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Let H be a finite group and p a probability measure on H. This data determines
an invariant random walk on H beginning from the identity element. The probabil-
ity distribution for the state of the random walk after n steps is given by the n’th
convolution power of the probability measure . The random walk and measure p
are said to be ergodic if the support of this distribution is the entire group for n suf-
ficiently large. In this case a specialization of the Markov Ergodic Theorem ensures
that the distribution after n steps converges point-wise to the uniform distribution.
One employs the total variation distance on probability measures to analyze the rate
of convergence to equilibrium. Suppose now that a finite group K acts on H by
automorphisms. We say that the action pair K : H is ergodic when the K-invariant
probability measure p supported on some K-orbit is ergodic. We call, moreover,
K : H a Gelfand action pair when the convolution algebra of K-invariant functions
on H is commutative. Specializing the theory of spherical functions to the context of
Gelfand action pairs we obtain a version of the Diaconis-Shahshahani Upper Bound
Lemma, controlling the total variation distance to equilibrium for the random walk

determined by .



The main results in this thesis concern invariant random walks on finite fields and
three dimensional Heisenberg groups over finite fields. Let F' be a finite field of odd
characteristic and K a subgroup of the multiplicative group for F with even order.
We obtain a necessary and sufficient condition for ergodicity of the action pair K : F'
and an explicit summation formula for the upper bound on total variation distance to
equilibrium guaranteed by the Upper Bound Lemma. Let Fbea quadratic extension
field for F' and U denote the kernel of the norm mapping from FtoF. An application
of our field theoretic criterion for ergodicity shows that U : F is an ergodic action
pair and we specialize our upper bound result to this context. Forming the three
dimensional Heisenberg group H = F x F over F the action of U on F induces an
action of U on H by automorphisms. Benson and Ratcliff have shown that U : H is
a Gelfand action pair and determined the associated spherical functions. We prove
that the pair U : H is ergodic and make explicit the bound given by the Upper Bound

Lemma.
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CHAPTER 1: PRELIMINARIES: ANALYSIS ON FINITE GROUPS

In this chapter we summarize background material concerning harmonic analysis with
finite groups needed for our subsequent study of certain discrete random walks with

invariance properties. General references for this material are [4] and [9)].

1.1 The space L(X)

For a finite non-empty set X let
L(X):={f: X —C}.

denote the set of all complex-valued functions on X. This is a vector space over the

field C in the usual way. We adopt the following notation and terminology.

e For a subset A C X write 4 € L(X) for the characteristic function
1 ifzeA
0 ifx¢gA

e For points 7y € X, we usually write d,, in place of d(,,;. Thus

1 fz==x
000 () = Oug.0 = {O ifx;«éxz'

e The support of a function f € L(X) is Supp(f) := {x € X : f(x) # 0}. So for
example, Supp(64) = A, Supp(d,,) = {z}.

Observe that the point masses {d,, : o € X} form a basis for the vector space

L(X). Indeed each function f € L(X) can be written uniquely as a linear combination

of the point masses via

f = Z f($o>6xo'

ro€X



In particular, L(X) is finite dimensional with dim(L(X)) = | X|.

1.1.1 Inner product and norms

We define a Hermitian inner product on the complex vector space L(X) via

=3 f)g(@)

zeX

for f,g € L(X). As

51‘1 ) 5122 Z 5961 = 51‘171‘2

yeX
for points x1,x9 € X we see that {0,, : v, € X} is an orthonormal basis for L(X)
with respect to the inner product (-, -).

The ['- and [?>-norms on the complex vector space L(X) are given by

D=

Ifl=> 1@ ] flle= <Z | f(= )

zeX zeX

The Cauchy-Schwarz inequality asserts that

| () IS U f 12Nl

(see, for example, [7, Page 333] for a proof) and the two norms are related by the

following inequalities:

Lemma 1.1.

Il < Aflle < A < VXTIl

\/W

Proof. To establish the inequality [|f]i < /| X |||f]|2 observe that by Cauchy-



Schwarz

LA =ECL D 1< 2 [ l2 = VXLl

To see that || f]l2 < ||f]|1 first observe that this holds for f = 0. So suppose now
that f # 0 and let ¢ := || f||1(> 0) and g := (1/¢)f. We have ||g|y = ||f|l/c =1 and

lg(z)] < (Jlg]l1 = 1) for all z € X. Thus also |g(z)|* < |g(x)| for each z € X and now

1/2 1/2
loll- = [Z '9@”)'2] < [Z |g<af>|] = (gl =1,

zeX zeX

As [lglla = I(1/e)flla = (/) fllz = [Ifll2/[1f ]l this gives [[fll < [[f]lx as claimed.
O

1.1.2 Convergence in L(X)

Given a sequence (f,)>_, in L(X) and f € L(X) we say (f.,) converges (pointwise)
to f and write f,, — f when lim,, .., fin(z) = f(x) for all z € X. But we can also

use any of our norms to characterize convergence. That is,
fo= = 1 fn = fl=0 <= I [fn=flo=0. (12

Indeed, as the sums in the formulas for || f,, — f|l1 and || f.n — f]|2 are finite it is clear
that these norms converge to zero as m tends to infinity if and only if | f,,(z) — f(x)]

converges to zero for every x € X.

1.2 Probability measures

Definition 1.2. A function p € L(X) is a probability measure (or distribution) if u

is real valued with 0 < pu(z) <1, for allz € X and ) __y p(z) = 1.



The uniform distribution on X is the probability measure
uz) = —.

More generally for nonempty subsets A C X we let 4 denote the probability measure

1
HaA = _5A- (13)
|4
Thus u = px.
Let (i) be a sequence of probability measures and suppose that p,, — v in

L(X). Then v is also a probability measure. Note that the set
M(X) :={p € L(X) : u a probability measure}

is not a vector subspace of L(X). Nonetheless it makes sense to consider the norm
distance ||u — v|| (using || - ||1 or || - ||2) between pairs of probability measures and
to use such distance when considering convergence of sequences of probability mea-
sures. In fact, however, it is standard to employ another notation of distance between

probability measures-the total variation distance:
I = vllry = max|u(A) — v(A)] (1.4)

where here for 7 € M(X) and A C X, n(A) := >, 47(a), so

> (ula) —v(a)|.

a€A

| — vy = max

Note that 0 < ||u — v||ry < 1. In fact the total variation and ['-metrics are related



as follows.

Lemma 1.3. For all p,v € M(X) one has
1
ln = vllrv = Sl = vl
Proof. (See [4, Page 37].) Given p,v € M(X) let
Xti={re X :ulx)>v)}

X ={reX:pux)=v(r)}
X ={re X pulx) <v(z)}

so that X = XT[[ X°][X~. Now for any subset A C X we have

(A) —v(A) = | Y (ula) —v(@)+ Y (u(a)—v(a))
acANX+ a€EANX—
SmaX( Y (ula) = v(@)|,| Y (M(a)—V(a))>
a€ANXT a€ANX—

:max(m(AﬂXJr) —V(AﬂXJr)‘ ) ’M(Ame) —I/(AQX*)D

= max (5(X*) — »(X*), v(X7) — p(X7)
But
PXT) 4 p(X7) + p(X°) = p(X) = 1 = v(X) = v(XT) +v(X7) + v(X°)
and 1(X°) = v(X°) hence p(X*) — (X*+) = v(X~) — u(X"). So we conclude that

I = vllrv = max|u(A) — v(A)]



(X ) — U(X) = (X ) — p(XO).
Finally we observe that

ln—=vih =) lu(@) - v(2)]

=Y (@) —v@) + Y (@) — )

= (WX = (X)) + (VX)) = u(X7))

=2llp—vlrv. O

Now given a sequence of probability measures (p,,)>_;, and v € M(X), we have,

in view of Lemma 1.3 and (1.2),
fm — v = ||ptm — v|l7v — 0.

The following example, from [5, Page 25], explains why “total variation” is the

right distance to use on the space M(X).

Example 1.4. Let X ={1,2,--- ,2m}, A={1,2,--- ,m}, and consider the proba-

bility measures u, us € M(X). We have u(z) = 5= for all z and

1 % fl1<z<m
pa(r) = —d6a(r) =
4] 0 ifz>m

Thus

N | —
VN
I 3

11 2m 1
2l ol 2 '“%')

2m
1 1 . .
lna —ullry = Fllwa —ull =5 > lnaG) —u()| =
j=1 j=m+1



On the other hand
lpia —ullz = (Zlum —u<ﬂ‘>'2) = (Z%W 2 (_%)ﬁ

L 1\?2 1\z 1
— m - —— m - —— — —_— = —
4m? 4m? 2m vV 2m
Therefore,

1 1
A—U = — whereas A —Ul|lsg = —.
I lrv = 3 [m B —
Intuitively p4 and u are not close and the distance should not converges to 0 as m

increases.

1.3 Convolution

Next let H be a finite group. We use multiplicative notation for the group operation

(Hx H— H,(z,y) — zy) and e € H is the identity element. For subsets A, B C H
AB={ab:a€ A;b € B} ={h € H : h = ab for some elements a € A,b € B}
is the set of all products of elements from A with elements from B. Also A% = AA,

A =AA---A={ay - ay a1, ,an € A}

m times

Definition 1.5. For functions f,g € L(H) the convolution product fxg € L(H) is

(fx9) (@)= fy)gly'z) (1.5)

yeH



The space L(H) equipped with the convolution product is called the group algebra.

The convolution product can also be written as (fxg)(z) =, 5 f(zz71)g(z) =

ZZGH f(Z_l)g(z:U) and
(f9)@) =) fla)g (1.6)

ab=x

where the sum is over all pairs (a,b) € H x H with ab = x.

We compute that d,, *0,, = 0., for any z,, 21 € H. From this we conclude that
the group algebra is commutative (i.e fxg = g« f) if and only if H is an abelian
group. Onme has §. x f = f = f ., for all f € L(H), so the point mass J. is an
identity element for the convolution product.

Convolution has the following properties. For all f,g,h € L(H), c € C:

(f+g)xh=fxh+gxh,
fr(g+h)=fxg+ f*h,
(cf)xg=c(f*g)=f*(cg),

It is straightforward to check the first three of these identities. As regards associativity

we compute

(f*g)*h)(x) =) (f x9)(W)h(y'z)

yeH

= ey lety=zt, 27 ly=t t 2 la =y lz
=Y > fl2)g h(y™'z) lety y y

yeEH zeH

= 35 F)g(n(t 2 )

z€H teH

_Zf (g*h)(z'x)

zeH

= (f % (gxh))(z),

and hence (fxg)xh = f*x(g*h).



For the uniform distribution u, we compute

uxf=s(flu=fxu,
for any f € L(H) where s(f) = > .y f(x). In particular for any probability measure
veM(H), we have uxv =u=rvxu.

Lemma 1.6. For f,g € L(H), one has Supp(f * g) C Supp(f)Supp(g). Moreover if
f, g are non-negative real valued functions, then Supp(f xg) = Supp(f)Supp(g). In

particular Supp(pu * v) = Supp(p)Supp(v) holds for for all u,v € M(H).
Proof. This follows immediately from (1.6). O

Now writing

*m

ILL ::M*-..*M
——

m times

for probability measures ;€ M(H) one has

Supp(p™) = Supp(p)™. (1.7)
1.4 Characters
Definition 1.7. Let H be a finite group. A character on H is a group homomorphism
x:H—C~*

where C* denotes the multiplicative group of non-zero complex numbers.

Observe that if |H| = m, then for all x € H we have 1 = x(e) = x(2™) = x(z)™.

So x(z) is an m’th root of unity, x(z) € {exp(2k) : 0 < k < m — 1}. In particular
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|x(z)| = 1. That is, x takes value on the unit circle
T={2cC:|z|] =1} ={e’:0 c R}.

The trivial character is the homomorphism xo = 1. One has ) _, xo(z) = [H]|.
Lemma 1.8. If x : H — C* is a non-trivial character, then ), x(x) = 0.

Proof. (See [8, Page 188].) As x # X there is some z, € H with x(x,) # 1. Now

X(e) > x(@) = x(we)x(x) = D xlwex) = Y x(y)

x€H xe€H xe€H yeH
and hence
(x(2e) = 1) Y x(z) =0
rxeH
As x(2o) — 1 # 0 we must have ) _, x(z) = 0. O

Corollary 1.9. (Orthogonality Relations) For any pair of characters x, x' on H one

has

0  ifx#X

[H| if x =X

X)) =

Proof. We have (x,X) = X sen X(2)X'(2) = X pey X" () where x"(x) = x(2)X/(z).
It’s easy to check that x” : H — C* is a character and that x” is non-trivial when
X # X'- So the previous lemma shows that (x,x’) = 0 when x # x’. On the other

2

hand when xy = X’ we have x"(z) = |x(z)|* = 1 for each = and hence (x,x’) =

Let C(H) denote the set of all characters on H. Each character is a non-zero

function and the corollary shows that distinct characters are pair-wise orthogonal. In
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particular C(H) is a linearly independent set in L(H). As dim(L(H)) = |H]| it follows

that [C(H)| < |H|. So there are at most |H| = m distinct characters on H.

1.4.1 Characters on abelian groups

Now suppose that H is a finite abelian group. In this context it is standard to write

H in place of C(H) for the set of all characters.
Lemma 1.10. For finite abelian group H, one has |H| = |H]|.

Proof. 1. First suppose that H is cyclic of order m with generator a,
H = (a) ={e,a,a® - ,a™ '} (a™ =e).

For cach j € Z one checks that the map x; : H — C*, x;(a*) = exp(Zjk)
is a character and that x.,x1, -, Xm—1 are all different. As we have shown
that |ﬁ| < m, it follows that H = {Xo, X1, ", Xm—1} and in particular, that

|H| =m = [H|.

2. Suppose that H is a product H = H; x Hy X --- X H, of finite abelian groups
Hy, Hy,--- , Hy. Given any characters ¥1,--- ,%, on Hy, Hs,--- , H; one checks
that x(x1, -, 20) = ¥1(x1)2(xe) - - - e(xy) is a character on H. Moreover
distinct ¢-tuples (11, -+ , 1) € ]-/I\l X e X ]/‘.I\g produce distinct characters y € H.

Thus [H| > |Hy| - |Hy|-- - |Hil.

3. The Classification Theorem for Finite Abelian Groups [1, Page 472] shows that
any finite abelian group is isomorphic to a product of (one or more) cyclic

groups. The result now follows from 1 and 2. m

Let H be finite abelian with |H| = m elements. We have shown that the set |/f}|

of characters forms a set of m non-zero pair-wise orthogonal function on H. So |H|
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is an orthogonal basis for the space L(H). Moreover we have (x,x) = m for each
X € H. From linear algebra the expression for given f € L(H) in the basis |/I1?| is as

follows.

Proposition 1.11. (Fourier Inversion Formula) For any f € L(H) one has

f= S h0x (= |H)

Remark 1.12. Sometimes people write f(x) := (f,x) and call the map f: H—C
the discrete fourier transform (DFT) for f : H — C. The proposition shows how to

recover a function f from its DF'T.

1.5 Action pairs

In this section we consider pairs of finite groups, K, H.

Definition 1.13. An action of K on H by automorphisms is a map
KxH—H, (kh)—k-h

satisfying the following properties:

e For each k € K the map ¢y : H — H, pr(h) = k- h is an automorphism of the
group H (so in particular k - ey = ey for all k),

o (kiks)-h =k - (ky-h), for all ky,ks € K, h € H,

e cx-h=h,forall h € H (where ef is the identity element in K).

We write K : H to indicate that group K acts on H via automorphisms and refer to

K : H as an action pair. (This notation and terminology are non-standard.)
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Definition 1.14. Let K : H be an action pair and h € H. The K-orbit of h is
K-h={k-h:keK}.

Note that K -ey = {ey} and that h € K -h. For non-trivial action some elements
h # ey will have K - h D {h}. The various orbits partition the group H. That is, H

is the disjoint union of the distinct K-orbits. This follows from:

Lemma 1.15. For elements hy, ho € H if (K -hy)N (K -hy) # 0, then K -hy = K - hy.

Thus distinct K-orbits are necessarily disjoint.

Proof. Suppose x, € (K-hy)N(K-hs), S0 x5 = kyi-hy = ko-hy for some ky, ko € K. Let
x € K-hy, 502 = ks-hy. But ki-hy = ko-hg implies that hy = k; - (ko-hy) = (ky *ky)-ho,
sox =ks-hy = ks ((k;'ky) - hy) = (ksky'k1) - hy € K - hy. Thus K - hy C K - hs.
Similarly, one shows K - ho C K - hy. So K - hy = K - hy. O

It also follows that K - hy = K - ho < hy € K - hy and that the distinct K-orbits

partition H. That is, for some elements x1 = ey, X2, 23, ,T,, € H,

H= (K ) [J(K-2) [T TT(K - 2m).

Definition 1.16. Let K : H be an action pair. We say that a function f € L(H) is

K-invariant if f(k-z) = f(z) for all k € K x € H and let
Lx(H)={f € L(H) : f is K-invariant}
be the set of all K-invariant C-valued functions on the group H.

Lemma 1.17. Lg(H) is a sub-algebra of the group algebra L(H). That is,
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o Ly(H) is a vector subspace of L(H) and

o fxg€ Lg(H) forall f,g€ Lx(H).

Proof. Tt is clear that L (H) is a subspace of L(H). Let f,g € Lx(H), x € H, k € K.

Now

(frg)k-x) = fWgly (k-2)) lety=k-z 2=k "y

yeH
=D flk-2)g((k-2) =D flk-2)g((k- =) (k- x)
zeH zeH
=D flk-2)g( =D _f()g("a) = (Fxg)(@). O
z€H z€H
Lemma 1.18. The characteristic functions {0k.o,,0k.zg, " » Ok, } for the distinct

K-orbits in H form a basis for Lx(H). Moreover they are pairwise orthogonal with
(Ok-z; Oka;) = |K - xj|. In particular we have dim(Li(H)) = r, the number of K-

orbits.

Proof. For f € Li(H) we can write f = f(21)0k .z, +f(22)0k .2y +- - -+ f (@) k.,, and
hence {0k.z,, " ,0K.2.} spans Lg(H). Also {0kz,, " ,0ks,} are linearly indepen-
dent. Indeed, if ¢10k.4,+ - -+C-0k ., = 0, then evaluation at z; yields ¢;+0+---+0 =0
because 1 € K -2y and K -2; N K -1 = 0 for j > 1. Hence ¢; = 0. Similarly,
co=0,---,¢c.=0.

Next we compute

(s Orc) = O O, )0k, () = > Orc, (W) Ok, (1).

yeH yeH
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But as 64(y)0p(y) = danp(y) we have (0., 0xz;) = Do yep O ann(kc;) (). As

0 if
(K -2 0 (K - 25) =
K-x; ifi=j

we conclude that (0ru,,0k..;) = 0if @ # j and (Oka,, Oxa;) = Doyen Oxai(y) =

1.6 Gelfand action pairs and spherical functions

Definition 1.19. K : H is a Gelfand action pair when Ly (H) is a commutative
algebra under convolution. That is, when f x g = g x f holds for all K-invariant
functions f,g € Lx(H).
Definition 1.20. Let K : H be a Gelfand action pair. A K-invariant function
¢ € Lg(H) is said to be K -spherical if

e fx ¢ is a scalar multiple of ¢ for every f € Ly (H); and

o ple)=1
We let A(K : H) denote the set of all K-spherical function ¢ : H — C.

Note that the constant function ¢, = 1 is K-spherical. In particular we observe
that f x ¢ = s(f)po where s(f) := > . f(x). We call ¢, the trivial K-spherical

function.

Theorem 1.21. Let K : H be a Gelfand action pair and r be the number of distinct
K-orbits in H. Then A(K : H) is an orthogonal basis for Li(H). In particular, in

view of Lemma 1.18, there are precisely r distinct K -spherical functions and one has
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for any f € Lx(H). Moreover the spherical functions have the following properties
forall f € Lx(H) and ¢,¢' € A(K : H):

1. fxo=(f0)9,
2. (¢, ¢") =0 for ¢ # ¢,
3. opx ¢ =0 forp £ .

Together properties 1 and 2 show

¢* ¢ = 04,4 (0, 9)¢

for all spherical functions ¢, ¢ € A(K : H). Our terminology and context (Gelfand
action pairs) is not standard. Elsewhere the reader will find a well developed theory
of Gelfand pairs and associated spherical functions. A (finite) Gelfand pair (G, K)

consists of a finite group G and subgroup K < G for which the convolution algebra

L(G/K) :={f € L(G) : f(kigks) = f(g) for all k1, ks € K and g € G}

of K-bi-invariant functions on G is commutative. Given a Gelfand action pair K : H
one obtains a Gelfand pair (G, K) by taking G := H x K, the semi-direct product of
H with K. The reader may find the general theory of spherical functions for finite
Gelfand pairs presented in [4, §4.5] and [9, Pages 341-350]. Here we have specialized
this more general theory to the action pairs context. In particular, Theorem 1.21
follows immediately from corresponding results in the Gelfand pairs context.

We remark that property 3 in Theorem 1.21 follows immediately from the defining
properties of spherical functions. Indeed, given a pair of spherical functions ¢, ¢ we

have both ¢ x ¢’ = N¢' and ¢px ¢’ = ¢/ x o = A for some scalars A\, \' € C. Thus if
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¢ * ¢’ £ 0 we must have that ¢’ is a multiple of ¢. As ¢(e) = 1 = ¢/(e) this implies
that ¢’ = ¢. Moreover orthogonality property 2 in the theorem now follows from

properties 1 and 3. Indeed for spherical functions ¢ # ¢’ we have

(9,¢) = (0, 0)¢(e) = (o x ¢')(e) = 0.
The following result is a specialization of the functional equation for spherical
functions associated with Gelfand pairs. (See [4, Theorem 4.5.3].)

Proposition 1.22. For ¢ € A(K : H) one has

ﬁ S o(alk - y) = 6(@)o(y)

keK
for all x,y € H.

The proof for Proposition 1.22 requires the following lemma.

Lemma 1.23. For ¢ € A(K : H) one has

$a™") = ¢(x)

forallx € H.

Proof. For fixed x € H one has

yeH

by K-invariance of ¢. But using the spherical function properties from Theorem 1.21
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we also can write

= K alo(a )

In the last step we used the fact that the function y +— ¢(y~') is K-invariant. This
is easily seen. So now

K - 2lg(x) = [K - x|g(z)
and hence ¢(z 1) = ¢(z) as stated. O

Proof of Proposition 1.22. Fix x € H and consider the function F, : H — C defined

as

Fi(y) = 5 3 olalk 1),

keK

This is clearly K-invariant and so, by Theorem 1.21, has spherical function expansion

<F$7¢/> /
Mgm) (¢, )

But for ¢' € A(K : H) we compute

yeH

= Z F.(y)¢'(y~') by Lemma 1.23
yeH

=3 g 3 dlatk )l
yeH keK
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- % S5 6w (k- y)d )

keK yeH Y
1
= $laz) ¢/ (k™" - 27"
e
_ K] ’o-
= @y;ﬂmw (™)
= (¢*¢)(z)

= 0p.pr (P, P)(x) using Theorem 1.21.

So now
(¢, ) /
F, = O 7 ()¢ = p(2)¢.
Weéﬂ) YN
That is, F,(y) = ¢(z)¢(y) as desired. O

Note that if H is an finite abelian group then any action pair K : H is automat-
ically a Gelfand action pair. Indeed as L(H) commutes under convolution so does
the subalgebra Ly (H). In the final section of this chapter we identify the spherical
functions for Gelfand action pair’s K : H with H abelian and give a complete proof
for Theorem 1.21 in this context. In particular, if H is abelian and K = {e} trivial
we will see that spherical functions are just the characters y € H. This is consistent

with the functional equation, which reduces to

o(xy) = ¢(x)o(y)

in this very special situation. The spherical function expansion for f € Ly, (H) =
L(H) given in Theorem 1.21 here reduces to the Fourier Inversion Formula.(Proposition

1.11)
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1.7 K-averaged characters

Definition 1.24. Let K : H be an action pair. For functions f € L(H) we define

the K-average by
1
Kf(x) = ] > flk-x)

keK
K-averaging has the following properties.
Lemma 1.25. (a) f — £f is a linear operator on L(H),
(b) f € Li(H) for each f € L(H),
(c) “f = f when f € Lx(H),

(d) (“f,g) = (f,"g) for all f,g € L(H).

Proof for part d.

<Kf,g>=2(%Zf(k-as))M:,%'ZZf(k-x)M

= ﬁ SN Fwek Ty =Y ) (% PNICEE y))
keK yeH yeH keK
=2 ) <|—}(, S gk y>> = (f.%9). -
yeH k'eK

Theorem 1.26. Let K : H be a Gelfand action pair and x : H — C* a character
on H. Then the K-average ®x : H — C is a K-spherical function. Moreover if H
is abelian then every K -spherical function has this form. That is, A(K : H) = {¥x :

X € H} when H is abelian.

Proof. Let K : H be a Gelfand action pair, x : H — C* a character and set ¢ := Xy.

Now ¢ € Lig(H) and ¢(e) = ﬁZker(k ce) = %X(e) = x(e) = 1 as x is a
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homomorphism. To show that ¢ is K-spherical it remains to check that f x ¢ is a

scalar multiple of ¢ for each f € Lx(H). Indeed we compute

Fro@) =Y F)Sw e = f(y)ﬁ S (k- y) k- 2))

yeH yeH keK
SO WION(RIEE)
keK yeH p

= LX)y (k)

keK zeH f(z) X(Z_l‘)'x(k'ib)
S P ORES (ﬁ >l x>>
zeH O keK
= (f,x)9(2)
= ("f,x)9(x)
= {f,"\)¢(x) using Lemma 1.25(d)
= (f,9)0(x).
So f x ¢ is a multiple of ¢ and, moreover,
fxo=(f0)¢ (1.8)

as in Theorem 1.21.
Now let y, X’ be characters on H and set ¢ = Xy, ¢’ = £y/. Using (1.8) it follows

that (¢, ¢') = 0 unless ¢ = ¢/, as explained in the preceding section. Thus the set

S :={"x : x is a character on H}

of K-averaged characters is a set of pair-wise orthogonal spherical functions. In
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particular, S is linearly independent.
Next suppose that H is abelian. We will show that S = A(K : H). First observe
that S spans L (H) and hence forms an orthogonal basis for this space. Indeed given

f € Lix(H) we may apply the Fourier Inversion Formula to write

1

f=1m > 0

|H| ~

xeH

K-averaging both sides yields

1 K
f= > ()"

|H| ~

xE€EH

since Xf = f. So f € Span(S). Now suppose that a : H — C were a spherical
function with o ¢ S. We must have o x ¢ = 0 for each ¢ € S and (1.8) shows that
also (a, ¢) = 0 for each ¢ € S. As S in an orthogonal basis for Lx(H) this implies
a =0. As a(e) = 1 we have obtained a contradiction. In conclusion, S = A(K : H)

as desired. O

Proof of Theorem 1.21 for H abelian. By Theorem 1.26 we have
AK :H)={":yeH

Moreover, the proof showed the set of K-averaged characters forms an orthogonal

basis for Ly (H) and property 1 in Theorem 1.21 is established above as (1.8). [

Remark 1.27. For characters y, x’ we may have Xy = &y’ although y # x’. For a
non-trivial action K : H with H abelian this must be the case for certain characters.
For here A(K : H) = {¥y : x € H} and we know |H| = m = |H| whereas |A(K :

H)| = r < 'm, the number of distinct K-orbits in H.



CHAPTER 2: DISCRETE RANDOM WALKS

2.1 Random walks on a finite set

Let X be a finite non-empty set.
Definition 2.1. A stochastic matriz P on X is a function P : X x X — R with
(a) P(x,y) >0 for all x,y,

(b) > oyex Plz,y) =1 for all .

That is, P,,(y) = P(xg,y) is a probability measure on X for each fixed zy € X.
If |X| = n then P amounts to an n X n real matrix indexed by the set X, each
row of which is a probability measure. Such a P determines a random walk on X.
Elements xy € X represent possible positions of a random walk. At each discrete
time, t = 0,1,2,---, our walker is at some position x € X. If we are at position
x at time t, then P(x,y) gives the probability that we move to position y at time
t+1. Note that the probabilities P,(y) = P(x,y) only depend on the current position
x, not on time ¢ or the past position of the walker at prior times. We say that the
stochastic matrix P is the transition matriz for the random walk.

Suppose the walker is at position zy at time t = 0. Then

Pé?(y) = P(2)(x0,y) = Z P(xo, x1)P(21,y)

r1EX

gives the probability the walker is at position y at time ¢t = 2. Likewise

ngg’)(y) = P(3)(x0,y) = Z P(2)(x0,x2)P(m2,y) = Z P(xg,x1)P(x1,x9) P(x29,7)

xo€X r1,02€X
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is the probability distribution for the walker’s position at time ¢ = 3. In general

P& (y) = P'(z0,y) = Y P (20, 1) P(mo1,y)

Tm—-1€X

= Z P(Io,xl)P<l’1,fL‘2)"'P(xm—Q,xm—1>P(xm—17y)

T1,T2, ;Tm—1€X

is the probability distribution after m random steps.
Note that: each of P®), PG) ... P0™ ... igitself a stochastic matrix. Regarding

P as an n x n matrix P®, P®) ... are the powers of P in the usual sense.

Definition 2.2. A stochastic matrix P on X is ergodic if for some my > 0, we have

PUm)(z y) > 0 for all 7,y € X.

The main result in this field is the following. The reader may find a proof in [4,
Pages 18-20].

Theorem 2.3 (The Markov Ergodic Theorem). P is ergodic if and only if there is a

probability measure m € M(X) with Supp(m) = X and

lim P (x,y) = n(y).

m—00

That is, PQEQ” — 7 in M(x) independent of x.

2.2 Random walks on finite groups

Definition 2.4. Let H be a finite group. A stochastic matrix P: H x H — R on H

is said to be left-H-invariant if P(ax,ay) = P(x,y) for all a,z,y € H.
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Lemma 2.5. Given n € M(H), P,(z,y) := p(z~'y) is a left-H-invariant stochastic
matriz and, moreover, every left-H -invariant stochastic matrixz P is of the form P =

P, for some probability measure p, namely j(z) := P(e, 2).

Proof. Let p € M(H) be given and set P,(z,y) := pu(z'y). Now P, is a left-H-

invariant stochastic matrix because:
L Py(x,y) = p(z~'y) > 0 as p € M(H),
2. > yen Pu(®,y) = X pen p(aty) =3 cy m(z) = 1 as p € M(H),
3. Pulaz,ay) = p((ax) " (ay)) = pla~ a  ay) = p(z~"y) = Pu(z,y).

Conversely, given a left- H-invariant stochastic matrix P let u(x) := P(e,z) =

P.(z). Now
P(z,y) = P(z'z,27y) = Ple,x”'y) = p(z~'y) = Pu(z,y).

So P = P, as stated. ]

Given p € M(H) one computes that P;EQ) = P,,,. Indeed

P}Ez)(aj,y) = ZPM<:U>Z)PM(27?/)

z€H

1 -1 —1)

= ZN(&)N(Z'_ly) (let w=2""2s0 z =zw and =iy

zeH

= pw)p(w ™z y)

= (uxp)(zly)

= Pu*u(l'a y)-



26

Iterating we obtain

Plgm) - P‘u*m

where

W=k
—_——

m times

So, in particular, p* is the probability for the state of the random walk after m steps
using transition matrix P, beginning from e € H.

One executes such a walk as follows.

Choose a sequence x1, T9, x3,... of points in H independently distributed
according to p. After m steps our walker is at state z1zy - -+ 2, (product
in H).

Definition 2.6. We will say that a probability measure u € M(H) on an finite group
H is ergodic when the associated left- H-invariant stochastic matrix P, is ergodic in

the sense of Definition 2.2.

Proposition 2.7. The following are equivalent for n € M(H).
(a) u is ergodic,
(b) Supp(p)™ = H for some mo, > 1,
(¢) ™™ —u.

In particular ergodicity for p only depends on Supp() and the equilibrium distribu-

tion from the Markov Ergodic Theorem is necessarily the uniform distribution u.

Proof. (a) <= (b): By definition 11 is ergodic if and only if P™ (z,y) = p*™ (2~ y) >

0 for some m, and all =,y € H. Equivalently, Supp(u*™) = H for some m, > 1. But
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as {1 is non-negative real valued we have Supp(p*™°) = Supp(p)™ (see (1.7)). So u
is ergodic if and only if Supp(pu)™> = H for some m, > 1.
(b) = (c): We adapt the argument given in [4, Pages 18-20] to establish the

The Markov Ergodic Theorem. For each m =1,2,--- let

fy— 4 *m I *m
Cly 1= 10D 1 (), Bm:= max 1 (x)

so that 0 < «,,, < 3, < 1 for each m. Now for every x € H we have

D () = @y p(y) =D amply) = aml = o,

yeH yeH

and hence (amH = min,eq u*(m+1)(x)) > «a,,. Likewise one has 3,1 < (3, for all

m. Thus (), and (5,,), are bounded monotone sequences hence convergent. Let
a:=lima,,, (:=1lim}§,
as a,;, < B, we have a < 3. Using (b) we will show that in fact

a=/4 (2.1)

holds. Assuming this as a,, < p*™(z) < 3, it follows also that lim,, p*™(z) = « for

each x € H. As each p*™ is a probability measure this gives

[Hla = 3~ (tim g () = lim (ZM )

zeH zeH
1

So o = i Thus p*"(x) — ﬁ for every x € H. That is, u*™ — u as claimed.
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To complete the proof that (b)) = (c) it remains to show (2.1). Suppose that
Supp(p*™) = H and let € := mingey @™ (z) > 0. As p*™° is a probability measure

and Supp(p*™) = H we have 0 < £ < 1 here. Now for any £ >0, x € H

*(mo +I<:) Z lu*mo )

=> (™) — e @ y) pt T e) F e Yt )ty ).

But for each y € H we have

P (y) — e (@ y) = o (y) — o (y) (7 y)

= @™ (y)(1 = p*(zty)) > 0

and hence

0 (y) — etz y)) Wty ) = (W0 (y) — et (7)) @

So now

> (wmo(y) — et y)) ) = ae Yy (1 (y) — et (@)

yeH yeH

= ai(l —e).

Also
ZM*k T y *k y .I Zu*k )—/L*Qk(e).

yeH z€H
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So for each z € H we have
P (2) > (1 - oy + 25 (e)

and hence

Qo > (1 — &)ay + e (e).

Likewise one shows

Bk < (1 — )6 + ™ (e)

and hence

Brmotk — Cmotk < (1 —€)(Br — o).

Iterating now given Sjmg+k — Qjme+k < (1—€)7 (8 —ay) for each k, j > 1. In particular

taking k = mgy we see

0 < Bjt1yme — A+1yme < (1 =€) (Bing — Qme)-

As0 < 1—e < 1wehave (1—¢)/ — 0as j — 0080 f—a = limj_oo (B(+1)me — Q(j41)mo) =
0. That is, « = (3 holds as claimed.
(¢) = (b): Suppose that (b) fails. Then for each m > 1 there is some point

Tm € H with ™ (x,,) = 0. But now

1 1

1 Aﬁm(xm)—-——-'—’——-

- | >
|H|

™ =l =)

zeH

p ) |~ ]

for every m. Hence (||g*™ — u]|1)m does not converge to zero and (p*™),, does not

converge to u. So if g*™ — u then (b) must hold. O
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2.3 Random walks with action pairs

Let H and K be finite groups with K acting by automorphisms on H to form an
action pair K : H. We let Mg(H) = M(H) N Lkg(H) be the set of K-invariant

probability measures on H.

Lemma 2.8. For p € Mg(H) the stochastic matriz P, is K-invariant, i.e.

P,k -z, k-y)=P,(z,y).

Proof. For any z,y € H and k € K we have

Pu(k-ak-y)=p((k-z)""(k-y))
= p((k -z ") (k- y))
= p(k - (x7ty)) = pla™'y)

= P,(z,y). O

The following definition is non-standard. Recall that K -z, denotes the K-orbit
through a point x, € H and k., is the uniform probability measure supported on

K -z, as in Equation 1.3.
Definition 2.9. Let K : H be an action pair. We say that
(a) K : H is ergodic if pg .., is ergodic for some zy € H,
(b) K : H is strongly ergodic if pg .., is ergodic for every xy # e.

The measures pg.,, are K-invariant with smallest possible support, a single K-
orbit. So an ergodic action pair is one for which there is an ergodic invariant walk

with minimal support. A strongly ergodic action pair is one for which all invariant
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walks with minimal support are ergodic. Here we specify “zy # €” in the definition

because K - e = {e} and jigy = J. is not ergodic (unless H is the trivial group).
Now consider (K : H)-invariant random walks where the action pair K : H is a

Gelfand action pair. So let K : H be a Gelfand action pair and u € Mg(H). We

apply the spherical function expansion to u:

where A(K : H) is the set of K-spherical functions on H. As we know ¢ * ¢/ =
S0 (@, @) for ¢, ¢ € A(K : H). We obtain

[Lx L= Z <H> ¢>2¢
seaien (& 9)

Proof. Indeed

[terating gives:

(9,9)

PeA(K:H)



32

The term in this summation involving the trivial spherical function ¢, is

it @o) mcbo = u.

<¢O7 ¢O>

Indeed (9o, 60) = Y,y [6(2)” = [H] and

<:ua ¢0> = Z M(x)¢o($) = Z ,u(flf) =1

reH reH
Thus for each x:
<:u7 ¢O> " _ L _
<¢07¢o> (bo(x) - |H| - u(x)

Thus we have established the following.

Proposition 2.10. If K : H is a Gelfand action pair and u € Mg (H) then

o (1, 0)™
=y g
2 (6.9

where the sum is over all non-trivial K -spherical functions ¢ € A(K : H).

Corollary 2.11. u € Mg(H) is ergodic if and only if |{u, ®)| < 1 for all non-trivial
spherical functions ¢ # ¢o.

Proof. By Proposition 2.7 u is ergodic if and only if g™ — u. Let ¢ € A(K : H)
with ¢ # ¢,. Then
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If p is ergodic, then p*™ —u — 0 and hence (*™ —u, ¢) = (u, $)™ — 0. This implies
{1, 9} < 1.

Conversely if |(u, ¢)| < 1 for all spherical functions ¢ # ¢, we have

M*m_uzz<uu¢> ¢ 0

i (B P T mmee

and thus p is ergodic. O]

Taking @ = pk..,, the probability measure supported on a single K-orbit, we

observe that for spherical functions ¢,

<MKIO7¢ |K |Z(5K:p

> ()

rzeK-xg

|’K 2ol(zo) = d(wo)

|K [L’Q’

|K

since ¢ is K-invariant. So Proposition 2.10 yields

- (¢(z0)”
P, —w= ) S 0
¢7£¢0 <¢7 ¢>

and Corollary 2.11 gives:

Corollary 2.12. A Gelfand action pair K : H is
(a) ergodic if and only if for some x, € H one has |¢p(z,)| < 1 for all ¢ # ¢o,
(b) strongly ergodic if and only if |p(x.)| < 1 for all ¢ # ¢o and all x, # e.

Lemma 2.13 (Upper Bound Lemma). Given a Gelfand action pair K : H and a
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probability measure pn € My (H) one has

1™ = |7y < e >

In particular, for points x, € H

* H| ¢ o)™
i, —ulldy < 57 > :
K w 4 ¢7£¢0 <¢7 ¢>

Here || - ||rv denotes the total variation distance given by Equation 1.4.

Proof. Recall that the total variation distance between a pair of probability measures

is one half the [!-distance (Lemma 1.3). Thus we have

*m ]' *m |H’ *m
i = wlBy = 7™ =l < S — g

because, by Lemma 1.1, || f]l1 < /|H|||f]|2 for f € L(H). But now

*m_u

™ —ull3 = (u W — )

B (1, )™ ()™ >
= ML, SA R
<¢; (6, ) d,% (&, ')

(i, &)™, Y™
- (0, )
¢¢%ﬁ¢/ (¢, 0)(¢', )

o )
=2 (0, 0)

dFbo

since (¢, ¢') =0 for ¢ # ¢'. So

. H| < [ 0) ™"
™ = ullzy < == - O
w 4 ¢¢¢o <¢7 ¢>
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Diaconis and Shahshahani pioneered the application of harmonic analysis on finite
groups to the study of random walks in their ground breaking 1981 paper on random
permutations [6]. This included a version of the Upper Bound Lemma. A version in
the Gelfand pairs context can be found in [5, Page 55] and [4, Page 144]. Lemma

2.13 is a specialization of this result to the action pairs setting.



CHAPTER 3: RANDOM WALKS ON FINITE FIELDS

3.1 The context

In this chapter we study invariant random walks arising in connection with finite
fields. We refer the reader to [1, Chapter 13] or [8, Chapter 2| for background on the
structure of finite fields. Let F' denote a finite field. It is well known that the order
of F'is a prime power,

|F| =q=7p°

say for some prime p and exponent s > 1. Moreover for each prime p and exponent s
there is exactly one field of order ¢ = p*, up to isomorphism, and we sometimes write
F =T, The field F is an extension of its prime field (smallest subfield) Z, = Z/pZ.
We think of Z,, concretely as Z, = {0, 1, ..., p—1} with arithmetic performed modulo

p. We assume throughout that

p 1s an odd prime.

This restriction is needed for Theorem 3.3 below and in Section 3.4.

We let F'™ denote the additive group for F and F* the multiplicative group of
non-zero field elements. The group F* acts via multiplication on F* to yield an
action pair F'* : F'*. This is an immediate consequence of the field axioms. We will
study action pairs of the form K : F* where K < F* denotes a subgroup of F'*. As
F* is abelian these are Gelfand action pairs. It is known that the multiplicative group
F* is cyclic, and a generator is called a primitive element. As subgroups of cyclic

groups are cyclic, K is a cyclic group whose order divides |F'*| = ¢ — 1. Moreover



37

the additive group F'* is isomorphic to the product

T ... +
pr pr
—————

s times

of s copies of the additive cyclic group Z; :

3.2 Ergodicity for action pairs K : F'"

Proposition 3.1. Let K < F*. Then for any v, # 0 and m > 1

*m

R, = wllzv = (IR = ullrv

Proof. Let x, # 0 be fixed. We have for = € F,

Also note that |K -

So for any x € F,

reK -z, < xv=k-x, for some ke K
> a2 'z =k for somek € K

— z 'z e K.

zo| = |K| because the map K — K - x,, k — kx, is a bijection.

HE .z, (x) =




Now we compute that

(luK-xo * ﬂK.mo

[terating gives

forallz € F, m > 1.

Finally now

||#Kzo

as claimed.

Zﬂmo Y) Kz (Y + )

= ;umgw—y))w(as;%y 1)

= ;MK(—(xoly))uK(xoly +a7'z) (let 2 = a7 ly)
= ;MK pxlz+ 25 )

= (px * i) (2, '),

Wi, (T) = p" (wg 12)

uHTV = _||MK Zo u||1

=—Z! i () — u(z)|

zeF
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Corollary 3.2. Let K < F*. Then the following are equivalent:
1. K : F* is ergodic.
2. K : F* is strongly ergodic.
3. W s an ergodic probability measure.

Proof. Recall that K : F" is ergodic when pg.,, is an ergodic measure for at least
one point z, # 0. This means that ||u3, — u|lrv — 0 for some x, # 0. Moreover
K : F* is strongly ergodic when this happens for every x, # 0. Proposition 3.1 shows
that ||p",. — ul|rv — 0 for all z, # 0 if and only if || — u||rv — 0. So K : F't is

strongly ergodic if and only if it is ergodic if and only if px is an ergodic measure. [

Below we will apply Proposition 2.7 to obtain a criterion for erodicity of k.
We know that F* is a cyclic group (see [1, Page 46]) and hence so is any subgroup
K < F*. Let a denote a generator for K. Thus K = (a) = {o? : j € Z} =
{1,a,0?% -+ ,a?1} where d = ordp= (), the order of a in F*. For m € N, we now

see that the m’th “power” of K = K - 1 in the additive group F'* is

mK =K+K+---+K

m-times

= {ao+a1a+a2a2+---—I—ad_lad_1|aj eNU{0}, ao+ a1+ -+ aq :m}

= {60+61a—|—62a2—i—---—i—ﬁd_lozd_l]aj e NU{0}, ao+ar+ -+ as :m}

where a@; € Z, denotes the residue of the non-negative integer a; modulo p.

Recall that the subfield Z,(«) of F' generated by oo € F'* is

Zp(a) = {f(a) : [ € Zy[x]}
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and we have field extensions

Zy C Zy(a) C F.

We see that all elements of mK belong to the intermediate field Z,(«), that is
mK C Z,(a)

for all m.
Theorem 3.3. Let o be a generator for K.

(a) If K : F* is (strongly) ergodic then Z,(o) = F. Equivalently, the field element

a € F has degree s over the prime field Z,, where |F| = p°.
(b) Conversely, if Z,(o) = F and —1 € K then K : F'* is (strongly) ergodic.

Proof. Suppose K : FT is ergodic. Corollary 3.2 implies that ug is an ergodic measure

and by Proposition 2.7 we must have
(Supp(u}m") = mOK> =F

for some mo > 1. As m.K C Z,(a)) C F, this gives Z,(«) = F.
Next assume that Z,(a) = F and —1 € K. We have K = {1,a,a?,...,a% '} as

above and now

Zy(a) = {ao + @+ et + -+ ag 0% a; € NU {0}}

(o)

m=1

In fact as 1 € K we have 0 € K+ K = 2K and can write simply Z, () = Uy_ymIK.

Now say F' = {f1, 02, -+, B,} and for each j let m; > 1 be such that §; € m;K. In
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fact we can assume m; is odd because p is odd and we can write

Bi=0+ta+a+---+a,

p-times

so m; K C (m;+ p)K and if m; is even then m; + p is odd. As 0 € 2K we also have

K C 3K C5K C ---. Now let mo, = max(my, ma,--- ,m,). We have

q
FCUmjKCmOKCF.

j=1
So m.K = F and hence K : F'* is ergodic by Proposition 2.7. ]
Lemma 3.4. —1 € K < |K]| is even.

Proof. Here K = (a) = {1,a,a?,--- ,a®'}. Suppose that —1 € K. Thus —1 = o/
for some exponent 1 < j < d— 1. Now a? = 1 with 2 < 25 < 2d — 2. But the only
exponent i with 2 < i <2d — 1 with o’ =1 is i = d. Thus |K| = d = 2 is even.
Conversely, suppose that d is even, d = 2j say. Then o/ € K has (a/)? =a? =1
and (o’ # 1). As the only roots for 22 — 1 in F are 1 and —1 we must have o/ = —1.

So —1 € K. [l

3.3 Upper bound on ||u}" — ul|3.,

Let £ denote the set of all additive characters on F. These are the maps ¢ : [ — C*

for which ¢(a +b) = ¥ (a)1(b) for all a,b € F. It is known that

Ft = {¢o : a€ F} where ,(x):=exp <?tr(ax)) (3.1)
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and tr : ' — Z, is the absolute trace mapping for the field extension Z, C (F =
F, = F,:), namely

—1

tr(@)=a+a? + 2% + - +a* (3.2)

(See [8, Theorem 5.7 and Definition 2.22].)
Let K < F* be a subgroup of F*. As F* is abelian K : F" is a Gelfand
action pair and Theorem 1.26 ensures that the K-spherical functions are K-averaged

characters. Thus
AK:F")={¢, : a€ F} where ¢, :=",.

That is,

1 1 1
Pa() = x| > talk) = x| > di(kax) = x| > Yrale).

keK keK keK

Note that ¢,(z) = ¢1(ax) and that ¢, = 1 is the trivial spherical function. The

spherical functions ¢, are not all distinct. In fact

|A(K : F*)| = the number of K orbits in F

=14 |F*/K]|
£
I

=1+

So there are exactly 1+ |F*|/| K| distinct K-spherical functions in all.
Lemma 3.5. (¢,, 0o) = e Jora#0 (and of course (¢o, Do) = q).

Proof. If a = 0 then ¢, = ¢o = 1 and (Pa, Pa) = (Po, o) =D ,cpl =¢q. lfa # 0, we
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get, using Lemma 1.25,

<¢a7 ¢(I> = <K¢G’K,{7Z}(I> = <K(Kwa) ¢G> = <K¢aa¢a>

’Zmew

2EF keK

Z Z exrp (tr(kaz) — tr(az))
| kEK zeF ((k"l)ax)
S,

keK zel

But Lemma 1.8 shows

Zz/; (@) q if(k—1)a=0
(k—=1)a\T) =

ek 0 if otherwise

= qfsk,l

<¢a7¢a> |K| Zk’EK q5k1 % ]

Lemma 3.6. For a,b € F' one has
Go=0p < K-a=K"b.

Proof. Say Ka = Kb, equivalently a € Kb. So a = k,b for some k, € K. Now for

any r € I

Z Ya(kz) = & Z Y1 (kaz)

kGK keK

] Zwl (kkobz) ] Z W (kyba)

keK kieK
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Z Up(krx) = @p().

kleK

Conversely suppose ¢, = ¢p. Then (pg, dp) = (Pa, Pa) # 0, by the preceding

lemma. But

<¢a7 ¢b> = <K¢aa K¢b> = <K<K¢a)a ¢b> - <K¢a7¢b>

= Z K a(x)wb(x)

el
=3 X vl (@)
CEGF kGK
I ZZexp —tr (akx — bx)
h\,—/
keK z€F (o))

2(2 o)

But if ka — b # 0 we have ) _p¥ra—s(z) = 0 by Lemma 1.8. As (dq, ¢p) # 0 we
must have ka — b = 0 for at least one k € K. That is b = ka for some k € K. But

this gives b € Ka and hence Ka = Kb as desired. O]

Lemma 3.7. [|u" —ul|Fy, < ; Zaepx |pa(1)]*™.

Proof. By the Upper Bound Lemma (Lemma 2.13) we have
s - |F | 5~ o]

3 = wllFy = i — ull7y < Z

¢F#do

Using Lemma 3.6 we may now write

H/’L* u”TV —= 4|K| Z |z: ¢a

ack*
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Indeed for a # 0 we have |Ka| = |K]| since the map K — Ka, k +— ka is a bijection.
(That is, in the previous summation each distinct spherical function ¢, appears |K|
times.) Finally as Lemma 3.5 shows (¢,, ¢,) = riey for each a # 0 we obtain the result

as stated. O

Recall that both F'* and K are finite cyclic groups. Theorem 3.3 gives a sufficient
condition for ergodicity of the action pair K : F'" in terms of a generator for K. In
this context we can make explicit the upper bound on || — u||%;, given by Lemma

3.7 as follows.

Theorem 3.8. Let g € F* be a generator for F* (primitive element). Suppose that
Zy(a) = F and set K := («), d := |K|. Assume d = 2d’ is even. Then K : FT is

(strongly) ergodic and

q—1
2m

*Mm 1
i = ull7y < WZCE
=1

where
&1 o |
Cp:=) cos (—tr(g“%) . with «:= ¢°.
jgo p

Proof. We have
F*=(9)={l,9.9°-- ¢} ={9,9"% - .g""}
and as « := ¢¢ generates K < F'*,
K={l,a,0% -, 0" ={a,a? -, a¥}

where d := |K|. As we are assuming that d = 2d’ is even, —1 = a? belongs to K.
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Theorem 3.3 ensures that K : F'* is (strongly) ergodic. Moreover we have

d-1 d
K={l,a,--- 0", -1, —a, -+ ,—a" }

={+a/:0<j<d ~1}={+g9:0<j<d —1}

Now
1
¢a(l) = W Z Ya(k)
k
=
= =3 {alg) + ul—g)}
=0
d'—1 , '
1 27TZ . 27TZ :
— exp | —tr(ag? ) + exp (——tr ag* )}
! Z { ( "tr(ag”) tr(ag?))
2 cos(27rt:’r(ang )/p)
d'—1
2 2
= cos (—Wtr(agw))
Jj=0 P
d-1
1 (27T
= — Z cos —”’(agcj>>
d = p
So

g1 q—1 [d'—1 m
£ 3 P = 1 Yo" = > [Z (%trwl*@j))] .
=1

a€FX 1=1 Lj=0

This completes the proof in view of Lemma 3.7. m

3.4 The action pair U : F

Below we specialize our results from the previous sections to an interesting family of

examples that arise in connection with quadratic extensions of finite fields. The ideas
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here will also play a key role in the following chapter concerning random walks on
finite Heisenberg groups. As before F' is a finite field with ¢ = p® elements where p is

an odd prime, F' = [F,. Note that the squaring map
s: F* — F*,  s(z) = 2?

is a homomorphism on the multiplicative group F'* with Ker(s) = {£1}. So, by the
First Isomorphism Theorem in Group Theory, s(F*) = F*/{£1} has order (¢—1)/2.
Thus half of the non-zero elements in F' are squares and half are non-squares. Choose

€ € F* a non-square and form the quadratic extension field

F=F({e)={a+b/e : a,be F}
with field operations

(a+bye)+ (c+dye) = (a+c)+ (b+d)/E,
(a4 by/e)(c+ dy/e) := (ac + bde) + (ad + be)/e.
This is a field of order ¢ = p*, so F = Fp. We may regard F as a finite analog
for the field C = R(y/—1) of complex numbers and adopt “complex notation” to F

writing, for z = z + yy/z in F),

It is easy to check that the map o(z) = Z is an automorphism of the field F fixing
the subfield F. In fact o coincides with the ¢’th power mapping z + 29, which is well

known to be an automorphism [1, Proposition 6.20].

Lemma 3.9. Z = 29 for all z € F.
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Proof. For x,y € F', we have:

(z +yve)! =27+ (Vye)! = 27+ (Ve)y! =z + (Ve)ly

as a? = a for all « € ' =T, [1, Page 512]. So it just remains to show (y/)? = —y/e.
We have (/£)* = e? = case € F, so ((y2)?)? = ¢, and thus (y/&)? = /2 or
(v/€)? = —y/e. But the polynomial 27 — z has at most ¢ roots in F and all q elements
of F' are roots. Since v/ ¢ F we must have (1/)? # /2. So now it follows that

(VE) = —VE 0

It is easy to check that the map
N:F*X — F* N(2) =2z = 27" (= Re(2) — eIm(2)?)

is a group homomorphism. This is called the norm mapping for the field extension

FOF [8, Page 57]. We define the finite unitary group U = U(1, ﬁ) as
U:Ker(N:ﬁXHFX):{zeﬁ:zzzl}. (3.3)

This is the natural analog for the unit circle group U(1) =T ={z € C : |z|* =2z =

1} in the complex plane.

Lemma 3.10. U is a cyclic subgroup of order ¢+ 1 in Fx. If g € F* isa primitive

element then u = g9~ generates U.

Proof. As F* is cyclic and U a subgroup of F * the group U is cyclic. We have

U={zeF*: 2" =1} ={ze F*: 2" —-1=0}
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and hence |U| < ¢+ 1, as the polynomial 29" — 1 can have at most ¢+ 1 roots. Note,

.. 2_ .
moreover, that 2471 — 1 divides 27"~ — 1, indeed

q—2

270 1 = (29 — 1) f(z) where f(2) = Z(zq+1)j.
=0
As |F| = ¢ — 1 we have 227! = 1 for cach z € F*. That is, each z € F* is a
root of z¢°~1 — 1 and hence a root of either z¢t! — 1 or f(z). As f(z) has at most
deg(f) = (¢* — 1) — (¢ + 1) roots it follows that z?** — 1 must have at least ¢ + 1
roots. So now |U| = ¢+ 1 as stated.

Next define a mapping 7 : FX — F* via
n(z)=%/z=21/z= 29"

As n(zw) = (zw)?™t = 271wt = n(2)n(w), the map 7 is a homomorphism. Observe

that (F*) C U(1, F) since
N(1(=)) = N(z/2) = N@)/N() = = =
Also
Ker(n)={z€ F*:z/z2=1}={2€ F* :7=2} = F*

By the First Isomorphism Theorem n(F*) = F* /Ker(n) and so

2
-1 ~
T =g+ 1=[U(LF)

n(F)| = |F*|/|Ker(n)| = |F*|/|F*| =

As n(F) c U(1,F) and |[p(F*)| = |U(1, F)| we must have n(F*) = U(1, F). Since

n: F* — U(1,F) is a surjective homomorphism one generater for U(1, F) is given
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by n(g) where g € X generates F*. Thus n(g) = g7 ! generates the cyclic group
U(1,F). O

Proposition 3.11. U : F'* is (strongly) ergodic.

Proof. We will apply Theorem 3.3. First note that —1 € U. So we need only check
that Z,(u) = F where u € U denotes any generator for the cyclic group U. (In
view of Lemma 3.10 we can use v = ¢9~! with g a primitive element in F .) Let

s1 := degz, (u). We must show that s; = 2s = deg(f/Zp). Here
Zp C (Zp(u) = Fpr) C (ﬁ = Fpe:)

and from Field Theory we know s;|(2s). (This is the Subfield Criterion |8, Theorem
2.6].) But U C Z,(u) and hence

" =1Zy(uw)]) = (Ul =g+ 1=p"+1)

so that s; > s must hold. Now as s1|(2s) and s; > s we conclude that s; = 2s as

claimed. u

3.5 An upper bound on ||g;" — u||%,

Let tr: F — Z,, denote the absolute trace mapping for the finite field F and set

UBp(m) = ( : )m T (3.4)

¢+1 =1

where

(¢-1)/2 o A
Cp = cos | —tr(gtta—bi ) 3.5
> cos (Zir(g o) (3.5)
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for 1 < ¢ < ¢* — 1. With this notation we have:
Theorem 3.12. ||g;™ — u||%, < UBr(m).

Proof. This is just a specialization of Theorem 3.8. Here we have Fin place of I, ¢*
in place of ¢, tr in place of tr, ¢ — 1 in place of ¢ (see Lemma 3.10) and (¢ + 1)/2 in
place of d'. O

The trace mapping ¢r : F— Z, in 3.5 can be written as
tr(z) = tr(2Re(z)) = 2tr(Re(z)) (3.6)

where tr : F' — Z, is as in 3.2. This follows from the transitivity of trace [8, Theorem

2.26]. Indeed the trace map for the extension F' C F is z — z +Z = 2Re(2).



CHAPTER 4: RANDOM WALKS ON FINITE HEISENBERG
GROUPS

4.1 The context

The (polarized) three dimensional Heisenberg group over a given field I is the set

Hi(K) =K x K x K with product
(x,y,t)(u,v,8) = (x+u, y+v, t+s+zv— yu).
One verifies the associative law for this group operation as follows.

(1,91, t1) (22, Y2, t2)) (23, Y3, t3) = (21 + T2, Y1 + Y2, b1 + o + T1y2 — Y1T2) (T3, Y3, t3)
= (($1 +12) + @3, (Y1 + Y2) + ys,
bty +ty + 21y — Y122 + 3 4 (21 4 2)ys — (1 + y2)3)
= (21 + (22 +23), 51 + (12 + 13),
b1+ b+ T1ys — Y1T2 + b3 + T1Y3 + Toyz — Y1T3 — Yols)
= (21 + (22 + 23), 51 + (y2 + u3),
b1+ by + T3+ 2ays — yors + 21 (y2 + y3) — y1(22 + 23))
= (z1,y1,t1)(T2 + 73, Y2 + Y3, T2 + T3 + T2y — Yo3)

- (xla y17 tl) ((.TQ, y27 t2>($3, y37 t3>)

It is easy to check that the identity element in H,(K) is e = (0,0,0) and inverses are
given by

(1:’ Y, t>_1 = (—CL’, —Y, _t)'
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The group H;(K) is a non-abelian group provided K has characteristic char(KC) # 2.
In this case the center of H(K) is Z(H1(K)) = {(0,0,t) : t € K}.
In the classical setting one has I = R. Identifying R x R with C via (x,y) < z+iy

one can write
Hi(R) =C xR with product (z,t)(w,s) = (z+w, t + s — Im(zW)).

Now the unit circle group U(1) =T = {z € C : |z|* = 2z = 1} acts by automor-
phisms on H;(R) via
k-(z,t) = (kz,t).

Here we take K = F' to be a finite field with characteristic char(F) = p # 2 and
write simply

H = H{(F).

As in Chapter 3, F = F, for ¢ = p® with p an odd prime. Letting ¢ € F' denote a
non-square we form the quadratic extension field F' = F (v/2) and recall that we have

adapted “complex notation” to F writing for (z = z 4+ \/zy) € F,
Z=x—+ey, Re(z)==z, Im(z)=y.
Now just as in the classical situation we may write
H=F x F with product (z,t)(w,s) = (z +w, t+s— Im(z@))
and the finite unitary group (see (3.3))

U=UQ,F)={keF:N(k)=kk=k'=1}
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acts by automorphisms on H via
k-(zt)=(kzt).

It is shown on [2] that U : H is a Gelfand action pair. As H is non-abelian this fact

is not obvious. For functions f,g € L(H) the convolution product f * g is explicitly

(fg)(zt) = D flw,s)g((w,s)(z1))

(w,s)eH

Z flw,s)g(z —w, t —s+ Im(wz)).

(w,s)eH

4.2 Spherical functions for U : H

The spherical functions for the Gelfand action pair U : H are computed in [3]. Given
a U-spherical function ¢ on the Heisenberg group H let ¢° : F — C and v F—C
be defined as

¢O(z) = ¢<Z7 0)7 ¢<t) = ¢(07t)'

Lemma 4.1. For any ¢ € A(U : H) the function 1 is an additive character on the
field F (i € Ft) and ¢(z,t) = ¢°(2)(t) holds for all (z,t) € H.

Proof. Applying the functional equation for spherical functions (Proposition 1.22) we

see

¢°(2)(t) = ¢(2 0)¢(0, 1)

|Z¢ ((2,0)(k - (0,1)))

keU

q+12¢ ((2,0)(k0,t))

keU
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Zgb (2,0) Ot
Q+ g+1 keU
qu z,t —Im(z0))
q+ g+1 keU
1
= ——> d(z1)
¢+1 keU
= o2, 1)
Moreover for t, s € F we have
U(t)ip(s) = ¢(0,)o( Z¢ ((0,£)(k0,5))
keK
Zq& (0,t+5) = (0, + s)
k:eK
=t +5)
So ¢ : F' — C is an additive character. O

Definition 4.2. We say ¢ € A(U : H) is of type 1 when the additive character
¥(t) = ¢(0,t) is non-trivial (¢» #Z 1). Otherwise we say ¢ is a spherical function of
type 2. We let A1(U : H) and Ay(U : H) denote the sets of spherical functions of

types 1 and 2 respectively, so that
AU H) =AU : H)[] 22U = H).

Lemma 4.3. For ¢ € Ay(U : H) the map ¢°(z) = ¢(2,0) is a U-spherical function
on F. Conversely, if ¢° € AU : F*) then the map ¢(z,t) = ¢°(2) is a type 2

spherical function on H.
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Proof. For given maps f : H — C, and elements s, € F', we write

foo F— C, f*(2) = f(z,50)-

(a) Let ¢ : H — C be a type 2 U-spherical function on H. We must show ¢° : F—
C is a U-spherical function on the additive group F. Clearly ¢° is U-invariant

and satisfies ¢°(0) = ¢(0,0) = 1. It remains to show that for any U-invariant

function g € Ly (F) the function g x3 ¢° is a scalar multiple of ¢°. (Here 3

denotes convolution in ﬁ+) For this we check that
g*p ° = (g% 9)°

where g € L(H) is g(z,t) := g(2)do(t). The convolution on the right hand side

is in the Heisenberg group H.

(g% )°(2) = (g% 9)(2,0)
= Zﬁ(’w, s)p(z —w,0 — s+ Im(wz))

= g(w)do(s)p(z — w, —s + Im(wz))

= 9(w)(z — w, Im(wz))

= g(w)p(z —w,0) (since ¢(z,t) = ¢(2,0) as ¢ € Ay(U : H))

Now as ¢ is U-invariant and ¢ : H — C is a U-spherical function we have
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g * ¢ = ¢ for some scalar A = )\, 4. But now
g*p ¢° = (A9)” = A¢°

is a multiple of ¢° as required. So ¢° belongs to A(U : F ).

(b) Next suppose that we are given a U-spherical function ¢° : F — C on the
additive group F* and define a map ¢ : H — C via ¢(z,t) = ¢°(z). We claim
that ¢ is a U-spherical function on the Heisenberg group H. Clearly ¢ is U-
invariant and satisfies ¢(0,0) = ¢°(0) = 1. It remains to show that for any

f € Ly(H) the map f x ¢ is a scalar multiple of ¢. For this we check that

(f*0)(zt) =Y _(f %5 6°)(2);

seF

(f*@)(z,1) was Jt— s+ Im(wz))
ZZZfS(w)cbo(z—w)
Z Rl

Now as f* : F — C is U-invariant and ¢° is a U-spherical function on F* we

have that f° %z ¢° = \;¢° from some scalar A\, € C so now

(f*@)(zt) =D Ng®(2) = (O A)d(z t

seF seEF

which shows f x ¢ is a scalar multiple of ¢ as required. n

The U-spherical functions on F were the subject of Chapter 3. These are just
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U-averaged additive characters on F. There are q such U-spherical functions on F
and hence ¢ spherical functions of type 2 on H. These are the spherical functions on
H obtained by U-averaging characters. The spherical functions of type 1 are more

subtle. These were given in [3].

Theorem 4.4. The U-spherical functions of type 1 on H are indexed by pairs (1, X)

where

URVNS F+ is a non-trivial additive character on F and

o X € (F*/F*Y a non-trivial multiplicative character on F whose restriction to
F> s trivial.

The spherical function ¢ = ¢y 5 for the pair (¢, X) can be written as

¢(z,1) = ¢°(2)(1)

where ¢°(0) = 1 and

FD =y ¥ T (N ) (1)

= =Y X(a+ Ve (N ) (4.2)

for z # 0. (Recall that N : F — F is the norm mapping N(z) = zz.) There are
precisely (¢ — 1)q = ¢* — q such character pairs (1, X) and the associated spherical

functions are all distinct. So

AU :H)=A{¢yp5x : (¥,X) as above}

15 the set of type 1 spherical functions listed without repetition.
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Corollary 4.5. For each ¢ € A(U : H) and every (zo,t,) € H with z, # 0 one has

q
Zoybo)| < ——.
6(z2: )] < L5

Proof. For z, # 0 we have

a

6200 = |- Do Rla+ VEV— 4

acF

<— > I¥ta+ V) ot N G e

N(z))9(to)

Lemma 4.6. For each ¢ € A(U : H) the function ¢°(z) = ¢(z,0) is real valued.

Proof. Recall that for z # 0,

4w Re(w) ~-Im(w)
v N~ Mw) Y VW)
we have
Re(w™) = }]%\76((3))’ Im(w™) = I]@(g)),
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and hence

(L) o () s [ L)

since 1 : ' — C* is an additive character. Note, moreover, that w™! # w since

wl=w = w=1—= w=+1 — wePF

1

Pairing the terms for w and w™' in the above summation formula we see that ¢°(z)

is a sum of real numbers

X0 (N (w) ) + K)o (e )

= 2re (o (-4 pa N w) ) m

In order to apply the Upper Bound Lemma (Lemma 2.13) we require the values
(¢, ¢) for each ¢ € A(U : H).

Lemma 4.7. For each type 1 spherical function ¢ € Ay(U : H) one has (¢, ¢) = ¢>.

Proof.

= Y oz 0P = > 16°(=

(zt)eH (zt)eH
= Y EPROP= ) ¢
(zt)eH (zt)eH
=gy |6°(z) = ¢ {¢°(0)2 + ) |¢°(2’)2}
2€F 2E€FX

ZX (a+Ve) (——N( )

aEF

q{l-i—z

zeFX

J
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> Xla+ Ve (——N( )

a€F

1
q{1+(q+1 Z

2EFX

q{ Y S Ra+ VARG + VA (1 (Z))@D(ZZ)EN(Z))}

2eFx a,bEF

But

and

o (8@ (- 2ve) =0 (0N )

since ¢ : I — C* is an additive character. So now

<¢,¢>q{1+( ) >3 Xla+VEXb+ Ve <4€GN(2))}.

2 F X a,bEF

But

ZG;F Xa+ Vo)X + Ve ( (z)>
= 3 X+ VAR <b+f>(2 (b%aw)))

a,bGF zeF'X

acF b#a 2EFX

Z (a+\/_){(a+\/_q1 +be+\/_z (b%aN(z)>}

acF

Z{Xa+\/_)|(q—1)+xa+\/_;xb+f%: ( )}

Note that the norm mapping N : F* — F* is surjective and (¢+1)-to-1. Indeed one



has
—1
+1

ﬁX/Ker(N)‘ -

Pyu| =L — —q-1=|F*].

So

> (Z“N(z)) —g+1) T ¢ (54‘5%) —(q+1) S v)

zeFX ceFX deFx

=(g+1) | v =—(g+1),

deF
0

in view of Lemma 1.8, since 1 € F is non-trivial. Thus

S Xa+vaR0HvE X v (L)

Z{q—l +X(a+ve) Y X0+ Ve) (—(g+ ))}

ackF b#a

=q(®—1) = (¢+ 1) _Xla+v2) Y _X(b+e).
ack b#a

But as x is trivial on F'*, we can write

> X+ Vo) = Z Z (b+Ve)

beF bEF c€F><

eI IRCIUNG

beF ceFx

1 —~ = . . . .
=1 Z X(cb+cyve) (as X : F* — C* is multiplicative)
T7 % per, cerx
1
= q——l 4 X(w)
weF—F

62
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by Lemma 1.8, since Y : F* - C*isa multiplicative character with X|rx = 1. Thus

S S+ va) S X+ V5

ack b#a

=Y Xa+ve) [ DX+ VE) —X(a+ve)

acel beF

-1

=Y Rt v {-1-Xa+va)}

=—;%(a+ﬁ)—;|%(a+ﬁ>|2
=1—gq.

We have

> D Mo+ VERB+VE) v (b;ffwz))=q<q2—1>—<q+1><1—q>

2eFx a,bel 2EFX

and now



=q{l+q—1}

Lemma 4.8. For each non-trivial type 2 spherical function ¢ € Ay(U : H) one has

(6, 0) = ¢*/(q+1) (and of course {¢o, do) = ¢°).

Proof. Lemma 4.3 shows that ¢° € A(U : ﬁ*) and Lemma 3.5 gives

L if g £ 1

(9°,0°) 5 = :
q? ifgp°=1

So for ¢ € Ay(U : H)

Gy = S oz

(z,t)eH

= 16°()?

2€F
=q(¢°,0°) »
q‘% if ¢° £ 1

¢ ifge=1

4.3 Ergodicity of U : H

We will write v, = pu.(z)- The action pair U : H is not strongly ergodic

because U-orbits U - (0,t,) through central elements (0,%,) in H are single points,

U-(0,t) = {(0,%,)}. (The measure vy, = d(4,) is of course not ergodic.) However,

we will show U : H is ergodic.
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Theorem 4.9. The action pair U : H s ergodic. In factv,, ;. is an ergodic probability
measure for each point (z.,t,) with z, # 0.

Proof. As U : H is a Gelfand action pair Corollary 2.12 shows that v, ;, = py.(z0 1)
is ergodic if and only if |p(z,,t,)| < 1 for all ¢ # ¢, € A(U : H).
For ¢ € Ay(U : H) we have shown in Corollary 4.5 that

q
207to S R
)] <

SO (20, 10)] < 1 for ¢ € Ay(U : H).

Now consider ¢ € Ay(U : H), ¢ # ¢po. We have ¢(zo,t5) = ¢°(2) = ¢(25,0) where
Q° F—Cisa spherical function for U : F* with ¢° # 1. As we proved that
U : F* is strongly ergodic (see Proposition 3.11) it now follows that |¢°(z,)| < 1,
because z, # 0 and ¢° € A(U : ﬁ*) and ¢° # 1. O

4.4 Convergence to equilibrium

The following result parallels Proposition 3.1.

Lemma 4.10. Given (zo,t,) € H with z, # 0 let t; = t,/N(z,). Now one has

127, = ullrv = |77 —ullry

Zo,to

for allm > 1.

Proof. Recall that convolution of functions f,g € L(H) is given by

(f*g)(z,t) = Z flw,s)g(z —w,t — s+ Im(wz)).

(w,s)eH
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Define an action of F* on H by
2o+ (2,1) = (202, N(20)t)
and an action of F* on L(H) by
(20 f)(z:8) = f (252, N(251)t).

Thus for f,g € L(H) we have

(2o [) % (2o g)(zt) = Y f(z'w, N(2")s)g(2 2 — 2w,
(

w,s)eEH

N(z;"t = N(z3 s + N(z3 ) Im(wz)).

But now as N(z3%) € F we have N(z) 'Im(a) = Im(N(z71)a) for any o € F.

] ]

(Indeed writing o = & + y4/€, one has N(z;)a = N(z; Yz + N(2; )y /z so

Thus

N(z;DYIm(wz) = Im(N (2, Ywz) = Im(z; 27 wz) = Im(2; 'wezs1z)



— Z fw' g (25t z —w', N(27" )t — 8"+ Im(w'z; 12))

(w',s")eH
= (f*9)(z5 "2, N(zt)

= (20 (f*9))(z,1).

Now we have defined v, ;, as the uniform measure on

U-(z05t0) = (Uz) X {to} = 2o - (U 8 {N?zo) })

and so

Vioto — %o " V1y

where t; :=t,/N(z,). Thus now

Vit * Vao,te = (%0 " Vity) * (20 V1)) = 26 - (Vl,tl * Vl,tl)

and iterating gives

o=z, (Vitml) . (4.3)

Zo,to

By using equation (4.3) we have

[, —ulley = ||z - (475) —ul|,y

=5l () =l
=3[ i -
:% > Vi (252, N(25)t) — q—13’
=53 pintws) -
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5 i =l

= [ = ullzy - .

Now fix (z,,t,) € H with 2, # 0 and write v, ;. = fy.(z04,) as above. This is an

ergodic probability measure by Theorem 4.9. We have shown that

[V, — ullry = |77 — ullev

where ¢, = N%‘;O) the Upper Bound Lemma (Lemma 2.13) now

LIS Sy
iz, — iy < 30
e ¢FPo ¢ ¢>

where the sum is over all non-trivial U-spherical functions ¢ € A(U : H). But for
each such ¢ we have ¢(1,t1) = ¢°(1)1(t1) where ¢°(1) = ¢(1,0) and ¥(t1) = ¢(0,t)

with ¢ : F' — C an additive character. So
01, 81)] = [¢° ()] [ (t1)] = 6°(1)].

Corollary 4.11. For any (z.,t,) € H with z, # 0 we have

021
2, —ullfy < Z

¢7A¢>o ¢

Now let

UB(m) = ng Z |§b°(1)|2m7 By = q_3 Z |¢O(1)|2m7
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where Ay = A(U : H), Ay = Ay(U : H) so that

1027, — ullzy < UBi(m) + UBy(m)

Zo,to

for all m > 1 and any (z,,t,) € H with z, # 0.
Our study of the action pair U : F'* yields an explicit formula for UBsy(m). Recall
that tr : F — Z,, denotes the absolute trace mapping for the finite field F (see

Equation 3.5) and g € F* is a primitive element ((g) = F).

Proposition 4.12.

where

for1 </{<q¢*—1.

Proof. Lemma 4.8 shows (¢, ¢) = ¢*/(q+1) for each ¢ € Ay(U : H) —{¢,} and hence

q+1 o1\ (2m

UBy(m) = <= > [¢°(1)]"".
PENY
PFbo

But Lemma 4.3 shows {¢° : ¢ € Ay(U : H)} = A(U : F*) and now Theorem 3.12
gives UBy(m) = UBg(m) where UBp(m) is as in Equation 3.4. O

Next we will obtain an explicit summation formula for UB;(m). Namely:

Proposition 4.13.

d
&
g
|
Nt
7 N\
=)
o
| [\
[S—y
N———
Do
3
N
~3
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where

bos =) cos <27T Lﬁfl i %tr G%)D

keS
with, as before, g € F* a primitive element in the field ﬁ, the map tr : F' — 7Z, the

absolute trace mapping for the field F' (see Equation 3.2), and now

2

S:Z{k c1<k<? 5 ! and(q—irl)fk}.

(Here Re(g*)/Im(g*) means division in the field F. For k € S one has Im(g*) # 0.)

The proof for Proposition 4.13, given below, requires preliminary Lemma 4.14.
Recall, from Theorem 4.4, that each type 1 spherical function ¢ has the form ¢ = ¢, 5

where

LIRUNS [+ is a non-trivial additive character on F and

e Y € (F*/F*Ta non-trivial multiplicative character on F' whose restriction to
F> is trivial.

Explicitly
W =00 = gy X KW ()

q -
weF—F

From Equation 3.1 we know that the non-trivial additive characters on F' are

{o :a € F*} where ,(x):=exp (?tr(aw))

with tr : F' — 7Z, the absolute trace map for the field F'. The multiplicative characters
Y € (F*) can be described as follows. Let g € F* be a primitive element in the
extension field F. As F* = (g) is cyclic of order ¢* — 1, each character Y : F* — C*

has the form

271
X(g") = exp (q2 —J )
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for some fixed j with 0 < j < ¢*> — 2. For j = 0 we have Y = 1. So we require j > 1
as Y must be a non-trivial character. But we also require that Y |px= 1. It is easy
to see that g9 is a primitive element in F*. That is, (¢9™') = F*. Indeed g?*' has

order ¢ — 1 and ¢g?*! belongs to F since g?*' = N(g). So

271
qg—1

§|szl<:)§(gq+l):1<:>exp< j)zl{z}(q—lﬂj.

—

Thus the non-trivial characters Y € (F*) for which X |px= 1 have

je€{a—12(q—1),...,q9(¢ = 1)}

Setting j = I(q — 1) (with 1 <1 < ¢) in the formula for ¥ we now write

271
Yi(g") = k).
le) = ean ( 22

We have proved:

—

Lemma 4.14. The non-trivial characters X € (F*) with X |px= 1 are precisely
%1)%27 s 7%q-
Proof of Proposition 4.13. Now for a € F*, 1 <1 < q let

Pap = Py 5

as in Theorem 4.4 where
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We have shown that

AU s H) = {6010 € F* 1< 1< g}

lists Ay(U : H) without repetition. Explicitly

) 1 _ Re(w
¢2,(1) = A1 Z Xi(w)y (a[m((w))) .

wEF—F

We have F* = {g,¢% ...,¢g7 " =1} and F* = (g*™). So
F-F={¢:1<k<¢—1and (g+1)tk}.

The proof of Lemma 4.6 shows that for each w € F—Fonehasw! € F — F,
w™" # w and the pair of terms for w and w™" in the sum for ¢ (1) are complex

conjugates of each other. So letting

2

1
5::{k:1§k§q and(q+1)+k},

2
we have
F-F={¢":keSI{(§") " =g """ keS)}
and so
o 1 ~ k Re(gk)
¢al( ) _q2 _ %ZS2R6 (Xl(g )¢1 <a1m(gk’)))
But




and so

Now

since (¢, ¢) = ¢* for ¢ € A(U : H) by Lemma 4.7. Thus

UBi(m) =7 > 3 lon, ()P

acFx =1
q 9 2m q
_ 2m
() T
acF* [=1
where
lk 1 Re(g*
b = Zcos (27r [ 1 + —tr (C; e(gk )>}>
— g+1 p m(g¥)
as stated.

In summary we have proved the following theorem.
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Theorem 4.15. For each point (z.,t,) € H with z, # 0 the probability measure v, 4,

15 ergodic and one has

V27, — ullzy < UBi(m) + UBy(m)

Zo,to

where functions U By and U By are given explicitly in Propositions 4.13 and 4.12 above.

Note that these bounds do not depend on (zo,to).
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4.5 Crude exponential estimates on UB; and U B,

The explicit formulas given for U B;(m) and U Bs(m) implement the upper bound on
37 —ul|7y (with 2, # 0) guaranteed by the Upper Bound Lemma. Working from

these we can produce (much) weaker but (much) more tractable bounds.

Theorem 4.16. For all m > 1 one has

2 2m

¢lg—1)( ¢
B < 4.4
0B, (m) < T (qﬂ) (4.4

and

@?—1/[qg—1+2 2m
B < 4.
UBa(m) < ( L ) (45)

where o := cos(m/p).
As 0 < q/(qg+ 1) < 1 the right hand side of (4.4) approaches zero as m tends to

infinity. Also0 <a <1lhereandsog—1<¢—14+2a<q¢—1+2=¢+1 and hence

q— 142«

0<
qg+1

< 1.

It follows that the right hand side of (4.5) approaches zero as m tends to infinity.

Proof. Corollary 4.5 shows that [¢°(1)] < % for each ¢ € Ay(U : H). There are ¢

distinct U-orbits in F and hence ¢?* distinct U-orbits in H = FxF.So
AU H)| = ¢* = [2o(U s H)| = ¢ = |2s(U: F)| = ¢* =g =qlq— 1).

Thus

_q )j2m g \7" -1 ¢\
UBim) =4 Y P < date -1 (L) = TE=D (L)

¢€A1




5

establishing (4.4).
Recall that

q+ 1 1 92 2m q2—1
UBs(m) = i > et = 1 <q+—1> >
=1

PEAY

F o

where

(g—-1)/2 o '
¢ = Z cos (Ktr(g“r(q_m)) .

=0
As vy is ergodic (Theorem 4.9) we know that |¢°(1)] < 1 for each ¢ € Ay(U :
H) — {¢o} (Corollary 2.12) and hence that lim,, ., UBs(m) = 0. Thus we must also
have

<1

’2
C

q+1

for each £ =1...¢%> — 1. It follows that not all of the % terms in the summation for

¢; can be equal to 1. That is, writing

(g—1)/2 9
o= Z CoS <—kj>

=0 b

where k; := tr(g"t(@=17) € {0,1,--- ,p — 1} we must have k; > 1 for at least one j.

Now consider the inequality

2
COS (—ij) ‘ .
p

The largest possible value of ’cos (%’rk)‘ with & € {1,2,--- ,p — 1} occurs for k =
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(p+1)/2. That is
(5 o))

-1 — 142«
ley| < (qu)—i-a:qT.

Thus

. . -1 . .
(That is, in the worst case we have k; = 0 for %~ terms in our summation and

kj = 2% or 221 for one term.) Now finally,

1 9 \2m ¢°—1
=1

1/ 2\ g—1+2a\>"
<-|—) @-1)(—7FF—
4 \qg+1 2

7q2—1 q— 142« 2m
4 q+1 ’

establishing (4.5). O

As noted above, both ¢/(¢+ 1) and (¢ — 1 — 2a)/(¢ + 1) lie in the open interval
(0,1). So the the right-hand sides in these crude estimates do approach 0 as m — oo.
As the total variation distance is at most 1, these estimates are, however, not useful

until m becomes sufficiently large. For the estimate on UBj(m) we require

2log(q) +log(q — 1) — log(4)
2(log(q + 1) —log(q))

for the right-hand side to be at most 1. Likewise the estimate on UBs(m) is not

meaningful unless
log(¢” — 1) —log(4)
m :
~ 2(log(qg+ 1) —log(q — 1+ 2a))
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Indeed as regards the estimate on U B;(m),

qQ(q—l)( q )ngl — (E)MZM

4 qg+1 q 4

1 2m 2 -1
< log (i> > log %
q

< 2m (log(q+ 1) — logq) > 2logq+log(q — 1) —log4

2log(q) + log(q — 1) — log(4)
= T S log(g + 1) — log(q)

Also as regards the estimate on U Bz (m),

2 N 2m 2m 2
-1 [(q—14+ 2« <1 qg+1 S 4 1
4 qg+1 - q—1+4+2a -4

< 2m(log(q+ 1) — log(q¢ — 1 + 2a))
> log(q* — 1) — log 4
log(q? — 1) —
— o > og(q* — 1) —log4
log(¢+ 1) —log(q — 1 + 2«)

log(q* — 1) — log(4)
= mz 2(log(q+ 1) —log(q — 1 4 2a))
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4.6 Numerical data

In this final section we take F' = Z,, that is, ¢ = p* = p here. The computer algebra
system Maple was used to program the formulas for UB;(m) and UBsy(m). Table 4.1
gives a non-square ¢ € Z, and a primitive element g € Z,(/¢) for the first 10 odd
primes. FEuler’s criterion was used to find the non-squares €. Namely, an element

a € 7, is a non-square if and only if a?~1/2 is not congruent to 1 modulo p.

_p | |

ple g
3 (2] 142
512 1+2v2
7131 1++3
11]2]1+5V2
1312 1+2V2
1713 ]1+2V3
19]2]1+9V2
235 1++5
20 [ 2| 1+4v2
31 (3] 1+6v3

Table 4.1: Nonsquares ¢ and primitive elements g € Z,(1/¢).

Table 4.2 lists the values of UBj(m) and UBy(m) for the first 15 steps of our
random walk with p = 7. Note that the values of UB;(m) exceed 1 until m = 3 and
that UBy(1) > 1. (Recall that total variation distances cannot exceed 1.) After 7
steps we have UB;(7) ~ .004, UBy(7) ~ .0006 and after 15 steps we find UB;(7) ~
4x 1077, UBy(7) ~ 6 x 1078. The calculations used floating point arithmetic in Maple
with Digits=10. The calculations were repeated using Digits=20. This revealed the
presence of round off error effecting the final 3 digits in the values listed in Table 4.2.
In Table 4.3 we show the values of UB;(m) and U By(m) for the 10 odd primes after
m = 4,8, 12 steps.

Table 4.4 lists the actual total variation distances ||u/™ — u||ry together with the
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upper bound estimates /U By (m) + U By(m) for the first 15 steps of our random walk

with p = 7. This confirms the fact that

i7" = wllry < /UBi(m) + UBz(m)

as expected. The forth column of Table 4.4 shows the percentage by which

VUBi(m) 4+ UBy(m) exceeds || — ul|rv-.

In outline the values for ||/ — u||7y in Table 4.4 were produced as follows. An
array H[0..p — 1, 0..p — 1, 0..p — 1] was initialized to store values for the function
(uy — u)(x,y,t) and a procedure created to replace the contents of array H|z,y,t]
with the result upon convolution with uy according to the following formula. For

functions f(z,y,t) on the Heisenberg group Z, x Z, x Z, we have

(up*f)(z,y,t) = % Z f((z—a) mod p, (y—b) mod p, (t+bz—ay) mod p).
(a+b\/e)eU
In this way we implement the successive powers p;7* — u for m = 1,2,.... Floating
point arithmetic was used with Digits=10 and Digits=20 in Maple. This revealed
that round off error can accumulate as m increases. For this reason the data in Table
4.4 was produced using Digits=20 but we display only the 4 most significant digits.
Finally Table 4.5 shows the values for the total variation distances and upper

bound estimates for the first 10 odd primes after m = 4,8 and 12 steps.



UBi(m)

UBsy(m)

9.187500000

1.281250000

2.009765621

0.2524414060

0.5091705312

0.06776428220

0.1390218731

0.02031576628

0.03985889982

0.006307523680

0.01182060125

0.001979932239

0.003590037240

0.0006236913635

0.001109084200

0.0001966941122

0.0003469146640

0.00006205568390

0.000109517521

0.00001958074840

0.00003481602888

0.000006178696675

0.00001112826214

0.000001949716156

0.000003572240978

6.152453465 x 10~7

0.000001150710836

1.941449700 x 107

[ o) L R L L
e | o | e il = < 0~y O U ey wf D 3

3.717434478 x 10~ 7

6.126384535 x 10~

Table 4.2: p = 7 data.

m =4

m=2_8

m =12

0.003921508789

0.003387629995
0.00001525902190

0.0001594503854
5.960464835 x 108

0.1662880086
0.01271629941

0.007428867070
0.00007949466855

0.0003935643558
5.540642855 x 107

p
3 [ 0.07690429695
)
7

0.1390218731
0.02031576628

0.001109084200
0.0001966941122

0.00001112826214
0.000001949716156

IT | 0.1I538488083
0.01114909553

0.0005492444028
0.00002279480482

0.000002535115472
5.703840620 x 10~

13 | 0.1391618473
0.008680763975

0.0002491009246
0.00001057266380

6.345398572 x 1077
1.665990296 x 10~®

17 | 0.1294386848
0.008683238815

0.0001013296581
0.00001011584548

1.066803465 x 10~ 7
1.423437902 x 10~

19 | 0.1153507806
0.005585814250

0.00005035984680
0.000001898919512

3.144003770 x 107
7538543360 x 10~1°

23 | 0.1088292357
0.003561406515

0.00002931527008
3.714536714 x 107

1.163053074 x 10~®
4.470172364 x 10~

29 | 0.09251515380
0.002879422850

0.00001065535641
2.081903350 x 10~

1.740143474 x 1077
1.729124278 x 10~1!

31 | 0.08419123298
0.002833508630

0.000006337059128
2.626949896 x 10~°

6.865275162 x 10~ 1Y
3.265465680 x 10~!!

Table 4.3: Some UB; and U B, values for the first 10 odd primes.

80
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m | | — ullrv | \/UB1(m) + UBy(m) | % error
1 0.9767 3.236 231%
2 0.8338 1.504 80%
3 0.3775 0.7596 101%
4 0.2480 0.3992 61%
5 0.1307 0.2149 64%
6 0.07630 0.1175 54%
7 0.04217 0.06491 54%
8 0.02530 0.03614 43%
9 0.01372 0.02022 47%
10 0.008286 0.01136 37%
11 0.004489 0.006403 43%
12 0.002695 0.003616 34%
13 0.001470 0.002046 39%
14 | 0.0008736 0.001160 33%
15 | 0.0004804 0.0006580 37%

Table 4.4: Total variation distances and upper bound estimates for p = 7.

’p‘m:4‘ m=2~8 m = 12
3 10.2373 1 0.04843 0.01032
0.2843 | 0.05833 0.01263
20% 20% 22%
5 10.3147 | 0.06499 0.01503
0.4231 | 0.08665 0.01985
34% 33% 32%
7 10.2480 | 0.02530 0.002695
0.3992 | 0.03614 0.003616
61% 43% 34%
1T 1 0.2196 | 0.01599 0.001160
0.4123 | 0.02392 0.001610
8% 50% 39%
I3 17 0.1911 | 0.01056 | 0.0005837
0.3845 | 0.01611 | 0.0008070
101% 53% 38%
17 1 0.1692 | 0.006555 | 0.0002387
0.3716 | 0.01056 | 0.0003477
120% 61% 46%
19 [ 0.1506 | 0.004512 | 0.0001285
0.3478 | 0.007229 | 0.0001794
131% 60% 40%
23 1 0.1385 1 0.003367 | 0.00007651
0.3352 | 0.005449 | 0.0001081
142% 62% 41%
29 1 0.1198 | 0.001904 | 0.00002771
0.3089 | 0.003296 | 0.00004192
158% 73% 51%
31 [ 0.I1T19 | 0.001509 | 0.00001826
0.2950 | 0.002569 | 0.00002682
164% 70% 47%

Table 4.5: Some TV -distances and upper bound estimates for the first 10 odd primes.
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