2)?

B (a(0)) =

the first property is clear as r < 1.
2.) As P (z) = > (m+ 1)r"™xm(x) converges uniformly we can integrate term-
m=0

wise. We obtain

P.(z)du(z) = m—+ 1)r™ m(z) du(x
/m) () ) = > _(m + 1) [ ol duta)

m=0 SU(2)

where fSU(2) Xm () dp(z) = (Xms X0)2 = Om,o from Theorem (2.3). Thus our integral
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becomes

Z m+ 1)r / X () dpp(x) = 170 = 1.

SU(2)
3.) Let I € V be given and pick a f € C*(SU(2)) with 0 < f < 1,f(I) =
1, flve =0, and f(z™') = f(z) for all z € SU(2). Then we have

/ (@) xm(7) dp(z)  (as xp, is real-valued)
= / f@ Hxm(z™ Y du(z)  (by right-invariance of dyu)

/ F@) () du(z)  (as f(z) = fa1))

As f € C*(SU(2)) then we know

~

(m + 1)tr(f(m))

WE

S (m+ tr(Fm)ma (1) =

m=0

3
I

I
NE

3
I
=)

o0

But as P, = > (m + 1)r™x,, and both P, and f are in L?*(SU(2)) we can perform

m=0
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the following inner product term-wise

Z f?Xm>

m=0

and observe that

lim (f, P.)s Zm+1 V(s Xm)2 =1
m=0

r—1-

from above. As both f and P, are non-negative and real-valued then

UP)a= [ @R du(o)

SU(2)

~ [ f@P ) duta)
)

< / P()du(z) (as0< f<1)

|4

/ P.(x)du(z) (as P, >0)

SU(2)

IN

=1 (from the second property of the Poisson Kernel).

Thus we have (f, P,)s < fP )du(z) < 1 and now as lim, ,1-(f, P,)o = 1 then by

the Squeeze Theorem we must have

lim [ P.(x)du(z) =1.
r—1-
v

4.) The fourth property will be proved at the end of the chapter. n

These properties prove that the Poisson kernel is an Approzimate identity.
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4.9 Abel Summability of Fourier Series on SU(2)

In this section we obtain Abel summability of Fourier series for continuous func-
tions on SU(2), analogous to that in the U(1) setting as described in Section 3.4.

Convolution of integrable functions on SU(2) is defined via
(f xg)(= / FWgly ) duly / ey g() duly).

The second integral is obtained from the first via the change of variable y — zy™!
As dy is right-invariant these integrals agree.

For f: SU(2) — C continuous and 0 < r < 1 fixed we consider

o0

P(zy ™) f(y) = D (m+ 1) xm(zy ") f(y)

m=0
00

- Z(m + D)r"™tr(mm(xy ™) f(y)

m=0
oo

= > (mt et (£ )y ()
Lemma 4.40. The series
S+ e (£l (o)

m=0

converges uniformly in (x,y) to P.(zy™)f(y).

Proof. Recall that for z € SU(2) that |||my,(2)|]| = /dr,, = Vm + 1 (Lemma 2.12)

and calculate

[(mA 1)r™tr (o (2 ™) F ()| < (mA-D)r™ sup(| £1) [[|mm (2] = (m-+1)2r™ sup(|£]).
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Since i (m+1)2

m=0

r™sup(|f|) converges, as 0 < r < 1, the M-test yields the result. [

Proposition 4.41. The series

Z Jrtr f(ﬂm)ﬂm(w))

m=0
converges absolutely and uniformly to (P, f)(x) in x € SU(2).

Proof. Recall that (P, x f)(x) = [ P.(xzy ')f(y)du(y). We substitute the series
SU(2)
expression for P.(xy~!)f(y), given in Lemma 4.40 and use the uniform convergence

to justify term-wise integration. First we compute

(e @) = Dm0 [ ()l ()i

SU(2)

M 1M

(m + 1)r™tr /J@MMyWWM 0 ()

=
3
g
3
b
=

(m —+ 1)r™tr(

3
I
o

To see that this series converges absolutely and uniformly we use the M-test and

compute

~

[(m+ D™t (f ()7 (2))] < (e D™ 1] f (o) ][0 ()]

As f is continuous and SU(2) compact we have f € L*(SU(2)). The Plancherel

Theorem (2.11) ensures that ) |||J/C\(7rm)|||2 < 00, 80, in particular, (|||f(7rm)|||)m is

m=0

a bounded sequence, |||f(7rm)||| < C say. Lemma 2.12 gives |||my(2)||| = /dx,, =
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vm + 1. So now

~

|(m + D)r™tr (f (mm)mm(2))| < C(m+ 1)3/27’m

and >, (m + 1)3/2r™ converges as 0 < r < 1. O

Proposition 4.42. For f € C(SU(2))

~

hm(ﬂ*fﬂ@::g£§20n+mﬂﬁdﬂmﬁm4@):f@)

r—1-

with uniform convergence in x € SU(2).

Proof. Let 0 < r < 1 be fixed and let

f(2) = (Pox f)(x) = / Po(y) f(y~ 2)dp(y).

SU(2)

Let € > 0 be given. As SU(2) is compact and f is continuous Proposition 2.29 ensures

that there is a neighborhood V' around I with
|f(yx) — f(z)| <e, forallxze SU(2), yeV.
Thus also U :=V~! = {y~! : y € V} is a neighborhood of I with
\f(y'2) — f(z)| <e, forallxe SU(2), yeU.

Now using the properties of the Poisson kernel we calculate

|fr(2) = ()]



/ P(y)(fy~"2) — f(2))duly)
U(2

< / Po(y)|f(y~'x) — F()|du(y)

SU(2)

= /Pr(y)lf(y‘lx) — f(x)|du(y) + /Pr(y)lf(y‘lx) — f(x)|du(y)

Uc

< s/Pr(y)du(y) +2sup(|f|)/PT(y)du(y)

U UcC

<e / Pr(y)du(y) + 2sup(| f]) (1 —/Pr(y)du(y))

SU(2) U

<e+2sup(|f]) (1 /Pr(y)du(y)) :

U

If we now take the previous calculation and take the limit as r — 17 we get

lim (€+2SUP(|f) (1/Pr(y)du(y))) =e.

U

Thus we get
lim |f.(z) — f(z)| <¢

r—1-

for every € > 0 and hence

lim f,(z) = f(x).

r—1-

Moreover as our above estimate is independent of x, convergence is uniform in z.
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CHAPTER 5: Heat Equation on U(1) and SU(2)

In this chapter we study the heat equation on SU(2). For purposes of motivation and
comparison we first observe the heat equation on the linear Lie group U(1). This is
a very classical example since U(1) can be thought of as the unit circle in C. In fact
Fourier (1768-1830) applied his methods to the study of heat conduction in a thin

circular loop of wire.

5.1 Heat Equation on U(1)
The heat equation on R can be written

ou 0*u

Recall that for f: U(1) — C we defined f:R = C as the 27 - periodic function

from Chapter 3. The Cauchy problem for the heat equation on U(1) is the following.

e Given a continuous function f : U(1) — C find a continuous function u(t,6) on
[0,00) x R which is 27-periodic in the  variable, u € C?((0,00) x R) such that

ou  0%u ~

o 002 u(0,6) = f(0).

First notice that the functions

_m2¢ 4
e m tezmQ
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are solutions to the heat equation. We let the heat kernel be defined on (0,00) x R
via

h(t,@) — Z emeteimH.

meZ

Also recall that Equation 3.1 asserts that for f € C'(U(1)) one has

= flm)e™?

meZ

converges uniformly. If we now write

Z f met zm@

meZ

then for ¢ > 0 it is easy to check that u is a solution to the heat equation. Also if we

let t =0 we get

= 3 Flm)em? = ()

meZ
and thus u(t, 0) solves the Cauchy problem. Moreover, for ¢ > 0 the function u(t, )
can be expressed as the convolution of fwith the heat kernel in the 6 variable. Indeed

for f € C*(U(1)) one can justify the following formal calculation:

'Lb(t, 9) _ Z f 7m2t zm@

meZ

T

— Z % /e—zmqﬁf(gb) d¢ €—m2t6im0

MmEZ g

::%a/EQGWﬂémwmfwww

_ég/h@e—wﬂ@d¢
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It is true more generally that the above procedure produces a solution to the
Cauchy problem for continuous boundary data. More precisely one has the following.

A proof can be found in [7, Page 100].
Theorem 5.1. For f € C(U(1)),

2w

ult.6) = o [ bit.6 - 6)f(o)do

solves the heat equation on (0,00) x R and satisfies limy_+ u(t,0) = f(0). This is

the unique solution to the Cauchy problem for boundary data f.

5.2 Heat Equation on SU(2)

The heat equation on SU(2) reads % = Au where A is the Laplace operator from

Section 4.6. The Cauchy problem for the heat equation is the following.

e Given a continuous function f : SU(2) — C find a continuous function wu(t, z) :

[0,00) x SU(2) — C with u C* on (0,00) x SU(2)) and

0
a—? = Au, u(0,z) = f(x).

We will prove the following fundamental result.

Theorem 5.2. Given any continuous function f € C(SU(2)) there exists a unique

solution u to the Cauchy problem with initial function f.

Corollary 5.4 below establishes the uniqueness of solutions to the Cauchy problem.

Key to this is the following lemma.
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Lemma 5.3. Let u : [0,00) x SU(2) — R be continuous, real-valued, and C* on
(0,00) x SU(2) with 2* = Au. Suppose that u(0,2) > 0 for all x € SU(2). Then
u >0 on [0,00) x SU(2). Likewise if u(0,x) < 0 for all x € SU(2) then u < 0 on
0,00) x SU(2).

Proof. 1t is suffice to show that for fixed 7, > 0 we have u > 0 on the compact set

[0,T,] x SU(2). Let € > 0 be given and observe the continuous function
u(t,x) = u(t,z) + et.

Now suppose that u(t, z) achieves its absolute minimum on the set [0, oo] x SU(2) at

(to, o). Suppose that t, > 0 so that (t,,,) € (0,00) x SU(2). Now as &% = Au on

(0,00) x SU(2) we see that
Ou,
ot

—Au.=¢>0 (5.1)
and as u. achieves its minimum in [0, 7] x SU(2) at (t.,z,) we must have

%(to,xo) <0. (5.2)

In fact we have 8;; (to, o) = 0 when t, < T,. Recall that for the basis {X;, Xy, X3}

of SU(2) we have

Aug(to, xo)
d? d? d?
=2 ue(to, zoexp(sXy)) + ) ue(to, zo exp(sXa)) + e Ue(to, To exp(sX3)).

0 0 0

Since u. achieves its absolute minimum at (¢,, z,) then each of these second derivatives
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must be non-negative and thus

Au,(to, o) > 0. (5.3)

Using Equation 5.2 and 5.3 we have

%(to,wo) — Aug(to, z0) < 0.

But this contradicts Equation 5.1 as (t.,z,) belongs to (0,00) x SU(2). Thus we

must have that ¢, = 0 and from this it follows that

Ue(to, To) = u:(0,20) = u(0,2,) >0

and hence that

u(t,z) +et >0

holds for all (t,z) € [0,7,] x SU(2). As € > 0 is arbitrary this implies that « > 0 on
[0, T5] x SU(2) as desired. O

Corollary 5.4. For given initial data f € C(SU(2)) there is at most one solution to

the Cauchy problem.

Proof. Let u; and uy both solve the Cauchy problem for boundary data f € C'(SU(2)).
Then u = u; — uy is continuous on [0,00) x SU(2) and C? on (0,00) x SU(2) and

satisfies
@ =A (0,2) =0
5% u, u(0,2) = 0.

Applying the previous lemma to the real and imaginary parts of u then we see that

u>0and u <0ie u=0on[0,00)x SU(2). That is u; = us. O
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To complete the proof for Theorem 5.2 it remains to establish existence of a

solution to the Cauchy problem. Recall for v € M, that
Av(z) = —m(m + 2)v(z)
for all x € SU(2) (Equation 4.6). Thus it is easy to see that
u(t, z) = e ™Mty (1)
is a solution to the heat equation. We will study Fourier series of the general form

Ze mm+2ty,  (z), where v, € M,, .
m=0
Now let us define the heat kernel as

H(t,z) Z m + 1)e ™Mby (2)
0

where (t,z) € (0,00) x SU(2).

Proposition 5.5. H(t,z) = Y. (m + 1)e ™™+t (x) converges absolutely and

m=0

uniformly on [t.,00) x SU(2) for each fized to > 0.

Proof. Let t, > 0 be given. Notice

Xom ()] = [t (7 ()]

is the modulus of the sum of the eigenvalues for m,,(z). As 7, (z) is unitary each
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eigenvalue has modulus 1. It follows that |x,,(x)] < m+ 1. So we get
‘(m + 1)€_m(m+2)txm($)’ < (m + 1)2€—m(m+2)to
for all (x,t) € [to,00) x SU(2). Thus by the M-test the series for H(t,x) converges

absolutely and uniformly on [t,,00) x SU(2). O

Lemma 5.6. Let f € C(G) then

D (m+1)e ™m0 2y f(y)

m=0

converges absolutely and uniformly to H(t,zy=")f(y) in y € SU(2) for all fived
(t,x) € (0,00) x SU(2).

Proof. We calculate
[(m 4+ D)™™ 2 @y ™) f(y)] < (m+ 1)%e™ "2 sup(| f]).
Since SU(2) is compact and f continuous then f is bounded, and thus by the M-test

we have that the series converges absolutely and uniformly in y € SU(2). m

Now for given f € C(G) we define a function v on (0,00) x SU(2) as the convo-

lution in the spacial coordinate of H and f. This amounts to

u(t,z) = / H(t,xy™ ") f(y)duly).

SU(2)

By the previous Lemma we have that the series for H (¢, zy~') f(y) converges uniformly
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in y and thus we can integrate term-wise. So

Z T ey ™) f(y)dp(y)

SU(2)

(. + 1)emlm+ 2 / Yoy ™) £ (0)du(w).
SU(2)

m=0

If we now focus on the integral we see

/ (&™) f () da(y) = / tr(m(ay ™)) () du(y)
SU(2)

/ ) F)dpy)
U2

tr(f Yy~ ) () dp(y)

f )T (y~)du(y) | © Tm(2)

Combining these calculations we obtain

~

u(t,z) = (m+ e r(f(m)m, (x))

with point-wise convergence on (0, 00) x SU(2).



110

Proposition 5.7. For f € C(SU(2)),

-~

S (m+ DDty (Flam)m ()

converges to u(t,x) absolutely and uniformly on [t,,00) x SU(2) for t, > 0.

Proof. Let t, > 0 be fixed. We calculate

tr(F(m)mm ()] < [I1F )] ]| ()]

and now from Lemma 2.12 we have that |||, (2)||] < vVm + 1land as f € C(SU(2)) C
L2(SU(2)) the Plancherel Theorem (2.11) gives us (| | yf(m)m)m _is bounded, ||| f(m)]|| <

C say. Thus we see

o~

[+ D)™ Dar (f(m)m (2))] < (m o+ 1)z Cemm 20
and so by the M-test the above series converges absolutely and uniformly on [t,, 00) X
SU(2). O

Lemma 5.8. If f € C*(SU(2)) then u above solves the Cauchy problem for boundary
data f.

Proof. Applying A term-wise to the series expression for u yields

-~

=Y m(m+ 1) (m+ 2)e ™D (f(m)m (x)).

-~

as tr(f(m)my,(x)) € My, . Now for fixed ¢, > 0 we have

-~

m(m + 1) (m + 2)e”™ D (F(m)mn(2)] < Cm(m +1)2 (m + 2)e~ 2t
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for all (t,x) € [t,,00) x SU(2), just as in the proof of the previous proposition. Thus
by the M-test our term-wise application of A is justified. Applying % to the series

expression for v will give the same result and thus

ou
A
o Y

n (0,00) x SU(2).

If we now set t = 0 then the series expression for u becomes

> (m A+ Vtr(f(m)mn(x))

m=0

which converges uniformly to f on SU(2) by Theorem 4.34 as f is a C? function. [J
Proposition 5.9. The heat kernel H has the following properties

1. H(t,x) > 0 for all (t,x) € (0,00) x SU(2).

2. [ H(t,z)dp(zx) =1.

SU(2)
3. For all open neighborhoods V' of I, limy_ [ H(t,z)du(z) = 1.
1%

Proof.

1. It is enough to show that

/ H(t,y)f(y)du(y) =0

SU(2)

for every f € C*(SU(2)) where f > 0. Lemma 5.8 shows that for such an f we
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have that

ult,z) = / H(t,wy™) (5™ duly) = / H(t, 2y) f (9)du(y)

SU(2) SU(2)

solves the Cauchy problem for boundary data f € C? where f(z) = f(z!).

Lemma 5.3 shows us that « > 0 on [0, 00) x SU(2) and thus, in particular,

ult. ) = / H(t,y) fw)duly) = 0

SU(2)
as desired.
CAs S (m A+ De™m+2ty (2) converges uniformly to H (¢, z) we can integrate
m=0
term-wise

[ H)dutz) = >+ 02 [ @) duta),

SU(2) m=0 SU(2)

The integral [ xm(2) dp(z) = (Xm, X0)2 = dm,o by Theorem (2.3). Therefore
SU(2)

/ H(t,x)du(r) = (0+ 1)’ = 1.
SU(2)

. Let V be an open neighborhood of I. We can find a f € C?*(SU(2)) with
0 < f(x) < 1,f(I) = 1,flye = 0, and f(z7') = f(z) for all x € V. Now

since f € C?(SU(2)) the function u(t, z) = i (m + 1)e=™ 2t (F(m) 7 (z))

m=0

satisfies

lim w(t,I) = f(I)=1

t—0t
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by Theorem 4.34. Now we calculate

1= lim H(t,y™ ") f(y)du(y)

t—0t
SU(2)

= lim H(ty) f()duly)  (f=])

t—0t
SU(2)

and

/ H(t,y)f(y)du(y) =

SU(2)

H(t,y) f(y)du(y), (since flyc =0)

< [ H(t,y)duly), (as0< f<1)

S T

IN

H(t,y)du(y) =1 (using properties 1 and 2).

9
=
&

Finally we have 1 < lim, o+ [ H(t,y) f(y)du(y) < 1 and thus
1%

lim [ H(t,y)f(y)du(y) =1. O

t—0t
v

The following now completes the proof for Theorem 5.2.

Theorem 5.10. Let f € C(SU(2)) be given. Then

u(t, ) = / H(t,zy™ ") f(y)du(y)

SU(2)

solves the Cauchy problem.
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Proof. Since the series for u(t, z) converges uniformly we can differentiate term-wise

in ¢ if the resulting series converges uniformly. Observe that formally

~

@(t,x): Z—m(m+2)(m+1)6 2y (f(m) o (x)).

Now for fixed t, > 0 and all (¢, x) € [t,,00) x SU(2)

-~

| —m(m + 2)(m + e ™"l (f(m)m,, (x))] < [m(m + 1)2(m + 2)Cemm 2t

where |||f(m)||| < C as before. Thus by the M-test the resulting series converges,

o~

justifying our term-wise differentiation. Next as tr(f(m)m,(z)) € M, and Al =
—m(m + 2) Id we have

ou
— =A
(1) = A, 2

n (0,00) x SU(2).
It remains to show lim; ,o+ u(t,x) = f(z). Let ¢ > 0 be given. As f € C(SU(2))

and SU(2) compact Proposition 2.29 yields an open neighborhood V' with
|f(yx) — f(z)| <e, forallxze SU(2), yeV.
Thus also U :=V~! = {y~! : y € V} is a neighborhood of I with
\f(y'2) — f(z)| <e, forallxe SU(2), yeU.

Now using the properties of the heat kernel we calculate

ult, z) — f(2)] = /ﬁHawyﬂf@mmw—fu>
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B / H(t,y) f(y~ " x)duly) — f(x)

SU(2)

(as dp is right-invariant)

- / Hity)(fly'a) — f@)duty)]  (as / H(t,y)du(y) = 1)

SU(2) SU(2)
< / H(t,y)|f(y 'z) — f(z)|duly)
SU(2)
— [ - f@ldn) + [ HEI ) - F@)lduly)
< / H(t,y)du(y) + 2sup(|f]) / H(t,y)du(y)
< / H(t,y)du(y) + 2sup(|f]) / H(t,y)du(y)
SU(2) Uc

= e+ 2sup(|f]) (1 — /H(t,y)du(y)> :

We now take the lim;_,o+ then by the third property of the heat kernel we have

lim (s+28up<f) (1 - / H(t,ym(y))) —-.
U

Therefore lim; o+ |u(t,z) — f(x)] < e for all € > 0 and finally

lim u(t,z) = f(x). O

t—0t
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