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In this thesis we explore how the eigenvalues of n x n Hermitian matrices A, B relate
to the eigenvalues of their sum C' = A4 B. We mainly focus on inequalities bounding
sums of r eigenvalues for C' by sums of r eigenvalues for A with r eigenvalues for B,
for some r less than n.

We begin by using linear algebra to establish some classical results, including a re-
sult by R.C. Thompson that allows us to reformulate the eigenvalue problem in terms
of nonempty intersections in the Grassmannian manifold of r-planes in complex n-
dimensional space. In particular, every nonempty triple intersection of Schubert vari-
eties in a Grassmannian yields an eigenvalue inequality. Such nonempty intersections
correspond to nonzero cup products in the cohomology ring of the Grassmannian,
and consequently, to nonzero Littlewood-Richardson coefficients. The Littlewood-
Richardson rules provide us with an efficient method of detecting when these coeffi-
cients are nonzero, and hence of finding eigenvalue inequalities which necessarily hold
for all n x n Hermitian matrices A, B,C = A + B.

For the remainder of this thesis, we turn our attention to particular inequalities of
the above form that Alfred Horn conjectured would completely determine the possible

eigenvalues of A, B,C = A+ B. Horn’s conjecture, formulated in 1962, was resolved



in the affirmative during the late 1990’s in celebrated work of A. Knutson and T.
Tao, building on results of A. Klyachko and others. We will develop the connection
between Horn’s inequalities and the earlier parts of this thesis. In particular, we will
see that each Horn inequality corresponds to a nonzero cup product that lies in the
top degree cohomology group of the Grassmannian.

An alternate formulation of Horn’s Theorem shows that indices yield a Horn
inequality if and only if certain associated partitions occur as the eigenvalues for
some r X r Hermitian matrices A, B, C' = A+ B. We will prove that when r =n — 2

there are necessarily diagonal r» x r matrices satisfying this condition.
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CHAPTER 1: Introduction

1.1 Preliminaries

In this section we lay out much of our notation and develop some basic results that

are needed throughout this thesis.

1.1.1 The vector space C”

Let M, (C) denote the ring of n x n matrices with complex entries. For A € M,,(C),
we let A* denote the conjugate transpose of A. This notation will also be used for the
conjugate transpose of a vector. Thus, the conjugate transpose of a column-vector
x € C" is the row-vector x*.

The standard inner product on C" is the map (-,-) : C" x C" — C defined via
(x,y) = x*y = “the dot product of z* and y”. We use this map to endow C" with the
structure of a Hermitian inner product space. Note that (-, -) is conjugate linear in the
first variable. Elsewhere one may find Hermitian inner products that are conjugate

linear in the second variable.

1.1.2 Hermitian matrices

A matrix A € M,,(C) is Hermitian if it is its own conjugate transpose (i.e., A = A*),
or equivalently, if it is self-adjoint with respect to the standard inner product. Thus
for every Hermitian matrix A € M,,(C), we have (Ax,y) = (z, A*y) = (x, Ay) for all

x,y € C". In particular, this implies that

(x, Ax) = (Ax,x) = (z, Ax) Ve e C"



and hence that (x, Ax) is necessarily a real number. We can therefore regard the set

Herm(n) of n x n Hermitian matrices as partially ordered under the rule

A< B <= (z,Ax) < (x,Bx) for all x € C".

The eigenvalues of A € M, (C) are defined to be the roots of its characteristic
polynomial pa(t) = det(A — tI). Equivalently, an eigenvalue of A € M,(C) is a
number g € C such that Av = pw for some nonzero vector v € C". This vector v is
called an eigenvector corresponding to the eigenvalue p. The linear subspace spanned

by all of u’s corresponding eigenvectors is called u’s eigenspace.

Proposition 1.1. Every A € M, (C) has precisely n eigenvalues (taken with multi-
plicity).

Proof. 1t is easily seen that p(t) is a degree-n polynomial, and thus p4(t) has exactly
n roots by the fundamental theorem of algebra. Therefore, by definition, A has

precisely n eigenvalues (taken with multiplicity). O

Theorem 1.2 (Spectral Theorem for Hermitian Matrices). Let A be an n x n Her-
mitian matric with (distinct) eigenvalues o, ..., ag. For each j, let E; denote the
eigenspace of a;, and let A; denote the orthogonal projection of C* onto Ej. Then
the following are true:

(1) C" = Ey & --- & E) (orthogonal direct sum)

(2) A= a1 Ay + - + Ay

The expression in (2) is called the spectral resolution of A.
Proof. See [3, p.456]. O

It follows from (1) that there is an orthonormal basis for C" consisting of eigen-

vectors of A. Let {uy,...,u,} be such a basis with say Au; = Aju;. Then the



matrix U = [u]--- |u,] with columns u; is unitary (i.e. (Uz,Uw) = (z,w) for all
z,w € C") and U*AU = diag(A1,...,An). As U is unitary one has UU* = I and

thus, in particular, we have the following.

Corollary 1.3. Given any A € Herm(n), there is an invertible matriz P and a

diagonal matriz D such that D = PAP~!.
Proposition 1.4. All eigenvalues of a Hermitian matriz are real.

Proof. If X is an eigenvalue of A € Herm(n) with Az = Az (z # 0), then
Mz, x) = (z,\x) = (x, Az) = (Az,2) = (\x,2) = Mz, 1),
Since x # 0 and the standard inner product on C” is positive definite, it follows that

A = \is real. O

Notation 1.5. Let A! : Herm(n) — R™ be the map sending each n x n Hermitian
matrix to the n-tuple consisting of its eigenvalues (taken with multiplicity) in weakly-

decreasing order. We denote the jth entry of A\(A) by )\f (A).

Example 1.6. If A is the diagonal matrix diag(3,1,5,5), then \'(A) = (5,5,3,1),
A(A) = M\(A) =5, M (A) =3, and M\j(A) = 1.

The spectral resolution given in part (2) of Theorem 1.2 can be written as follows.

Lemma 1.7. Let A be an n xn Hermitian matriv. Then we can write A =) aju;u;
where o = )\]l- (A) and {uy, ..., u,} is an orthonormal basis of eigenvectors of A with

AUj = Oéju]‘.

Proof. First, let S; U ---U Sy be a partition of {1,...,n} such that each eigenspace

E,, is the direct sum P, s; Cuy.



By the Spectral Theorem, we can write A = > «o;A; where A; is the orthogonal
projection onto the eigenspace E,;. Therefore, we just need to show that A; =

*

Let x = cquq + - - - 4+ c,u,, € C". Then

Aj(z) = Z Couy = Z(W, T)up = Z Uy Uy = Z Uy = Z weuy |

EGS]' EESJ' EESj ZESj EES]'

where the fourth equality uses the fact that ujx is a scalar. Since x was arbitrary,

this completes the proof. O]

Proposition 1.8. The trace of every A € M,(C) equals the sum of its eigenvalues

(taken with multiplicity).

Comment. We need only the case where A is Hermitian for our purposes, so we
restrict our attention to this special case. Our proof relies on the following standard
results:

(a) Every Hermitian matrix is similar to a diagonal matrix (Corollary 1.3).

(b) Similar matrices have the same eigenvalues, with the same multiplicities.

(c) tr(AB) = tr(BA) for any A, B € M,(C). O

Proof (Hermitian case). Let A € Herm(n). By (a), there is a diagonal matrix D and
an invertible matrix P such that D = PAP~!. It is clear that the trace of D is equal

to the sum of its eigenvalues. Applying (b) and (c), we obtain
> A(A) = tr(D) = tr(PAP™") = tr(AP™'P) = tr(A)

as claimed. O



1.2 Eigenvalue inequalities

Note that the sum A + B of n X n Hermitian matrices is Hermitian. We ask the

following;:

How do the eigenvalues of a sum of Hermitian matrices A, B relate to the

eigenvalues of A and B?

This is the main problem to be addressed in this thesis.

Perhaps the most obvious result is the following:

Proposition 1.9 (The trace equality). For A, B € Herm(n) one has

i)\Jl.(A +B) = iA;(A) + iA;(B).

Proof. This follows from Proposition 1.8 in combination with the fact that tr(A+B) =

tr(A) + tr(B). O

Apart from the trace equality, there are many less obvious inequalities relating
sums of eigenvalues for A + B to sums of eigenvalues for A and B. All inequalities
that will subsequently appear have the general form given by (IJK) below.

Given integers 1 < r < n, let P/ denote the set of r-tuples (iy,...,4,) such that

i; € {1,...,n} for each j and i; < --- < 4,.

Definition 1.10. For 1 < r < n, let H" denote the set of triples (I, J, K) € (P")?

such that

S NA+B) <Y M(A)+) A(B) (IJK)

keK icl jeJ

holds for all A, B € Herm(n).



1.2.1 Classical inequalities

Below are some famous eigenvalue inequalities that are special instances of Inequality

(IJK). For n x n Hermitian matrices A, B, and C' = A + B, one has

o (Weyl Inequalities)
A1 (C) S AH(A) + AH(B)
for all 4, j such that 1 +j — 1 < mn,

o (Lidskii Inequalities)

<
<
<

forl1 <ip<---<i.<nm,

o (Thompson-Freede Inequalities)

T

)‘z‘lg—i-jg—f(c) < Z A%Z(A) + Z )‘ﬁ(B)
=1

/=1 /=1

for any indices 1 <13 < --- < i, <nand 1 < j; < --- < j. < n such that

b+ Jr—1 < n.
These can be found in [2], [19], and elsewhere. We provide proofs of the Weyl and
Lidskii inequalities in each of Chapters 2-5. The Thompson-Freede inequalities are

proven in both Chapter 4 and Chapter 5.



CHAPTER 2: Eigenvalue Inequalities via Linear Algebra

In this chapter we investigate the eigenvalue problem as its earliest researchers did -
being completely dependent on basic linear algebra for any results.

In Section 2.1 we establish the bare minimum needed to provide elementary proofs
of the Weyl and Lidskii inequalities. These proofs are then given in Section 2.2.
The goal of Section 2.3 is to establish a result by R.C. Thompson which provides
a relationship between Inequality (IJK) and the intersections of particular subsets
(called Schubert varieties) of the complex Grassmannian G,.(C"). This relationship
will supply us with a powerful new interpretation of the eigenvalue problem, which we
then use to provide additional proofs of the Weyl and Lidskii inequalities in Section
2.4.

General references for this chapter include [1] and [2].

2.1 Some classical results

The initial work on the eigenvalue problem was, as most would expect, extremely
reliant on basic linear algebra. In this section we develop two of the most important
tools from this period - the minimax principle, stated below in Proposition 2.3, and
then Weyl’s monotonicity principle as an immediate corollary.

The following lemma will be useful in the subsequent proof of the minimax princi-
ple and, together with Weyl’s monotonicity principle, gives us a large enough toolkit

to provide simple proofs of both the Weyl and Lidskii inequalities.

Lemma 2.1. Let A € Herm(n), and let {xy,...,z,} be an orthonormal basis of

eigenvectors of A with Ax; = )\j(A)xj for each j. Given positive integers r < n and



1<iy <.+ <i, <m, set S =span{x;,zi,,..., 2z }. Then

max (x, Az) = A%l(A) and Hlelgl (x,Ax) = )\%T(A)
lz||=1 llzl=1

Proof. Choose z € S with ||z|| = 1. We have, say, © = a1z, + --- + a,z;, € S, and

we see that

r T T T
1=zl = (z,2) = <Z , Z> = @aglxy, i) = Y o]’

JA=1 J=1

Consequently,

(o, Az) = (@i, + -+ i, @ (Aay + o+ @\ (A, )

= Z a_jag)\ii(A) <.Z’ij, Iie> = Z ‘aj|2)‘zlj (A)
JAt=1 j=1
A,
j=1
= A?i (A)7

and it follows that

max (x,Ax) < )\fl(A).
lzl|=1

Moreover, as z;, € S and (x;,, Ax;,) = )\jl(A), we see that also

!

which establishes the first equation. A similar argument works for the second. O]



Definition 2.2. The Grassmannian G,(C") is the set
G,(C") ={L : L is asubspace of C" with dim¢(L) = r}

of all r dimensional subspaces of C".

Proposition 2.3 (Minimax Principle). If A € Herm(n), and 1 < ¢ < n, then

A(A) = in (z, A 2.1
¢(4) Verg%n)g%@ x) (2.1)

= min  max(x, Az) (2.2)
VEG1-e(C) €V,

Proof. Similar arguments are needed to prove both equations, so we prove only Equa-
tion (2.1).

Let {x1,...,2,} be an orthonormal basis of eigenvectors for A with Az; = )\JL (A)z;
for each j. Let V' be any ¢-dimensional subspace of C", and define W = span{zy, ..., z,}.
Since dim V' + dim W = n + 1, the intersection V N W is nonzero. So if = is any unit
vector in this intersection then we have (z, Az) € [AL(A), \;(A)] by Lemma 2.1, and

it follows that

zeV zEVAW
llz][=1 llz][=1

min (z, Az) < min (z, Az) < \J(A).

On the other hand, taking V' = span{z1,...,z,} € G,(C") gives

: _ /!
Flﬁl‘fnl (x, Az) = N\ (A),

completing the proof. O

Recall from the introduction that we defined A < B for A, B € Herm(n) if and

only if (z, Ax) < (z, Bx) for all z € C".
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Corollary 2.4 (Weyl’s monotonicity principle). If A, B € Herm(n) and A < B, then

1 il -
A(A) < Nj(B) for each j=1,...,n.

Proof. By the minimax principle,

M(A) = max min(z, Ar) < max min(z, Bx) = \(B). O]
= win a4 < e wip o, B2) = X(5)

2.2 Applications

We are now already able to give our first proofs of the Weyl and Lidskii inequalities,

which were mentioned in the introduction.

Proposition 2.5 (Weyl inequalities). If A, B € Herm(n), then

)\l

itj—1

(A+ B) < A(A) + \i(B)

for alli,7 € N such thati+j — 1 <n.

Proof. Let {uy,...,un}, {vi,...,vn}, {w1,...,w,} be orthonomal bases for C" con-

sisting of eigenvectors for A, B, and A 4+ B, respectively, with
Au; = M(A)w;,  Buy = M(B)v;, (A+ B)w; = \(A+ B)w;.
Let 1 < 14,7 <n be integers such that k£ : =i+ 7 — 1 < n. Define
U =span{u;,...,u,}, V =span{v;,...,v,}, W =span{ws,..., wy}.
As dim(U) +dim(V) +dim(W) = 2n+1, it follows that UNV NW is nonzero. Indeed,

dim(UNVNW) = dim(U) + dim(V N W) — dim(U + (VN W))
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= dim(U) 4+ dim(V) + dim(W) — dim(V + W) — dim(U + (V. N W))
> dim(U) + dim(V') 4+ dim(W) — 2n

=1

We can therefore choose a unit vector z from this intersection. Lemma 2.1 tells
us that (x, Az) € WL(A),AL(A)], (z, Bz) € DLB),AL(B)L, and (a, (A + B)z) €
[A(A+ B), \(A + B)]. Thus,

M(A+ B) < (z,(A+ B)x)
= (z, Az) + (z, Bx)

< M\ (A)+A(B)

as was needed. O

We now turn our attention to the Lidskii inequalities. The following lemma will

be useful in their proof.

Lemma 2.6. Suppose A, B € Herm(n), and that we are given integers 1 < r < n

and 1 <ip < ---<i,.<n. If

T

> LA+ B) o) < Z 2B (2.3)

j=1
then it follows that

T

ST A+ BB - N ()] < Z (B + AL(B)I).

j=1
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Proof. Suppose that Inequality (2.3) holds. Then

T r

[Agj (A+ B+ \{(B)I) - A (A)} Z [Ai (A+ B)+ \(B) — A}j(A)}
— rAL(B) + Z M+ B) = AL (1)

< rAL(B) + Z Aj(B)

r

- [A;(B) + )\i(B)]

1

J

M-

[Aj(B + )\i(B)I)} .

1

J

Here the first and last equalities follow from the fact that p is an eigenvalue of a

matrix M if and only if y + ¢ is an eigenvalue of M + cI. ]

We now follow the proof of the Lidskii inequalities given in [16]. It should be
noted that of the many published elementary proofs of the Lidskii inequalities, this

one is perhaps the simplest.!
Proposition 2.7 (Lidskii inequalities). Let A, B € Herm(n). Given integers 1 < r <
nandl < <--- <1, <n, one has

> M (A+B) < ix}jm) + XTM(B
j=1 Jj=1 Jj=1

Proof. We need to prove that

T

3 [Al (A+ B) } Z \L(B (2.4)

j=1

!The subsequent proofs given in this thesis for Lidskii’s inequalities are much shorter but rely on
more machinery.
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Replacing B by B — M.(B)I, we can assume, by the previous lemma, that A\L(B) = 0
and hence also )\]l-(B) >0forj=1,...,r
Write B = B, — B_, where B, and B_ are the positive and negative parts of B.

That is, if B has spectral resolution B =} #v;07, then
B, = Zmax(ﬁj, O)vju; and B_ = Zmax(—ﬂj, 0)v;v;.
So for all z,
(z,(A+ B)x) = (z,(A+ By = B)r) = (2, (A+ By)z) — (v, Bx) < (z,(A+ By)x),

implying that A+ B < A+ B,. So by Weyl’s monotonicity principle, )\ilj (A+B) <
/\ilj(A + By) for all j, and thus
S [Al (A+ B) } < [Al A+By) - A (4). (2.5)
j=1 j=1
Weyl’s monotonicity principle also gives us that )\g(/H— By) > )\ﬁ(A) for each j, from

which it follows that
RHS(2.5) < Z [Aj(A + By) — Aﬁ(A) =tr(A+ By) —tr(A) =tr(By).  (2.6)
j=1

The first equality here follows from Proposition 1.8. Now, tr(B,) is the sum of its
eigenvalues, which is the sum of the nonnegative eigenvalues of B. As here \\(B) =0

by assumption this gives
= M(B). (2.7)
j=1

Inequality (2.4) now follows from (2.5), (2.6), and (2.7). O
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The original proof of the Thompson-Freede inequalities is almost? accessible with
what we have developed so far. However, this proof is quite cumbersome, so we simply

refer the reader to [19] for its proof.

2.3 Eigenvalue inequalities via intersections in the Grassmannian

In view of Lemma 2.1 and the previous proof of the Weyl inequalities, it seems as
though the eigenvalue problem can likely be formulated in terms of intersections of
certain subsets of the Grassmannian G,.(C™). This is indeed the case, and in a rather
remarkable way: a result by R.C. Thompson (Theorem 2.18) shows that one has an
(IJK) eigenvalue inequality for A, B € Herm(n) whenever a particular intersection in
the Grassmannian is nontrivial.

The next few results are prerequisites for stating and proving this correspondence

between eigenvalue inequalities and intersections in the Grassmannian.

Lemma 2.8. Let A € Herm(n), and let r < n be a positive integer. Given integers
1 < < -+ <4 <, there is a sequence V;, C --- C V; of subspaces of C" such

that dim(V;;) = i; and

D (i, Ay) =Y M (A). (2.8)

j=1 Jj=1
for every orthonormal set {xz; ..., ;. : Ti; € V;j}.
Proof. Let {us,...,u,} be an orthonormal basis of eigenvectors of A with Au; =
Aﬁ(A)uj for each j, and let V;, = span{uy,us,...,u;}. Given any orthonormal set
{@g, ..., 25, 25, € Vi, }, we have

(wi;, Azi;) > min (z, Az) = AL (A),
HJCH=]1

2The only prerequisite that we have not developed is “Cauchy’s interlacing theorem”, which is a
straightforward consequence of the minimax principle.



15

by Lemma 2.1, and hence

i=1 j=1

Definition 2.9. Let A € M, (C), and let L be a k-dimensional subspace of C". Then
the compression of A along L is the operator A : L — L defined by A;, = P A|L.
Here Al : L — C" is the restriction of A to L, and Py, is the orthogonal projection

of C" onto L.

Lemma 2.10. Let L € G,(C"), and A € Herm(n). Given any orthonormal basis
B=A{x,...,x.} for L, we have

r

tr(Ap) = (x;, Ax).

J=1

Proof. Recall that the trace of a linear operator on a finite-dimensional vector space is
the trace of its matrix with respect to a basis. This does not depend on the choice of
basis since matrices with respect to different bases are similar. As B is an orthonormal

basis for L, we have
,

Aplwy) =Y (wi, Ar(x)w;

=1

for each j = 1,...,r. Thus the matrix for A; with respect to B has entries
cij = (v, Ar(z;)) (1<4d,5<r).
So as

(wi, Ap(x))) = (135, PAxj) = (P*wy, Awj) = (Py, Awj) = (23, Az),
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we see that

as claimed. O

Proposition 2.11 (Hersch-Zwahlen). Given A € Herm(n), let {v1,...,v,} be an or-

thonormal basis of eigenvectors for A with Av; = X(A)v;. Set V,, = span{vy, ..., vp}.

Then given any sequence 1 < iy < --- < i, < n, we have
Zx\f(A) = min {tr(Ar):dim(LNV;,)>j for j=1,...,r}. (2.9)
ey J LeGr(Cn)

Proof. Choose L € G,(C") with dim(LNV;,) > jforj = 1,...,r. Since dim(LNV;,) >

1, there is some unit vector z; € L N'V;, and

(1, Azy) > min (x, Az) = )\fl(A),
lol=1

by Lemma 2.1. In general (for j = 1,...,r), since dim(LNV;;) > j there is some unit

vector x; € LNV, that is orthogonal to xy,...,x; 1, and we have
(e, Az;) = min (2, Az) = AL (A). (2.10)
el
Carrying out this process for j = 1,...,r, we obtain an orthonormal basis {z1, ..., z,}

for L, and Equation (2.10) together with Lemma 2.10 give

Z A(A) < (wj, Axj) = tr(Ap),

j=1

This establishes that “<” holds in Equation (2.9). On the other hand, taking L =
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span{v;,, ..., v;, } gives us
(Ar) Z vy, Avy;) Z)\f
j=1
since {v;,,...,v; } is an orthonormal basis for L. This completes the proof. O

Definition 2.12. A complete flag is a nested sequence of subspaces
{0y =VocViC---CV,,CV,=C"
with dimc V; = j for each j. Whenever the term “flag” is used, one should assume

that we are referring to a complete flag.

Definition 2.13. Let A € Herm(n), and let {us, ..., u,} be an orthonormal basis of
eigenvectors of A such that Au; = /\}(A)uj for each j. Setting U; = span{uy, ..., u;}

for each j, we obtain a complete flag
Fa:{0}=UycUhyCc---CU,1CU,=C"

which we call an eigenflag for A. Defining Uj = U, ; = span{un, ..., up_j41}, we

obtain another flag
F,:{0}=U,cU;Cc---CU,_,CcU, =C"

called the complementary eigenflag for A.

Note that the eigenflag for A is unique if and only if all n eigenvalues of A are
distinct. Indeed, if all of its eigenvalues are distinct, then the eigenspace of each

)\ﬁ(A) has dimension 1, and so all of A’s eigenvectors corresponding to A; (A) are scalar
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multiples of each other. Uniqueness of F4 is therefore clear. On the other hand, if say
A (A) = /\L_l(A) then one obviously has span{uy, ..., us} # span{uy, ..., w1, up1}

by the orthogonality and linear independence of the w;.

Lemma 2.14. If F, is an eigenflag for A € Herm(n) then the complementary eigen-

flag F'y is an eigenflag for the matriz —A.

Proof. Let {u1,...,u,} be an orthonormal basis of eigenvectors for A with Au; =
/\}(A)uj for each j. Set U; = span{uy,...,u;} and U; = span{u,,...,u,_jy1}
to obtain the eigenflag F4 : {0} = Uy Cc U; € -+ C Upy C U, = C" and
complementary eigenflag ¥/, : {0} = U) c U; C --- C U}_, Cc U} = C" for
the matrix A. As —Au; = —\(A)u; for each j, we see that —A has eigenvalues
A(=A) = {=AL(A) = -+ = —AL(A)}. So

A;(_A) - _)‘i—jﬂ(A) (2.11)
for each j, and {uw,, u,_1,...,u;} is an orthonormal basis of eigenvectors for —A with
— Aty = )\j(—A)un_ﬂl. Thus F); is an eigenflag for the matrix —A. O

Definition 2.15. Let 7 : {0} =V, c Vy C --- C V-1 C V,, = C" be a complete

flag, r < n a positive integer, and I = (i; < --- < i,) € P". The subset

S(I,F)={Le€G.(C") : dim(LNV;) >jfor 1 <j<r}

of the Grassmannian G,(C") is called a Schubert variety.

This new notation can be used to recast Proposition 2.11 as follows.
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Proposition 2.16. For A € Herm(n) and I € P one has

D> M(A) =min{tr(AL) : LS, Fa)}, (2.12)

iel
where Fa denotes an eigenflag for A.

Definition 2.17. Given I € P;, we define its complementary indices to be the r-tuple

I':= (i <---<i})) € P* where ¢’ :=n — (+ 1 for values £ € {1,...,n}.

r

The following result by R.C. Thompson establishes the previously mentioned cor-

respondence between (IJK) inequalities and intersections in the Grassmannian.

Theorem 2.18. Given I, J, K € P’ and Hermitian matrices A, B, and C = A+ B
in M,(C),
D ON(C) <D TA(A) + D A(B) (2.13)

keK icl jeJ

holds whenever

for some eigenflag Fe for C and complementary eigenflags F'y, Fy for A, B.

Proof. We follow the proof given in [2]. See also [10, Lemma 4.2]. Suppose that
S(I', FONS(J', Fp)NS(K, Fe) # 0 and choose L, € S(I', F,)NS(J', Fp)NS(K, Fe).
As

-A-B+C=0

we have

0=tr(—A )+ tr(—=By,) + tr(CL,).
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Lemma 2.14 shows that F’ is an eigenflag for —A and hence
> M(=A) =min{tr(-A,) : Le ST, F))}
iel
by Equation (2.12). As L, € S(I’, F/;) this yields
D A(—A) < tr(—Ap).
i€l

Likewise,

Z)\l ) <tr(—=Br,) and Z)\l ) < tr(Ch,).

jed keK

Thus,

0=tr(—Az,) +tr(=Br,) +tr(Cr,) = Y M(=A) + Y M (=B)+ > AL(C

iel jeJ keK

and hence

D MO =Y N(=A) =) N(-B

keK iel jeJ

But Equation (2.11) gives

D> A(-A Z&WH —ML(A) == " akA)

el /=1 el

and similarly,

Therefore,

as stated. O
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Corollary 2.19. Given I, J, K € P, suppose that

r

S, F) N S(J, Fo) N SK, F3) £ 0

for all complete flags Fi, Fo, Fs in C". Then Inequality (IJK) holds for all n x n
Hermitian matices A, B, C = A+ B. That is, (I,J,K) € H".

2.4 Applications of Theorem 2.18 and Corollary 2.19

We now use the ideas from the previous section to give additional proofs of both

Weyl’s and Lidskii’s inequalities.

Example 2.20 (The Weyl inequalities). We show that if 1 <i¢,5 <mnandit+j—1 < n,
then

S((n+1—14),F)NS(n+1—75),F)NS((i+j—1),F3) #0

for any complete flags Fi, F», and F3 in C". The Weyl inequalities then follow from
Corollary 2.19.

So, le¢ / : Uy Cc ---CcU,, Fo :VC---CV,,and F5: W, C---C W,
be complete flags. We just need to prove that there is necessarily a 1-dimensional
subspace A contained in the intersection U,41—; N Vyp1—; N Wiy;—1. That such a

subspace always exists follows immediately from the following calculation:

dim(Un+1_i N Vn+1—j N m+j—1) Z dim(UnH_i) + dim(Vn+1_j) + dim(m+j_1) —2n
=n+1-di+n+1—-y)+G@+j—1)—2n

= 1. [l

The following two propositions are needed in the proof of Lidskii’s inequality in
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Example 2.23. Since these ideas come up later in a different context (Grassmann

cohomology), we present them here separately for future reference.

Proposition 2.21. For J = (1,2,...,r) € P!, one has S(J',F) = G,(C") for all
complete flags F : V1 C --- C V, of C™.

Proof. Since J'=(n+1—r,...,n) = (n—r+{);_,, we have

S(J,F)={A € G.(C") : dim(ANV,_yp) > Lfor £ =1,...,7}

If A is any r-dimensional subspace of C", then

dim(ANV,_yie) > dim(A) + dim(V,—pi0) — 1
=r+n—-r+4)—n

:,g’

and we see that A € S(J', F). Hence S(J', F) = G,.(C"). O

Proposition 2.22. If [ = (iy < --- <1i,) € P! and Fy, Fy are complete flags for C",
then

S(I,F) N S(I', Fs) # 0.

Proof. Lemma 3.11 together with Theorem A.14, proved later in this thesis, show
that it suffices to check that S(I,F) N S(I',F') # () for some complete flag F and
its complementary flag F'. Write say F : {0} c U; C --- C U, = C" where
U; = span{uy,...,u;} for each j. The complementary flag is then F' : {0} C U] C

- C Uy, = C" where U = span{uy, ..., U, j11}. Also, the complementary indices
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I' for I = (iy,...,1i,) are

~ ~ r

[':(il,...,ir):(n—ir—i—l,...,n—il—i—l):(n—i—l—ir,jﬂ)j:l.

Thus,

SU,F)={A e G (C") :dim(ANU;;) >jfor j=1,...,7},

S(I''F')={A € G,(C") : dim(ANTE ) > jfor j=1,...,r}
J
where
UF = span{uy,, ... ,un_;jﬂ} = span{tn, ..., U;,_,, }.

Now, the subspace L = span{u;, : { = 1,...,r} lies in G,(C"), and we have both
dim(L N U;;) = j and dim(L N U7) = j, the latter equation following from the

observation that

Ln Ufj = span{u;,, ..., u; } Nspan{tn, ..., u;_,,,}

= span{u;, :r—j+1<0<r}

which has dimension r +1— (r — j + 1) = j. Hence L € S(I,F)n S(I', F"). O

Example 2.23 (The Lidskii inequalities). Let I and J = (1,...,r) belong to P;. By

Corollary 2.19, the Lidskii inequality

PIRHIGES PP EVERPPIE:)

icl el jeJ

holds for all A, B,C' = A+ B € Herm(n) if S(I', F1)NS(J', Fo) N S(I, F3) # O for all
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complete flags Fy, Fo, F3 for C". Applying Propositions 2.21 and 2.22; we find that

S(I', F)ynS(J, F) NS, F3)=SI',F1) NG.(C*) N S(I, F3)
=S, F) NS, F3)

40

as was needed. OJ



CHAPTER 3: Grassmann Cohomology and Schubert Calculus

We saw in the previous chapter that Inequality (IJK) holds for I, J, K € P and all
A, B,C = A+ B € Herm(n) whenever the Schubert varieties S(I’, 1), S(J', F3), and
S(K,Fs) intersect for all complete flags F;, j = 1,2, 3.

In this chapter we will see that the Grassmannian G,(C") can be regarded as a
finite-cellular CW complex whose cells are the Schubert cells C'(I, F) with [ € P!,
This allows us to compute its cellular (co)homology, hence its singular (co)homology,
which turns out to be freely generated by the (co)homology classes of the Schubert
varieties S(I,F) with I € P

Since the cohomology is a graded ring under cup product, we are at this point
able to compute the product of two or more Schubert varieties’ cohomology classes. It
turns out that such a product is intimately related to the intersection of the relevant
Schubert varieties themselves. Indeed, this cup product is nonzero if and only if the
corresponding intersection of Schubert varieties is nonempty. Thus, at the end of this
chapter we will have established a meaningful connection between (IJK) inequalities
(I,J, K € P) and the cohomology ring of the Grassmannian G,.(C").

This chapter requires a basic understanding of singular homology theory, finite-
cellular CW complexes, and Poincaré duality. General references for this material
include [8] and [18].

It should be noted that the coefficient ring for all (co)homology in this thesis is

assumed to be Z.
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3.1 The Grassmannian G,(C")

Recall that for integers 0 < r < n, the complex Grassmannian G,(C") is defined as
the set

G,(C") ={L : L is a subspace of C" with dim¢(L) = r}.

We give G,.(C") a topology as follows. Let V2(C") C (C")" denote the set of all
orthonormal r-frames, i.e., sequences (uy, . .. ,u,) of pair-wise orthogonal unit vectors

u; € C". The projection mapping

m: VI (C") — G.(C"), n(ui,...,u,) =spanfus,... u,}

is clearly surjective since every subspace has an orthonormal basis. We give V,2(C")
the subspace topology from (C")" and G,(C") the quotient topology from V?°(C").
Thus, by definition, a subset U of G,(C") is open if and only if 7=}(U) is open in
vo(cn).

Proposition 3.1. The set V°(C") of orthonormal r-frames is a closed, bounded, and

connected subset of the r-fold product C* x --- x C™.

Proof. Boundedness of V°(C") is obvious. Here we will verify that V,°(C") is closed

and connected.

VO(C™) is closed: Let N C (C™)" be the set of all normalized r-tuples, and O C (C")"

the set of all orthogonal r-tuples. Then

Vo(C) =NNO

and so it suffices to show that both N and O are closed in (C")". We do this by

exhibiting both sets as the inverse image of a closed set under a continuous function.
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Define f: (C")" — R" and g : (C")" — R via
flon, o) = o] > x|

and

g(vr,v) =Y (v, v

(=1 j#
Then f and g are obviously continuous, and thus N = f~1(1,...,1) and O = g~1(0)
are both closed in (C")".

VO(C") is connected: For convenience, we identify each r-tuple (xy,...,z,) in (C*)"
with the n x r matrix [z;] - - - |2,] whose j™ column is ;.

Our proof assumes the following standard facts: (1) the general linear group
GL,(C) is path-connected, and (2) the Gram-Schmidt function G : GL,(C) —
GL,(C) sending any basis for C" to an orthonormal basis is a continuous map.

Let (uy,...,u,) € V(C") be given. It suffices to show that there is a path in
Vo(C") from (uy,...,u,) to (ey,...,e.), where e; is the j standard basis vector.

First, extend (ug,...,u,) to an orthonormal basis (ui,...,u,) for C". Since
GL,(C) is path-connected, there is a continuous map f : [0,1] — GL,(C) with
f(0) = [uy]|---|u,) and f(1) = [e1]| - -|en]. As the Gram-Schmidt function G is also
continuous, G o f([0,1]) is a path in V2(C") from (uy,...,u,) to (e,...,¢e,). By the

continuity of the projection map
P, V2(C™) — VT, (21,...,20) = (71,...,2,),

we see that P, o Go f([0,1]) is a path in V(C") from (uy,...,u,) to (e1,...,e,), as

was needed. O
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Since V(C") is a compact, connected subset of the r-fold product C" x - -- x C",

this next corollary follows from the continuity of the quotient map 7 : V(C") —

G, (C™).

Corollary 3.2. The Grassmannian G,(C") = w(V(C")) is a compact, connected

topological space.

In fact, G,.(C") can even be given the structure of a complex manifold of (complex)
dimension N = r(n — r). We now follow the treatment provided in [7, p.193-194] to
give an outline of a proof of this very important fact.

Let M(r,n) denote the set of complex r x n matrices of rank r and let

row space : M(r,n) — G,.(C")

be the map sending a matrix A € M (r,n) to the subspace spanned by its row vectors.

Given I = (i; < --- <1i,) € P and A € M(r,n), let A; denote the r x r matrix

whose jth column is the 7;th column of A. Now,

e U; = {row space(A) : A€ M(r,n), det(A;) # 0} is an open set in G,.(C"),
o the sets {U; : I € P!} cover G,(C"), and

e for each A € U; there is a unique matrix A’ € M (r,n) with row space(Al) = A
and (Af); = I, the r x r identity matrix.

Moreover letting ¢ € P} be defined as I¢ = {1,...,n}\I,

e the mapping o; : Uy — C™™ ) A (Al)} is bijective.
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Proposition 3.3. [7, p.194] The (") maps ¢r (I € PP) are charts on G,(C"), giving
the space G,.(C") the structure of a compact, oriented" complex manifold of dimension

N=r(n—r).

3.2 Cell structure on G,.(C")

Let F:VocVyC---CV,1 CV,=C" be a complete flag in C".
Definition 3.4. For L € G,.(C"), the jump indices Z(L,F) = (i1 < --- < i,,) € P"
are defined by
i; =min{k : dim(LNV;) =j}
for j =1,...,r. That is, 7; is the smallest index for which L NV}, has dimension j.

Definition 3.5. Given a complete flag F in C" and indices I € P, the set
C(I,F)={LeG.(C") : Z(L,F) = I}

is called a Schubert cell of G,(C").
It is clear from the definition that G,(C") is the disjoint union

G, (cn = ][ cu.7

IePp

of the Schubert cells {C(I,F) : I € P!'}.

Lemma 3.6. [7, p.196] For I = (iy < --- < i,) € P, the Schubert cell C(I,F) is

homeomorphic to C*D) where the degree d(I) is defined as

T

d(1) =Y (ie—10)

(=1

!Every complex manifold carries a canonical orientation.



30

Proof outline. Tt suffices to take for F the standard flag {0} c Cc C* C --- C C™.
One can show that each subspace L € C(I,F) is the row space of a unique matrix
A € M(r,n) satisfying the following conditions for j =1,...,r:

(a) Aji; =1,

(b) Agi; =0 for k # j and

(¢) Ajr=0fori; <k <n.

This is a (reverse) reduced row echelon form. Such matrices have d(I) “free” entries
and the remaining entries are all fixed according to (a), (b), and (c) above, hence this

representation of C(I, F) is naturally homeomorphic to C4D. ]

Example 3.7. Say n =5, r =3, [ = (1 < 3 < 5) and F is the standard flag in

C5. Each L € C(I,F) has the form L = row space(A) for exactly one matrix with

] |

This contains d(I) = (1 — 1) + (3 —2) + (5 — 3) = 3 free entries marked “4”. So in

“reverse reduced row echelon” form

oo
* X O
OO
* OO
— oo

this case C(I, F) is homeomorphic to C?. O

There exist attaching maps that turn this cell-decomposition of the Grassmannian
into a finite-cellular CW-complex. That is, letting B¢ and D’ denote the open and
closed unit balls of R?, respectively, there exists a family of continuous maps {ecu,r) :
I € P} such that o r) : D*) — G, (C") restricts to a homeomorphism of B!
onto C(I,F). A proof of this can be found in [9, p.33-34].

The 2m-cells of this CW-complex are of course the Schubert cells C (I, F) with
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I € P and d(I) = m, and the 2m-skeleton is therefore the union

U cu.rn=J su.r.

Iepp IepPl
d(I)<m d(I)=m

Let X* denote the (-skeleton of G,(C"), and let & denote the number of (-cells
in X*. By definition, the /th cellular homology group of G,(C") is the /th homology

group of the cellular chain complex

d

o Hp(XF, XYY B (0 XY S (X X)L Ho (X0, 0) — 0

In our notation, H,(X*, X*1) is a relative singular homology group, and the boundary

homomorphisms dy are as described in [18, p.213].

Proposition 3.8. H(X* X*=1) is a free abelian group whose basis has cardinality

equal to the number of k-cells in X*.
Proof. See [8, Lemma 2.34]. O

Therefore, the ¢th cellular homology group of G,.(C") is the ¢th homology group

of the chain complex

RN/ 34 d_4> Co-1 ... 78 il—>Z§°—>0.
However, since each Schubert cell C'(I,F) has real dimension 2d(I), we see that
& = 0 whenever ¢ is odd. Consequently, every other term in this chain complex is

zero, hence all boundary maps are zero, and we find that the fth cellular homology
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group HEW (G, (C")) of G,.(C") is

ow Zt 0 </{<2r(n—r)is even
HOW (G (C)) = (3.1)

0 otherwise

The singular homology of G,(C™) now follows from the isomorphism between the
singular and cellular homology of CW complexes. A proof of this isomorphism can
be obtained from [18, Theorem 8.36].

Now, recall that for an r-tuple I € P and complete flag F, the Schubert variety
S(I,F) C G,.(C") is the set

S(I,F)={L € G,(C") :dim(LNV;,) > jfor 1 <j<n}.

When a complete flag F is fixed, each Schubert variety S(I,F) generates a distinct
homology class [S(I, F)] € Haq)(G-(C")), and these homology classes freely generate
H.(G.(C™)) as a Z-module. More information on how these Schubert varieties each

generate a homology class is provided in Appendix A.

Proposition 3.9. The homology class of any Schubert variety S(I,F) is independent
of the chosen flag F.

Proof. For any matrix M € GL,(C), let M - G.(C") — G,.(C") denote the map
L M(L).

Choose complete flags 7, : Vo Cc Vi C---C Vyand Fo - WoC Wy C--- C W,
in C", and suppose that {vq,..., vt} and {wy,...,wy} are orthonormal bases for Vj,
and Wy, respectively. Let A be the matrix such that Av; = w; for each j.

First note that A(S(I, F,)) = S(I, F»). Indeed, A is an isomorphism since it takes
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a basis to another basis, hence for any A € G,(C") we have

dim(ANV;,) = dim(A(ANV;,))

— dim(A(A) N A(V,)

J

= dim(A(A) N ;).

It now follows from the definition of a Schubert variety that A(S(I,F)) € S(I,Fy).
To prove the reverse inclusion, the same general argument can be used to show that
;1\—/1(5(], F»)) € S(I,F1). Now apply A to both sides of this inclusion. Since Ao A1
is obviously the identity map of G,.(C"), it follows that S(I, F») € A(S(I,F;)). Thus
A(S(I,F)) = S(I, F,) as claimed.

Now, let A, : H(G,(C")) — H(G,(C™)) be the map on homology induced by A.

Since

AJS(L Rl = [AS(LL F))] = [SUL F)l, (3.2)

we sce that A, sends the homology class of S(I, F1) to the homology class of S(I, F3).

We now show that A, is the identity map id, on homology. This will complete
the proof, for it then follows from Equation (3.2) that [S(I,F1)] = [S(I, F2)].

To show that A, = 1d,, it suffices to show that Ais homotopic to the identity map
of G,(C"). Since GL,(C) is path connected and contains both A and the nxn identity
matrix I, there is a continuous function f : [0, 1] — GL,(C) such that f(0) = I,, and
f(1) = A. Define a homotopy H : G,(C") x I — G,(C") via H(L,t) = (f(t))(L).
Then as H(L,0) = f(0)(L) = I,(L) = L and H(L,1) = f(1)(L) = A(L), we see that

H is indeed a homotopy between idg, cn) and A. O]

Therefore, we can unambiguously write [I] for the homology class of any Schubert

variety S(I,F). Moreover, since G,(C") is a compact, oriented manifold without
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boundary, Poincaré duality gives an isomorphism

PD : Hop(G,(C™)) — HXN=m)(G,(C™))

for each m =0,1,...,N. For I € P, we define

or = PD([1]) € H*N )G, (C™))

to be the Poincaré dual of [I]. We call o7 a Schubert cocycle.
From what we know of Grassmann homology, it is clear that the cohomology of

G,(C™) is zero in odd dimensions, and that

H?>™(G,(C")) = Z-span{o; : d(I) = N — m}

form=20,1,...,N.

3.3 Cup products in H*(G,(C"))

The cohomology H*(G,(C")) = @®m>oH™(G,(C")) is a graded ring with multiplica-
tion

U: HY(G,(C") x H™(G,(C")) — H*™(G,(C"))

given by the cup product [8, §3.2]. It should be noted that the cup product is bilinear,
and thus that multiplication in the cohomology ring is completely determined by the
products oy U oy for I,J € P. Indeed, since the set {o; : I € P} of Schubert
cocycles forms an additive basis for H*(G,(C")), any two cohomology classes «, 3

can be written a =), ajor, B =) ,bj0; (ar,b; € Z), and thus bilinearity gives us
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that
aUf= Za;bj(af Uaoy).

1,J
From now on we omit the “U” and simply express any cup product o; U oy as

orj0j.
3.3.1 Complementary indices and codegree
Let I = (i1 < --- <i,) € P! be given.

Definition 3.10. We define the codegree of I to be the number d*(I) = N — d(I).
We say that I and J € P have complementary degrees if d(I) + d(J) = N, or

equivalently, if d°°(J) = d(I).

Thus, the Schubert cocycle o; lies in H2*((G,.(C™)).
Recall (see Definition 2.17) that the complementary indices of I are defined as the
r-tuple

I'=(Mm+1l—i,<--<n+l—ip).
Lemma 3.11. If I € P then d(I) +d(I') =r(n—1)=N.

Proof.
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Corollary 3.12. The r-tuples I and I' have complementary degrees. Equivalently,
d(I'y = de(I).

3.3.2 Evaluating cup products

We now lay out some general facts that will help us evaluate cup products.

e For any topological space X, the following identity holds for the cup product
on H*(X):
Oéﬁ — (_1)dega+deg,86a

where o € H4%(X) and 8 € H¥85(X). Thus since Grassmann cohomology is
nontrivial only in even dimensions, one deduces from the identity

o1y = (_1)2d50(1)+2dC°(J)

ojor
that the cup product on H*(G,(C")) is commutative.

o Ifd(I)+d(J) > N then o;0; = 0. This is because the cohomology of G, (C")
is trivial in degrees greater than 2N, and o;0; € H2@“+d“W) (G (C)).

o If d°(I) + d*(J) = N then o0, is nonzero if and only if J = I’. A proof of
this can be found in [7, p.198].

Since the set {o; : I € P} of Schubert cocycles forms an additive basis for the

cohomology ring H*(G,(C")), one has for any I, J € P that

JIUJ:ZchJK (ct; €Z)
K

where the summation is over all K € P! such that d°(K) = d°°(I) + d*°(J). The

numbers ¢} ; are called Littlewood-Richardson coefficients.

Remark 3.13. One should note that most (if not all) authors index their Littlewood-
Richardson coefficients with partitions (weakly decreasing, finite sequences of nonneg-
ative integers). We will stray from this convention and instead index our Littlewood-

Richardson coefficients with strictly increasing sequences that belong to a common
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set Pr. As our primary use for LR coefficients lies in their connections to (IJK)
inequalities, this just seems more natural for our purposes.

For the sake of comparison with our sources: if I, J, K € P then our LR coefficient
Cf ; would typically be written as

(n—r+1—ki,....n—r+r—ky)
(n—r+1—i1,....n—r+r—iy), (n—r+1—j1,...,n—r+r—7j.)

in the literature.

Proposition 3.14. For indices I, J, K € P with d®°(K) = d®°(I) + d*(J) one has

cfj # 0 if and only if o700k # 0.

Proof. First note that

E : L
oj0j] = CLJO'L

L

where the summation is over all L € P} such that d®°(L) = d*(I) + d*°(J). It

therefore follows from the cohomology’s ring structure that
O10 0K — ZCﬁJULO'K/. (33)
L

Now, for each L, the r-tuples K’ and L have complementary degrees (since K and
L have the same codegree). Thus ook is nonzero if and only if L = K, and so
Equation (3.3) reduces to

O10 0K — C?]UKO'K/
where oxox € H*N(G,(C")) is non-zero. O

We now state two formulas (see [7, p.203-206] for their proofs) that together enable
one to compute arbitrary cup products in H*(G,(C")). Equivalently, these formulas

enable the computation of Littlewood-Richardson coefficients.
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To present these results, we require an alternate parametrization for the cohomol-
ogy ring H*(G,(C")). Given I = (i; < iy < --- < i,) € P! we denote oy = PD([I])
by

{n—r+0—1i},_, € H(G.(C")).

Note that I — (n—r+f—i,);_, gives a bijection between the sets P and {(a4, ..., a,) :
n—r>a > - >a. > 0}. The benefit of using this alternate parameterization
is that the sum of the entries equals the codegree of the cocycle (equivalently, the

codimension of the corresponding Schubert variety). Indeed,

T

dn—r+j—iy)=r(n—r)+> (i—i)

Jj=1 Jj=1

= N —d(I) = d*(I).

Thus H*™(G,(C")) is the free Z-module generated by the cohomology classes {ai, . .., a, }
where n —r >a; > --->a, > 0and ) a; =m.

For simplicity, we write any cocycle {aq,...,as,0,...,0} simply as {ay,...,as}.
The cocycles {a}, for 1 < a < n — r, are called special cocycles. It turns out that
these actually generate the cohomology ring, as is made clear by Giambelli’s formula,

below.

Proposition 3.15 (Pieri’s formula). Suppose n —r > a3 > -+ > a, > 0, and let

0<?¢<n-—r. Then

{ar,. o {0 = Y {br,....b}

aj—12b;j>a;
Sbi=t+3a;

(Here we formally define ag =n —r.)

Proposition 3.16 (Giambelli’s formula). Let n —r > ay > -+ > a, > 0. Then
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the cocycle {ay, ..., a,} is the determinant of the r X r matriz whose ij*" entry is the

cocycle {a; — i+ j}:

{a1} {an+1}y -+ H{a,+r—1}

{ai,...,a.} = det {az =1} {as} coo Hag+r—2}

{a, —r+1} {a, —r+2} --- {a,}
One should note here that {0} is the multiplicative identity for H*(G,(C")), and
that {j} is zero in H*(G,(C™)) whenever j <0 or j >n —r.
To see how these two formulas allow us to take arbitrary cup products, suppose we
want to evaluate {aq,...,a,}{b1,...,b.}. First apply Giambelli’s formula to rewrite

{b1,...,bn} as a polynomial in special cocycles, say {bi,...,b.} = > [[ {cpq}. Then

{ar, . a o, 0 =D [[{ar, - anHep}

and we can now apply Pieri’s formula to each term in the summation to obtain the

cup product {aq,...,a,}{b1,...,b.} as a sum of cocycles.

Example 3.17. Let us compute the cup product of the cocycles {4,2} and {3,1} in
H*(G3(C7)). By Giambelli’s formula,

0} {1
— (3}{1) - (4}{0)
— (3}{1) - {4}.

{3,1} = det {{3} {4}}

Thus,
{4,243, 1} = {4, 2}{3}{1} — {4, 2}{4}. (3.4)
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By Pieri’s formula, the product {4,2}{3} is the sum of all cocycles {by, bs, b3} with

Hence {4,2}{3} = {4,4,1} + {4, 3,2}, and Equation (3.4) becomes

{4,2}{3,1} = {4,4, 1}{1} + {4,3,2}{1} — {4, 2}{4}.

Routine applications of Pieri’s formula to each of these summands now show that

{4,2}{3,1} = {4,4,2} + ({4,4,2} + {4,3,3}) — {4,4,2}

= {4,4,2} + {4,3,3}.

3.4 Cup products and intersections of Schubert varieties

The following major result relates cup products in H*(G,(C")) to intersections of
Schubert varieties. A version of this can be found in [10] which references [5] and [7]

for the proof. An overview of the proof is given below in Appendix A.

Proposition 3.18. Given I,J € P! with d°(I) + d*°(J) < N, we have oro; # 0 in
H*(G.(C")) if and only if S(I,F1) N S(J,F2) # O for all complete flags F;, j = 1,2.
Likewise, given I,J, K € P with d*°(I)+d®(J)+d*°(K) < N, we have o;0;0x # 0
in H*(G,(C")) if and only if S(I,F1)NS(J, Fo) NS(K, F3) # 0 for all complete flags
Fi j=1,23.

The conditions on d®°(I), d*°(.J), d®°(K) are imposed to ensure that the cup prod-
ucts oro; and o700k lie in a nonzero cohomology group.

Corollary 2.19 asserts that Inequality (IJK) holds for all n x n Hermitian matrices
A, B,C = A+ B whenever S(I', F1) N S(J', F2) N S(K, F3) # 0 for all complete flags
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F;. Thus Proposition 3.18 now has the following as an immediate consequence.

Theorem 3.19. Given I,J,K € P!, if opopox # 0 in H*(G,.(C")) (equivalently,
cﬁl], # 0) then Inequality (1JK) holds for all A, B € Herm(n). That is, (I,J,K) €
a.

T

3.5 Applications of Theorem 3.19

Theorem 3.19 provides us with yet another way to prove the Weyl and Lidskii inequal-
ities: show that oy o0 # 0, where I, J, and K are the indices from the statement

of the relevant inequality (see Section 1.2.1).

Example 3.20 (Weyl inequalities). In this case we have I = (i), J = (j), and
K =(i+j—1)in P}, and we need to show that oo ok # 0.

First, we see that I’ = (n+ 1 —1i) and J' = (n + 1 — j). Hence,

or={i-1}, ow={i-1}, ox={n+1l—i—j}

and by Pieri’s formula,

{i—1{j—1H{n+1—-i—j}={i+j—-2{n+1—-i—j}

={n—-1}.

So oo ok = {n — 1} generates the top-degree cohomology group H2"~Y(G(C")),

and thus is obviously nonzero.

Example 3.21 (Lidskii inequalties). Here we have I = (i; < -+ < i) and J =
(1,2,...,r) € P, and we need to show that opo o # 0.

A quick calculation shows that oy = {0,...,0} € H°(G,(C")) is the multiplicative
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identity of the cohomology ring. Hence o005 = ooy, and this product is nonzero

since I and I’ are complementary indices.



CHAPTER 4: The Littlewood-Richardson Rules

We saw in Theorem 3.19 that nonzero Littlewood-Richardson coefficients yield (IJK)
eigenvalue inequalities. At the moment, our only tools for determining whether a
Littlewood-Richardson coefficient is nonzero are the formulas of Pieri and Giambelli.
Unfortunately, these formulas are not especially convenient for our purposes: using
them to determine whether cf s 1s nonzero usually requires us to actually compute
each coefficient ¢f ; for all L € P} with d*(L) = d*(K).

The Littlewood-Richardson (LR) rules provide another, more convenient algo-
rithm for computing Littlewood-Richardson coefficients. However, explicit coefficient
computations still quickly become very time consuming as r and n get bigger - even
with a computer. Fortunately, the LR rules generally allow us to determine whether
cf ; 1s nonzero without having to actually compute any Littlewood-Richardson coef-
ficients.

Since the LR rules are stated in terms of Young diagrams, we begin this chapter
with a very brief introduction to these combinatorial objects. The LR rules are then

stated in Section 4.2, and we conclude this chapter by using the LR rules to provide

extremely simple proofs of the Weyl, Lidskii, and Thompson-Freede inequalities.

4.1 Young diagrams

A Young diagram is a finite collection of boxes whose rows are left-justified and
whose row lengths are weakly decreasing from top to bottom. If a Young diagram
has 7 nonempty rows with lengths (listed top to bottom) /¢y,...,¢,., then the r-

tuple (¢1,...,¢,) is called the shape of the diagram, and we denote this diagram
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by D({y,...,¢.). For example, D(4,3,1,1) is the diagram

of shape (4,3,1,1).

When referring to a specific Young diagram, we say “box(7, j)” to refer to the box
in the ith row and jth column. Thus in the above example, box(1,4) is the rightmost
box, and box(4, 1) is the box at the very bottom of the diagram.

We can put a partial ordering < on the collection of Young diagrams by declaring

D(al,...,ag) =< D(bl,...,br)

whenever ¢ < r and a; < b, for each j =1,...,¢. Thus D(ay,...,a;) < D(by,...,b,)
if and only if D(ay, ..., a,) fits inside D(by, ..., b,) when the top and left sides of the
two diagrams are superimposed.

Given two diagrams D(ay,...,a;) < D(by,...,b.), we write

D(bl, PN ,br)\D(al, PN ,ag)

to denote the diagram obtained by removing from D(by,...,b,) the first a; boxes of
row j. For example, D(4,3,1,1)\D(3, 1) looks like
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4.2 The Littlewood-Richardson rules

For any L = (¢, < --- <{,) € P, define

par(L) = (6, > --->0,) where f; =n — 71+ j — (.

v

Note that n—7 > ¢, and ¢, > 0. These are the indices corresponding to our alternate

parameterization of the cohomology ring from Section 3.3. That is,

{par(L)} = o € H*" (G, (CM)),

and as we saw in Chapter 3, the sum of the entries of par(L) is |par(L)| = d*°(L). So
par(L) is a partition of the number d*°(L) with at most r parts, each of size at most
n—r.

Now, suppose that

par(/) =(ay > --->a,), par(J)=(by>--->0b,), par(K)=(c1>->¢).

Since |par(-)| = d*(-), we already know from Chapter 4 that ¢f; = 0 unless
Ipar(K)| = |par(I)| + |par(J)|. It can also be shown that ¢f; = 0 unless ag, by < ¢
for each £ = 1,...,r. Assuming that these two conditions are satisfied, the following

theorem describes how to compute the Littlewood-Richardson coefficient ¢ff;.

Theorem 4.1 (LR Rules). Let D = D(par(K))\D(par(I)). Of the > b, boxes in D,
we want to label by of the boxes with a “17, by boxes with a “27, ..., b, boxes with
an “r”. The coefficient cf, 1s the number of ways this can be done subject to the

following constraints:

e The numbers are weakly increasing along rows and strictly increasing down
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columnes.

o Reading the numbered entries from right to left, top to bottom, we obtain a
lattice word (1, ..., lpar(yy- That is, for each i = 1,2,... |par(J)| and each
j=1,...,r—=1, the sequence {1, ..., {; contains at least as many j’s as (j+1)’s.

Note that, by the commutativity of the cup product, we could have instead used
par(/) to number D(par(K))\D(par(J)) in the above algorithm.
As any proof of the LR rules would land well outside of the scope of this thesis,

we simply refer the reader to the proof given in [17].

Example 4.2. Let [ = (2,4,6,8,10,12), and K = (1,2,4,5,7,8) be elements of P}2.

We want to find ¢f';. First of all,

par(/) = (5,4,3,2,1,0) and par(K) = (6,6,5,5,4,4).

Now, D(par(K))\D(par()) is the diagram

and we need to number these boxes with five 1’s, four 2’s, three 3’s, two 4’s, and one

5 in accordance with the rules from Theorem 4.1. There are in fact 9 ways to do this:
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1
112 112 112
113 113 113
1124 1124 214
2123 11213 11313
1 415 213 ) 1121415
1
112 2 2
213 1 1
314 3 3
1 4 1124 2124
112 ) 213 ) 113 5
1
2 2 2
1 1 1
3 2 2
4 314 2134
112 ) 213 ) 1131415

Hence cf ; = 9. However, we check only that the first numbering above satisfies the

LR rules:

|l W N =
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First, the correct amount of boxes are labeled 1, 2, 3, 4, and 5, the rows are weakly
increasing, and the columns are strictly increasing. Since the entries, read right to

left and top to bottom form the lattice word

1,2,1,3,1,4,2,1,3,2,2,5,4,3,1

we see that this numbering satisfies all of the requirements from the theorem.

4.3 The Littlewood-Richardson rules and Inequality (IJK)

The following results relate the Littlewood-Richardson rules to (IJK) inequalities.

Theorem 4.3. Given I,J, K € P", we have opoyox # 0 if and only if there is a
way to fill the bozes of D(par(K'))\D(par(I’)) with numbers determined by par(.J’)

according to the LR rules.
Proof. This follows from Theorem 4.1 and Proposition 3.14. [

Corollary 4.4. Let I,J, K € P and suppose that there is a way to fill the bozes
of D(par(K")\D(par(I')) with numbers determined by par(J') according to the LR
rules. Then Inequality (1JK) holds for all A, B € Herm(n). That is, (I,J,K) € H.

Proof. This follows immediately from Theorem 3.19 together with Theorem 4.3. [

As was noted earlier, one can interchange the roles of I and J when applying
these results. That is, one can instead label the boxes of D(par(K'))\D(par(J'))

with numbers determined by par(!’) according to the LR rules.

4.4 Applications of Corollary 4.4

We can now give additional proofs of the Weyl and Lidskii inequalities, and also a

proof of the Thompson-Freede inequalities.
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The following lemma will make our subsequent computations simpler:
Lemma 4.5. If [ = (i; <--- <1i,) € P then par({') = (i, — 7, -+ .41 — 1).

Proof. Since the ¢th entry of I’ is n + 1 — 4,11y, the ¢th entry of par(I’) is
n—r+€—<n+1—ir+175):7:7~+1fg—(7’+1—€). ]

4.4.1 Weyl inequalities

We want to show that cﬁjj, # 0 whenever [ = (i), J = (j), and K = (i +j — 1) each

belong to Py. First,
par(I') = (i—=1),  par(J)=(—1),  par(K')=(i+j—2),

and so D(par(K’))\D(par(I’)) is the diagram

———
j—1

with 7 — 1 empty boxes that need to be labeled with (7 — 1) 1’s. As there is exactly
one way to do this, and this numbering obviously satisfies the LR rules, we conclude

that cf,?l 5 = 1. The Weyl inequalities now follow from Corollary 4.4.

4.4.2 Lidskii inequalities

Let I = (iy < --- <) and J = (1,2,...,7) € P". Then par(J') = (0,...,0), and
D(par(I'))\D(par(I’)) is the empty diagram. We therefore have a trivial application
of the LR rules, hence cf: 5 = 1, and so the Lidskii inequalities are valid by Corollary

4.4.
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4.4.3 Thompson-Freede inequalities

Let I=(i1 < <), J=(h<--<Jr)yand K =(iy+j1—1,...,9.+ 7. —7) be
elements of P;'. Again, it suffices to show that cﬁ’ 5 7 0.

Now, we have

par(K') = (i, + j, — 2r,...,i1 +j1 — 2) = (a1 + by, ..., a, + b,.).

So, D(par(K’))\D(par(l")) is the diagram whose ¢th row contains b, empty boxes,
and we need to fill this diagram with b; 1’s, ..., b, 7’s in a manner satisfying the LR
rules. To do this, simply fill the ¢th row with all b, needed copies of the number /.

This numbering shows that cff/ 5 # 0, as was needed.

Example 4.6. Take I = (2,4,5), J = (3,4,6) in P} withn >5+6—-3 =8. We
obtain

K=(2+3-1,4+4-25+6-3)=(4,6,8),
par(I') = (5—3,4—2,2— 1) = (2,2,1), par(J)) = (6—3,4—2,3 1) = (3,2,2),
par(K') = (8 — 3,6 — 2,4 — 1) = (5,4, 3).

The following diagram shows that opoyox # 0 in H5"=3)(G3(C), Z):




Thus for n x n Hermitian matrices A, B, C = A + B with n > 8, we must have

Ai(C) + X(C) + A5(0) < A3(A) + Ai(A) + A5(A) + X5(B) + Ai(B) + Xg(B).
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CHAPTER 5: The Horn Inequalities

In 1962, Alfred Horn [11] defined sets 7" that he conjectured would completely char-
acterize the possible eigenvalues of n x n Hermitian matrices A, B,C = A+ B. He
defined these sets 1" as follows.

Let U™ denote the set of triples (I,.J, K) € (P")? such that

ZHZ]':ZWFT(T;D.

iel jeJ keK

Now, define 77 = U = {(i,4,k) : i+ j=k+ 1}, and for r > 1 set

' ={I,JK)eU":> g+ Y jy <Y kn+plp+1)/2

feFr geG heH

for all (F,G, H) € T with 1 <p <r}.

Horn’s conjecture was finally proven in the late 1990’s over the course of two
papers: one by Klyachko in 1998 [13], and another by Knutson and Tao in 1999 [14].

This conjecture is made precise by the following theorem.

Theorem 5.1 (Horn’s Theorem).

(a) One has T)* C H for all 1 <r <n. That is, if (I, J,K) € T then Inequality
(IJK) holds for all n x n Hermitian matrices A, B, C = A+ B.

(b) Conversely, if (o, 3,7) € (R™)3 are weakly decreasing and satisfy both

— the trace equality Y o Vi =D oy 0 + Yy [, and
— Inequality (IJK) for every (I,J,K) € T and all1 <r <n

then there exist A, B,C = A+ B € Herm(n) such that

MA)=a, MB)=p3, and N(O)=1.
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The goal of this chapter is to connect the sets 7" of “Horn triples” with the results

obtained in the earlier parts of this thesis.

5.1 The relationship between 7" and (IJK) inequalities

Before showing how the sets T relate to (IJK) eigenvalue inequalities, it is useful to

see how the sets U D T are relevant.

Lemma 5.2. For I, J, K € P, the following are equivalent:
(a) (I,J,K) e Ul
(b) A= par(I'), jp = par(J'), v = par(K') satisfy Y v; = > N+ >

(c) opoyoy lies in the top-degree cohomology group H*N(G,(C")).

Proof. For L = (¢, < --- < {,) € P we have par(L') = (¢, —r,...,¢; — 1) by Lemma
4.5 and hence

NS r(r+1)
Zpar(L)—;@— 5

Thus (b) holds if and only if

Zz’g+2jg—r(r+1):Zkg—r(r—i—l)/Q

which is obviously equivalent to (a).

We now show that (c) is equivalent to (a). By the gradedness of the cup product,
we have opopor € H*(G,(C"),Z) if and only if d*°(I') + d*(J') +d*(K) = N. By
Lemma 3.11 and Corollary 3.12, this happens if and only if d*°(I") +d®(J") = d*°(K’),
or equivalently, d(I) + d(J) = d(K). But,

dD) +d(J) =d(K) <= Y (ie=0O+Y (Ge—0 =) (ke—0)
= D it ) je=) ketr(r+1)/2
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— (I,J,K)eU. O

So U is the set of (I, J, K) € P for which opopox € H*N(G,(C")), and it turns
out that 7" C U is precisely the set of (I, J, K) € U for which o0 0 is nonzero.

Equivalently, 7" = S where
Sr={(I,JK)eU:c} , #0}.

This is implied by the following theorem which establishes an important connection
between H*(G,(C")) and H*(G,(C")) for all p < r. For a proof outline, see [6,
Theorem 17].

Theorem 5.3. Let (I,J,K) € U be given, and set A\ = par(I'), u = par(J'), and
v = par(K'). The following are equivalent:

(i) The class of ok occurs with nonzero coefficient in the product op oy in H*(G,.(C")).

(ii) For allp <1 one has Y,y Vh < 3 pep Af 2 ,eq Mg for all (F,G, H) € (P})?
such that the class of oy occurs in the product opoc in H*(G,(C")).

Corollary 5.4. Let (I,J,K) € U. With notation as in the previous theorem, one
has (I, J, K) € S if and only if

ZuhSZ/\f—i-Z,ug

heH feF geG
for every (F,G,H) € S}, for allp <.

We now use this corollary to show that 7" = S)'. It should be noted that our

proof relies on the existence of a particular bijection S' — S;_, given by the map

(I,J,K)— (I, J5 KY)
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where, for example, if I = (i; < -+~ <i,) then [t = (i€ {l,....,n} :n+1—i¢&I).
This bijection is established in Section 6.1.
Our proof that S = T is by induction on r, expanding the proof provided in [6].

The following lemma proves our base case.
Lemma 5.5. ST =17 for each n.

Proof. We have ST C U] = 17" by definition. Conversely, if (I, J, K) € T]* = U} then
(I, J, K) are the indices of some Weyl inequality, and thus cﬁl 5 #0. So I C ST as

well, completing the proof. O]

Lemma 5.6. Suppose (I,J,K) € U™ andp € {1,...,r —1}. Then

) UED DD DURES et (5.1)

feF geG heH

holds for some (F,G, H) € T; if and only if

PORYED DNTEI PR (5.2)

fert geG+ heHL
where A = par(I'), u = par(J'), and v = par(K').

Proof. Since A._y11 = iy — £ holds for each ¢, Equation (5.1) holds if and only if

p(p+1)

Z()\r—fﬂ +f)+ Z(Mr—gﬂ +9g) < Z(Vr—h—H +h) +

fer geG heH

But (F,G,H) € Uy implies that >, f+ > 69 = dpegh +p(p+1)/2. So

(5.3)

Equation (5.3) becomes

Z Ar—fi1+ Z Pr—g+1 < Z Vr—ht1- (5.4)

fer geG heH
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Now, since (I, J, K) € U, we have > \;+ > p; = Y v;, and it follows that Equation
(5.4) holds if and only if

Z)\f—i—ZugZZm

feFL geGL heHL

where F- = {f e {l,...,r}:r— f+1¢ F} as above, and G+ and H* are defined

similarly. n
Theorem 5.7. For any 1 <r <n one has T" = S}

Proof. Since T{* = ST (Lemma 5.5), we can assume that r > 1 and that 7" = S*
whenever p < r < m.
Let (I,J,K) € U and set A = par(I’), u = par(J’), and v = par(K’). It follows

from the previous lemma (and the definition of T*) that (I, J, K') € T" if and only if

Z)‘f_"zlugz th (5.5)

feFLt geGL heH-+

for every (F,G,H) € T) = S) for all p <.
Moreover, we see in Section 6.1 that (F, G, H) € S} if and only if (F-,G+, H*) €
Sy_,- Thus, it is clear that Equation (5.5) holds for every (F,G, H) € S forallp <r

if and only if

PRZED PP VE P (5.6)

heH feF geG
holds for every (F, G, H) € S} for all p < r. This is equivalent to having (I, J, K) € S}
by Corollary 5.4. m

This next theorem summarizes the connections we have established between the

sets T of “Horn triples” and the earlier results of this thesis.
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Theorem 5.8. For (I,J, K) € U"

" conditions (a)-(e) below are equivalent.

(a) (I,J,K)eT!
(b) S(I', Fr)NS(J', Fo) N S(K, F3) # 0 for all complete flags F; (j = 1,2,3) for C".
(c) opoyox #0 in H*N(G,.(C"),Z)
(d) C?:J’ #0
(e) It is possible to use par(J') to number the boxes in D(par(K'))\D(par(I')) in
accordance with the LR rules.

Moreover, each of these conditions implies

(f) Inequality (1JK) holds for all A, B € Herm(n).

7

Note that we can use “(a) implies (f)” above to find eigenvalue inequalities which
hold for all Hermitian matrices A, B,C' = A + B. Indeed, when n and r are small,
it is easy to compute the sets 7" recursively from their definition, with the help of a

computer. Each element of T"" gives rise to an eigenvalue inequality.

Example 5.9. Let A, B,C = A+ B be 4 x 4 Hermitian matrices with eigenvalues
M(A) = a, A\I(B) = 38, and M\ (C) = ~. The set Ty yields the following 21 eigenvalue

inequalities:

(17 <o+ as+ B+ B Mty <art+ay+ G+ G5 )
T+ <ar+az+ G+ B Nty <or+as+ B+ B
Y+ 7 < ap+as+ G+ B Yi+7 <o +az+ G+ B
Yo+ 73 < ap +as+ B+ B3 Yo+ 73 < g+ az+ B+ B
Yo+ 3 < ap+az+ B+ G Yoty < +ag+ Bo+ By

S Mo+ va<astoy+ B+ B Yo+ ya < g +ag+ B+ By
Yo+ v <oy +as+ G+ B3 Yo+ < oq+as+ PBr+ B
Yo+ 7 < s+ az+ G+ B3 Y3+ 71 < o+ as+ B3+ By
Y3+ 7 < az+ag+ G+ B Y3+ 7 < ap+az+ B+ Gy
Y3+ v < g+ ag+ B+ B Y3+ va < s+ az+ Bo+ G

L Y3+ <o +ag+ B+ By J

To clarify, this last inequality must hold since ((1,4), (1,4),(3,4)) € T3.
There are also 10 eigenvalue inequalities given by both T}! and Ty. Therefore, the

sets T provide us with a total of 10 + 21 + 10 = 41 eigenvalue inequalities which
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necessarily hold for A, B,C' = A+ B € Herm(4).

Example 5.10. The set T has 56 elements which yield Horn inequalities involving
sums of three of the eigenvalues a = A(A), B = A {(B), v = M (A + B) for matrices
A, B € Herm(5).

Mt+vety<a +atazt+ i+ P+ G
Mt+retys<artataz+ i+ P+ G5
M+t <artazt+az+ B+ B3+ Fs
Yotz +ya<art+as+az+ B2+ B3+ Oy

Y2+ v+ S tagt+az+ f2+ Bi+ Ps
N+t <artaztast S+ B+ B
Mt+vtyu<a +atagt+ B+ P+ P
M+t <ar+atagt+ B+ B3+ B
MY+ <o +as oy + B4 P+ B
T2t+Yatys <artaztast+ B+ Bt Bs
Yo+ ya+vs < tazt+ag+ B+ B3+ Bs
Mt+rety<artatas+ i+ P2+ G
Y1+ va+ys <o tagt+as+ B+ B2+ Bs
Yo+ v+ <o +oastas+ B+ B3+ Bs
Mt+rvtyu<a +aztagt+ i+ P2+ B3
Yo+v3+ya<ar+aztagt+ i+ P+ fa
MYty <ar+aztag+ B+ P+ P
T2t+Yatys <artaztast+ B+ B+ G5
Y3t+vatys <artaztast+ Pt P+ 65
Mttty <ataztas+ B+ Pt b
Y2ty +95 S a1+ az+as+ B+ B2+ Bs
Y3+ v+ <o +az+as+ B+ B3+ Fs
Yot+vatys <ar+agtas+ B+ P+ B

Yo+v3+ya<azt+aztagt B+ P+ P3
Yot+va+tys <azt+aztagt+ B+ P+ P
T2+ Y3ty Saxtaztas+ i+ P2+ P
Y3t yats <aetaztas+ B+ G+ Pa
Y3+ Y+ S tagtas+ P+ o+ Py

N+Yet+tyu<a+artaz+ i+ P+ Py
N+t <ar+ar+az+ B+ B3+ Gy
Y+t <o taztaz+ B+ B+ Bs
Yo+ +vs <o+ aztaz+ B+ B3+ Fs

ay +az+ a5+ G+ P2+ By
ag +ayg+as+ B+ B2+ B3
a3 +ayg+as+ B+ B2+ B3

Y2+ 74+
Y2+ Y4+ s
Y3+ Y4+ s

Y3 +vat+s <art+axtaz+ B3+ i+ Fs
A2+ <artaytag+ B+ B+ By
N+t <atatagt+ i+ B2+ Bs
Yo+v3+ya < ar+astag+ i+ B3+ B
Yo +y3+ys <o +aztag+ B+ B+ B
Y2+ Y3+ Sar+astag+ fo+ B3+ Pa
Y3+ +vs <o +aztag+ B+ Ba+ Bs
N+t <artartas+ i+ P+ P
Yo+ v3+75 <ar+astas+ i+ P34+ O
Y3+ 74+ < a1+ ax+as+ B+ Ba+ Bs
N+t <art+aztag+ i+ P+ fa
Yo+ 3+ <ar+agtag+ i+ P+ Bs
Yo +y3+s <o+ as+ag+ B+ B3+ Py
Yetya+tvs <oartaztast Pt G+ ba
N+t <artazt+as+ B+ P2+ O3
Y2+t Sartaztas+ B+ B2+ S
Yot+ya+s <art+azt+as+ B+ B3+ By
Y H+7 4+ <ar+ag+as+ B+ B2+ B3
Y3 +Yat+s <art+agtas+ i+ P2+ Bs
Yo+ v3+5 < tagtag+ i+ P+ By
Y3+ Y+ <axtaztag+ fo+ B3+ Py

<

<

<

The following table shows the size of T for 1 < r < n < 11. This was pro-
duced by using a Prolog program to enumerate these 7)'-sets. In particular, since

S0 |TH| = 971,430, we see that the sets T provide us with 971,430 (IJK) eigen-
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n
2/3/4 5| 6 7 8 9 10 11
1 [3/6]1015| 21 | 28 | 36 45 55 66
2 6| 21|56 | 126 | 252 | 462 792 1287 | 2002
3 10 | 56 | 228 | 751 | 2120 | 5317 | 12140 | 25678
4 15 | 126 | 751 | 3516 | 13704 | 46208 | 138519
r| 5 21 | 252 | 2120 | 13704 | 71973 | 319450
6 28 | 462 | 5317 | 46208 | 319450
7 36 792 | 12140 | 138519
8 45 1287 | 25678
9 55 2002
10 66

Table 5.1: Cardinality of 7} for 1 <r <n <11

value inequalities which necessarily hold for all A, B,C = A+ B € Herm(11)! The
table also illustrates the fact that |77 = |7;"_,|. This is a consequence of the corre-

spondence between S” and S]'_,, used in the proof for Theorem 5.7 and established

n—r’

below in Section 6.1.

5.2 An alternate characterization of 7"

The following remarkable result provides another characterization of 7). It is proven

in more generality in [6, Theorem 17].

Theorem 5.11. Suppose (I,J,K) € U'. Then (I,J,K) € T if and only if there
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exist v X r Hermitian matrices A, B,C = A + B with

M(A) = par(I'), M(B) = par(J), M(C) = par(K'). (5.7)

Note that this theorem together with Theorem 5.8 gives us yet another way of
proving the Weyl, Lidskii, and Thompson-Freede inequalities. Indeed, we only need
to show that the (I, J, K) triple corresponding to each inequality belongs to T by
finding A, B,C = A+ B € Herm(r) that satisfy (5.7).

Example 5.12 (Weyl Inequalities). Let [ = (i), J = (j), and K = (i+j —1). Then

par(I') = (i—1), par(J)=(j—1), par(K')=(i+j—2),
and so the 1 x 1 matrices A=1[i — 1], B=[j — 1], and C = [i + j — 2] satisty (5.7).
Hence (I, J,K) € T

Example 5.13 (Lidskii inequalities). Choose any I € P! and let J = (1,2,...,7).
We want to show that (I, J,I) € T)*. Since par(J’) = (0,...,0), the r x r Hermitian

matrices A = C = diag(par(I’)) and B = O,, satisfy (5.7). Hence (I, J,I) € T".

Example 5.14 (Thompson-Freede inequalities). Let [ = (i1 < --- < i,), J = (j1 <

oo <Jp),and K = (i1 + j1 — 1,...,i. + j — r) be elements of P'. Then

par(I') = (ay,...,a,) :== (i,—r,...,i1—1), par(J) = (by,...,b,) := (J—7,...,51—1),

and

par(K') = (i, + j, — 2r,...,i1 + j1 — 2) = (a1 + by, ..., a, + b,.).
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So the r x r Hermitian matrices
A = diag(ay,...,a,), B =diag(by,...,b.), C =diag(a;+b1,...,a,+Db,)
satisfy (5.7), showing that (I, J, K) € T".

5.3 Further cohomological (IJK) inequalities

We have seen that 7" C H]* and that T is precisely the set of indices (I, J, K) € U
for which oy 00 # 0. However, Theorem 3.19 shows that every nonzero cup prod-
uct opo ok produces an (IJK) eigenvalue inequality, and hence that the condition
(I,J,K) € U" (equivalently, opoyox € H*¥(G,(C"))) is unnecessary. The sets T

are therefore apparently much smaller than the sets

Cr={(,J,K) e (P!)? : opoyog #0}

={(I,J,K) e (P!’ : SU',Fi)nS(J', Fo) N S(K,F3) # 0 for all flags F;}.

Since the eigenvalue inequalities produced by elements of C' are consequences
of the ring structure on H*(G,(C")), we will refer to them as cohomological (IJK)
inequalities. The purpose of this section is to prove that every cohomological (IJK)
inequality is implied by at least one Horn inequality. This is made precise below.

For I = (iy < -+ <), J = (1 < -+ < 7)in P’ we will write I < J when
ip < jp for each £ =1,...,r. The following facts are easily verified.

o If I <Jthen ) ., )\jl-(A) <D ier )\ZL(A) for all A € Herm(n).

o If [ < J then S(I,F) C S(J,F) for all complete flags F.

o | <J < J < I (complementary indices).

e | <J <= D(par(J)) < D(par(I)) (Young diagrams).
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Definition 5.15. Given (I, J, K), (I, J;, K1) € (P")? we say that (I,J, K) covers

T

(Il,Jl,K1> when ]1 S I, Jl S J, and K S Kl.

Lemma 5.16. If (I, J, K) € H covers (I, Ji, K1) then (I, J1, K1) € H. Likewise,
Zf ([, J, K) c C;l covers (Il, Jl,Kl) then (Il, Jl,Kl) S C:}

Proof. Suppose that (I, J, K) covers (I1,J;, K;) and that (I,J, K) € H. Then for

any n x n Hermitian matrices A, B we have
DTMA+B) I NA+B) <D MA + D MB) <Y MA)+ ) A(B).
keKy keK iel jeJ iel jed

So (I, J1, K1) € H as claimed.

Next suppose that (I, J, K) covers (I, Ji, K1) and that (I, J, K) € C". Let JF,
Fy, and F3 be complete flags. Since I; < I, we have I’ < I{, and hence S(I’, F;) C
S(I7,F1). Similarly, S(J', Fy) C S(J],Fs) and S(K, F3) C S(K;,Fs) since J' < J|
and K < K. Therefore,

Q)#S(I/P?-I)HS(J/?‘;CQ)ﬂS(Kaffi) C S(]{,fi)mS<J{7f2)ﬂS(K1,f3>

So S(I7, F1) N S(Jy, F2) N S(K1, F3) # 0, and thus (I, Ji, K1) € C! as claimed. [

If (I,J,K) € H! and (I, J,K) covers ([, J1, K1) then it is easily seen that the
eigenvalue inequality obtained from (I, Ji, K1) is just a weakened form of the eigen-

value inequality obtained from (7, J, K'). This is illustrated by the following example.

Example 5.17. Let A, B € Herm(7), and write

a=A(A), B=A(B), y=MA+B)
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Now (I, J,K) = ((1,4,7),(1,3,6), (4,5,7)) belongs to T4, and thus
Yo+ +r <+ ag+ar+ G+ B+ Be. (5.8)

The triple (1, J, K) covers both ((1,4,7),(1,3,6),(5,6,7)) and ((1,3,6), (1,2,3), (4,5,7)),

as well as many others. These two triples produce cohomological inequalities

Y5+ +vr <ont+ast+ar+ B+ 083+ 5 and

Yo+ v+ < aq +ag 4+ ag+ B+ B2+ Bs.

which are weakened forms of (5.8) obtained by taking smaller eigenvalues of A + B

and/or larger eigenvalues of A, B.

Proposition 5.18. Every triple in C)' is covered by a triple in T)". Therefore, each

cohomological (1JK) inequality is implied by a Horn inequality.

Proof. Let (I,J, K) € C" and write

oo yoKg = E bﬁJ,KO'L
L

for some coefficients by ;- € Z, where the sum is over all L € P with d*(L) =

de(I") +d°(J') +d°(K). As (I,J,K) € C' we have opoypox # 0 in H*(G,(C")).

Hence bﬁi’L x 7 0 for some L, and it follows that
(O'IIO'J/O'KO'L{) ?é 0) S H2N(GT(Cn))

for this L.. Now write

§ M
O'KO'Lé: CK,LE,O-M
M
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summing over all M € P with d°(M) = d°(K) + d*°(L}). We have

M
E Cr,1, 01000 = 01000, 7 0,
M

and so there exists some M, with both
Mo 2N n
Cr #0 and (opoyopy, #0) € H(G.(C)). (5.9)

As opo oy, is nonzero and lies in the top-degree cohomology group H?M(G,.(C")),
we know from Theorem 5.8 that (I, .J, M,) € T". Moreover, since C]\K/{OL{D # 0, the
LR rules show that D(par(K)) < D(par(M,)), and it follows that M, < K. Thus
(1,.J, M,) covers (I, J, K), and so the cohomological inequality produced by (I, J, K)

is implied by the cohomological inequality produced by (I, J, M,). [

Remark 5.19. Given a triple (I,J, K) € C'\T, there are often many different
triples in 7" that cover (I,J, K). The above proof shows, however, that one can
always obtain at least one such covering by decreasing some k;’s. The eigenvalue
inequality for (I, J, K) thus involves smaller eigenvalues for A + B than does the

covering inequality.

Proposition 5.18 shows that the sets 7" = S} can be viewed as a smaller generating
set for the cohomological (IJK) inequalities produced by C!. However, T is not
minimal in this regard. Indeed, it can be shown that the inequalities produced by

T = S (and thus C") are implied by the inequalities produced by the set
R :={(I,JJK)eU:c}i , =1} C S

In fact, Knutson, Tao, and Woodward proved that the inequalities produced by R}
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are independent (see [15]), and hence that these inequalities are a minimal generating

set for the cohomological inequalities produced by C7'.



CHAPTER 6: Additional Results

In this chapter we prove some additional facts about the sets S and 7" that were
defined in Chapter 5. Specifically, we show in Section 1 that [S!'| = |S)'_.| by es-
tablishing a bijection between the two sets. We then show in Section 2 that for
r € {l,n—2,n—1} one has (I, J, K) € T" if and only if there exist diagonal r X r ma-
trices A, B,C' = A+ B with A (A) = par(I’), \}(B) = par(J’), and A\(C) = par(K’).

This strengthens Theorem 5.8 significantly for these values of 7.

6.1 A bijection between S and S]_,

The goal of this section is to exhibit a bijection between S and S'_,. However, we

need some preliminary results before we can do this.

6.1.1 Background material

Through the rest of this section, we regard all of our Young diagrams as having r
rows and n — r columns, even if this means that some rows/columns do not contain

any boxes. In other words, all diagrams live inside the ambient space D((n —r)").

Definition 6.1. The transpose of a Young diagram D(ay,...,a,) is the Young di-
agram DT (ay,...,a,) with a; boxes in its jth column for j = 1,...,n —r. For

example,

D(4,2,1) = =  D'(4,2,1)=
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Lemma 6.2. D" (ay,...,a,) = D(by,...,b,_,) where (by,...,b,_,) is the sequence

ror b (I‘ - 1)(17‘717047“ fan (I‘ . 2)0/[‘727(17‘71 DD 9az—as3 o) 1o—az D O(n_r)_al'

Here, x™ = (z,...,x) € NJ* and & is the concatenation operation:

(g, .oy tp) @ (U1, .oy Om) = (Ugy oo Uy U1y ey V)
Proof. One easily sees that a;—a;1 is the number of length j columns in D(a4, ..., a,),
each of which corresponds to a distinct length j row of the transpose diagram. [

Corollary 6.3. We have b,; = j if and only if a; — aji1 > 0.

Proof. By Lemma 6.2, (b, ...,b,_,) contains exactly a; —a;41 copies of the integer j
for each 7 =0,...,r. (Here we define ag =n —r and a,41 = 0.) Hence (by,...,b,_,)
contains exactly Y ,_. . (as — as1) = aj41 integers greater than j, and entries a;,, +
1,...,a;41+ (aj —aj;1) are all equal to j. The result now follows since this interval is

=b,,. O

nonempty if and only if a; —a;1 > 0, and its last element is by, 4 (q, ;

—ajy1)
Example 6.4. We illustrate this last point with an example. Consider I = (2,4,5,6,8,9)

in Pg°. Note that

par(-[) = (al)a27a37a47a57a6> - (3a 2)2727 ]-7 1)

has Young diagram
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The transposed diagram is

and thus
DT (par(I)) = D(by, b, b3) = D(6,4,1).
Therefore,
byy =bs =1, by, =bys=4, by =0 =6
whereas

ba2:b2:4>2, ba3:b2:4>3, ba5:b1:6>5.

So in this example we have
a; —aj1 >0 <= 7=1,4,6

as guaranteed by Corollary 6.3.

Let I = (iy < ig < -+ < i) € P" be fixed, write par(I) = (ay,...,a,), and
suppose that DT (par(I)) = D(by,...,b,_,) as above. Define I+ € P"  to be the
(n — r)-tuple

I=(r+37 = b
Lemma 6.5. par(I+) = (by,...,b,_,)

Proof. The jth entry of par(It)isn— (n—r)+j— (r+j—b;) =b;. O

Corollary 6.6. D (par(I)) = D(par(I*)). Thus |par(I)| = |par(I*)| since a diagram

and its transpose contain the same number of bozes.

Definition 6.7. The complement of a Young diagram D(ay,...,a,) is the diagram
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D\ (a1, ...,a,) obtained by deleting D(ay,...,a,) from D((n —r)") and rotating the

result by 180 degrees. Thus, if r = 3 and n — r = 4 then

D(4,2,1) = — D\(4,2,1) =

Proposition 6.8. D\ (par(l)) = D(par(I')).
Proof. Recall that I' = (n + 1 —i4,_;41)}_,. Since the jth row of D(par(I)) contains
aj =mn—r+j—i; boxes, and row r — j + 1 of D(par(l’)) contains

n—r+(r—j+1)—m+1—imgj) =i;—J

boxes, these two rows contain a combined (n —r+j —14;)+ (i; —j) = n—1r boxes. [

Proposition 6.9. Given a Young diagram D(ay,...,a.), the transpose of its com-

plement is the complement of its transpose.

Proof. The transpose diagram DT (ay,...,a,) has columns of length as, ..., a,, hence
its complement has columns of length (n —r) —a;. On the other hand, D\ (a4,...,a,)
has rows of length (n —1) —a;, hence its transpose has columns of these same lengths.

[
Proposition 6.10. (I')t = (I*)

Proof. Since the partition and diagram functions par and D are one-to-one for n

and r fixed, it suffices to show that D[par((I’)*)] = D[par((/*+)’)]. This holds by
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Propositions 6.6, 6.8, and 6.9:

Dlpar((I')")] = D" [par(I")]
= D{ [par(1)]
= D\ [par(I™)]

= D(par((I7))]. =

Lemma 6.11. We have (I, J, K) € U™ if and only if (I*+,J+, K+) e U .

Proof. By Lemma 5.2, we have (I, J, K) € U if and only if |par(I)| + |par(J)| =
lpar(K)|. Similarly, (I+,J+ Kt) € U

n—r

if and only if |par(/*)| + |par(J*)| =

|par(K+)|. The result now follows from Corollary 6.6. O

Only the above material is needed to establish a bijection between S)' and S;._,.
The following two results are useful only in that they give us a cleaner definition of
the set I*. This alternate definition was used previously in the proof for Theorem

5.7.

Lemma 6.12. Traverse D(par(I')) = D(i, —r,...,iy — 1) from its lower left hand
corner to its upper right hand corner along its bottom/outer edges. The numbers in

I specify which of these steps are vertical.

Example 6.13. Consider I = (1,3,5,8) € P{. One has par(I') = (4,2,1,0), and the

corresponding diagram is

D(par(I')) =

We begin our traversal one “unit” below the lower left hand corner of this diagram
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(recall, we are assuming that our diagrams have r rows!). So the very first step in our
traversal is vertical to the bottom left corner of the diagram, and our next 7 steps
are, in order:

right, up, right, up, right, right, up
The vertical steps here are thus steps (1,3,5,8) = I.

Proof of Lemma 7.12. Since the last row of D(par(I’)) contains ¢; — 1 boxes, it is
clear that our first iy — 1 steps are horizontal and that step i, is vertical.

Now, suppose that iy, ...,4, are vertical steps. There are exactly

(ter1 = (E+ 1)) = (i = £) = ig1 — (i + 1)

horizontal steps before the next vertical step. Hence the (¢4 1)th vertical step occurs
at step

bo+ i1 — (le+ 1)+ 1 =1dpy. O
Lemma 6.14. Define [ = (i€ {1,...,n}:n—i+1¢&I)e P, . Then I =1I".

Proof. Traverse D(par(I')) = D(i,—r,...,i;—1) from its lower left hand corner to its
upper right hand corner along its bottom edges. By the previous lemma, the numbers
in [ specify the vertical steps of this traversal. Hence the elements of I specify
the horizontal steps. Consequently, I specifies the vertical steps one takes when
performing a similar traversal of the transpose diagram DT (par(I’)) = D(par[(I*)]).
But by the previous lemma, this diagram has its vertical steps given by the elements

of I+, Hence I = I*. ]
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6.1.2 A bijection S' — S]_,

Our first step in finding a bijection between S)' and S;_, is to create a correspondence
between the Schubert varieties of G,.(C") and those of G,_,(C"). Notice that such
a map will necessarily create a correspondence between the r dimension conditions
defining a Schubert variety of G,.(C") and the n — r dimension conditions defining its
image in G,,_.(C™). This is clearly possible only if each Schubert variety in G,(C")
has at most min{r, n — r} non-redundant dimension conditions defining it. The next

two lemmas prove that this is indeed the case.

Lemma 6.15. For each j =1,...,7 — 1, if one has i;41 = i; + 1 then the condition

dim(A N'V;,) > j in the definition of S(I,F) is redundant and can be removed.

Proof. Suppose A € S(I,F) and that ;.1 = i; + 1. Then dim(ANV;,,,) > j+1,

implying that

dim(ANV;,) = dim((ANV;,_,,)NV,)

= dim(ANV,,,) +dim(V;,) —dim((ANV;,,,) + V)

1
> (] + 1) + ij - dim(‘/ij-‘rl)
=+ +i—ijm

= . O

Lemma 6.16. The condition dim(A N'V;,) > j in the definition for S(I,F) is not

redundant precisely when by, = j.

Proof. By Corollary 6.3

bo; =7 = a; —a;11 >0 <= 15,1 >14;+ 1.
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Now, if we know only that i;1; > i; + 1 and that dim(A NV,

Lj+1

) > j+ 1, then we
obviously cannot infer that dim(A NV;;) > j. Counterexamples abound. Conversely,
if i1 = 4; + 1 then the condition dim(A N V;;) > j is redundant by the previous

lemma. OJ

Now, let A — A+ be the map G,(C") — G,_.(C") sending each r-dimensional
subspace of C" to its orthogonal complement. As we now show, this map yields a
bijection between the Schubert varieties of G,.(C") and those of G,,_,.(C").

Given a complete flag

F:A0}=VocVicC---CV,=C",

we define the complementary flag F* via

Fr {0y =wycwW,c---cW,=C"

where W; = V- ; for each j. (Elsewhere we have written F' for this complementary

flag.)

Proposition 6.17. Given I € P}, the image

S(I,F): ={A+:Ae S(I,F)}

of the Schubert variety S(I,F) C G,(C") under the map A — AL is the Schubert
variety S(I+, F£) C G,,_.(C").

Proof. Suppose that A € S(/,F). Then A € G,(C") and dim(ANV;,) > j for each



74

j=1,...,r. Hence,

dim(A* MW, ;) = dim(A* NV,
= dim((A +V;)7)
=n —dim(A+V;)
=n — (dim(A) + dim(V;;) — dim(A N V;,))
>n—r+7j—1ij

= CLj.

Let A = {j : by, = j} denote the set of indices j such that the condition dim(ANV;;) >
J in the definition of S(/, F) is not redundant. For j € A we have a; = n—r+b,; —1j,
and so it follows from the previous calculation that dim(A+ N Wr—l—a]-—ba].) > a; for
these j. Equivalently, dim(A* N W,,,,) > ¢ for all £ € {a; : j € A}. Writing

It = (i, ... it ), we therefore have

dim(A* N W) > ¢

where ¢ ranges over all the non-redundant conditions in the definition of S(I+, F1).
Hence At € S(I+, F+), which shows that S(I, F)*+ C S(I+, F+). A similar argument
shows that S(/+, F4)t C S(I++, F4) = S(I, F), which establishes the result. [

Corollary 6.18. For any I,J, K € P and any complete flags F;, j = 1,2,3, one
has S(I', F1) N S(J', Fo) N S(K, F3) # 0 if and only if

S(I), Fi)n S, Fy) N S(KH Fy) #0.

Proof. By the previous proposition, any A € G,.(C") lies in the intersection S(I’, )N
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S(J', Fy) N S(K,Fs) if and only if A+ € G,,_.(C") belongs to the intersection

S, F)F NS, F)rnS(K, F)t = S((IN*:, FH)nS((J):, F) N S(K+, F3h)

= S((IM), F) N S((JH), Fy) N S(K=, Fy).

]

Corollary 6.19. For I, J, K € P, one has opoyox # 0 € H*(G,.(C")) if and only
if

O(Ly 0Lty OKL, #£0 € H'(Gn_T((C”))
Proof. This follows immediately from Proposition 3.18 and the previous corollary. [J

Corollary 6.20. For (I, J,K) € U, we have (I, J, K) € S if and only if (I*+, J*, K+) €
Sr_.. Hence |S!'| = |SI_,].

6.2 The sets 7" when r € {I,n —2,n—1}

Recall that Theorem 5.11 asserts that for (I,J, K) € U one has (I,J,K) € T if

and only if there exist » x r Hermitian matrices A, B,C = A + B with
M) =par(I),  A(B)=par(J),  A(C)=par(K).  (61)

In this section we show that for r € {1,n—2,n— 1}, this equivalence can be strength-
ened to having (I,J,K) € T if and only if there exist diagonal r x r matrices
satisfying (6.1).

There is nothing to prove when r = 1. The situation is slightly less trivial when
r =n — 1, and we prove this case only to establish notation and provide motivation

for the much less transparent (and possibly new) r = n — 2 case.
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Before we begin, given any r-tuple L = ({4, ...,¢,) and any permutation o € S,

let L° = (fg(l), .. 760(7"))-

Lemma 6.21. For any (I,J,K) € T with r = n — 1, there exists a permutation
o € S, such that

par(I') + par(J')” = par(K').

Proof. Define A = par(I’), up = par(J’), and v = par(K’). Each of these partitions

have at most r nonzero parts of size at most n —r = 1. We may therefore write

A=1"@ 00, p=1"g0°, v=1mgok

where, for example, 1% @ 0% denotes the r-tuple whose first i; entries equal 1, and
whose remaining r — i; = iy entries equal 0. Moreover, since (1, J, K) € U, we have
Al + || = |v|, and thus

il —|—]1 = k’l S T. (62)

Now, notice that 0% @ 17t @ 0"~ =7t is a permutation of y. Indeed, the exponents
11 and j; are clearly nonnegative, as is the exponent r —1; — j; = r — kq since k; < r.
Moreover, it contains j; ones and iy + (r — i3 — j1) = r — j1 = jo zeros as needed.

So, let o € S, be the permutation with % = 0% @ 17t @ 0", Then

\ + NU — 1i1 D 1]'1 D Or—il—jl
— 1k1 D OT*kl

Lemma 6.22. If (I,J,K) € T, r = n— 2, then there exist permutations oy, 09 € S,
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such that
par(I + par(J')7? = par(K').

Proof. Let (I,J,K) € T be given and write
A =par(l'), p=par(J), v=par(K').

Then we have, say,

)\:21'2@11'1@01'07 N:2j2®1j1 @O]b’ V:2k2@1k1 @Oko
where

ot tio="r, Jotptjo=r kethki+ko=r,
Al = 2ip 41, |u| =242 + 1, |v| =2k + k1.
We claim that the following are permutations of A\ and g which sum to v:

M\ =22 @ (072 1k2—i2—j2 D 1itizti2—k2 D Qiztiitiz—ks D ko

§o? = 02 @ 272 @ 1k2—i2—j2 D Qi1 tizt+iz—k2 oy 1i2Hi1tsz—k2 D 0ko .
It therefore needs to be shown that

(i) the exponent ky — iy — jo is nonnegative,

(ii) the exponent i; +is + jo — ko is nonnegative (switching the roles of A and p will

then imply that is + j; + j2 — ko is also nonnegative),
(iii) each tuple contains the appropriate amount of 0’s, 1’s, and 2’s, and

(iv) A7t 4 p% =v.
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Proof of (i). 1t is easily shown that the second column of D(v)\D(\) contains kg — iz
boxes, while the first column contains ky + ky — iy — iz boxes. As (I, J,K) € T, the

LR rules tell us that it must be possible to label these boxes with
two 1’s, two 2’s, ..., two ju’s; one (j, + 1), one (jo2 +2), ..., one (jz + j1)

subject to the LR rules. In particular, the numbers in each column must be strictly
increasing, and it is therefore immediate that the first j, entries in each column are

1,...,72. In particular, the length of the first column must be > jo; hence ks —is > jo.

Proof of (i1). To see that ko < iy + i + j2, we assume that ke > i1 + is + jo and will
derive a contradiction via the LR rules. As ko > i; +is + ja, the diagram D(v)\D(\)

is as shown in the following figure. Since (I, J, K) € T}, the LR rules tell us that it

11

|
§
|

ko—(i2+i1+j2)

k1

must be possible to label the boxes in this diagram with

two 1’s, two 2’s, ..., two ja’s; one (jo + 1), one (js + 2), ..., one (jo + j1)
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subject to the LR rules.

Now, the boxes in column 1 and rows ¢; + 1 through ks — 75 contain

(k’g—lg)—(ll—l—l)—f—l:k’g—lg—lg > jQ

numbers in the range 1,. .., js + 71 and must increase strictly. So box (ks — i, 1) must
contain a number a > js. The same reasoning shows that box(ky — i, 2) must contain
a number b > j5. We must also have a < b here since values increase weakly along
rows and we have only one copy of each number greater than j;. But now, listing
values from right-to-left and top-to-bottom produces a sequence ...,b,a,... which

fails to be a lattice word, a contradiction.

Proof of (iii). The sequence A7' contains iy twos, (ko —iy — jo) 4 (i1 + i+ jo — ko) = iy

ones, and

Jo + (ig + j1 + j2 — k2) + ko = 12 + (22 + j1) — k2 + ko
=i + |p| — k2 + ko
= (Al =iz = ix) + |p| — k2 + ko
= (|A[ + [u]) = ko + ko — i — is
= (lv] = k2) + ko — iz — iy
=kyo+ ki +ko—1i2— 1
=r—1y—1

=10

zeros, as needed. Similarly, 42 contains j, twos, j; ones, and jy zeros. Therefore, in

combination with (i) and (ii), we see that A\?* and p°? are permutations of A and p,



80

respectively.

Proof of (iv). The sum A\7' 4 %2 contains is + jo + (ko — iy — Jo) = ko twos,

(i1 + g+ g2 — ko) + (i + J1 + Jo — ko) = (202 4 i1) + (22 + j1) — 2k

= A+ |p] = 2k
= ‘V‘ - 2k2
=k
ones and kg zeros. Thus \7* 4+ ;4?2 = v as claimed. O]

Proposition 6.23. For (I,J,K) € U" withr € {1,n—1,n—2}, one has (I, J,K) €

T if and only if there exist diagonal matrices A, B € Herm(r) such that

M(A) = par(I), M(B) = par(J), M(A + B) = par(K').

Proof. Suppose (I, J, K) € T for either r = n—1orr = n—2. If r = n—1 then, using
the permutation ¢ from Lemma 6.21, set A = diag(par(/’)) and B = diag(par(J')?).
Then A + B = diag(par(K')) as needed. If r = n — 2 then, using the permutations
oy and oy from Lemma 6.22, set A = diag(par(I’)?") and B = diag(par(J’)??). Then
A+ B = diag(par(K’)) as needed.

The converse follows immediately from Theorem 5.11. O

However, it appears as though Proposition 6.23 holds only for r € {1,n—1,n—2}.

A simple counterexample for both » = 2 and r = n — 3 is provided by ([, J, K) =
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((1,4),(1,4),(2,5)) € Ty since here
par(I') = (2,0), par(J') = (2,0), par(K') = (3,1).

On the other hand, there do exist non-diagonal Hermitian matrices A, B,C' = A+ B
with M(A) = (2,0), \(B) = (2,0), and A\(C) = (3,1), as guaranteed by Theorem

5.11. For example, it is easy to check that the Hermitian matrices

o A VAR R VA

have eigenvalues A (A) = (2,0) = M (B) and A (C) = (3,1), as required.
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APPENDIX A: Background in Algebraic Geometry

In this appendix we provide further detail on how Schubert varieties S(I, F) in G,.(C")
produce homology classes [I] = [S(I,F)] € Haqu)(G,(C™)). We then outline a proof
for Proposition 3.18. This is a deep result that has played an important role in this
thesis. Proposition 3.18 is stated in [10] with references given to [5] and [7]. Our goal
here is to provide an overview; full details are beyond the scope of this thesis.
Finally, we conclude this appendix by proving that for I, J € P one has S(I, F;)N
S(J, ) nonempty for all flags F; if and only if this intersection is nonempty for all

flags Fi, F» in general position.

A.1 Projective space and projective varieties

The Grassmannian G1(C"*!) of one-dimensional subspaces in C"*! is the complex
projective space CP". We have seen that this is a compact, connected topological
space and a complex manifold of dimension n.

Given a nonzero point (2o, ..., 2,) € C" let [z, ..., 2,] € CP" denote the line

[20,- -+, 20] = {(tzo,...,tzn) : tE(C}

spanned by (zo, ..., 2,). Now, if hy,..., h, € Clzo, ..., 2,| are homogeneous polyno-
mials on C"!, i.e.

hj(tZQ, N ,th) = tdjhj(Zo, ey Zn)

for some integers d; > 0, then we see that the projective variety

V(hi, ... hm) = {20, 20) ¢ hj(z0,...,2,) =0for j=1,...,m}
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is a well-defined subset of CP". The collection of all projective varieties form the
closed sets for a topology on CP", called the Zariski topology. This topology is non-
Hausdorff and much coarser than the manifold topology.

Let X C CP" be a projective variety, and suppose that X is irreducible, i.e.,
connected in the manifold and Zariski toplogies. The manifold and Zariski topologies
on CP" induce subspace topologies on X which we refer to as the manifold and Zariski
topologies on X. We say that X is non-singular if X is a complex submanifold of
CP". In this case the dimension dim(X) of X is its dimension as a complex manifold.
In general, X will contain a Zariski open dense subset X N U which is a complex
submanifold of CP". In this case we take “dim(X)” to mean the dimension of the
complex manifold X NU. Thus each projective variety X is either a complex manifold
or a complex manifold together with a Zariski closed singular set, which is itself a

union of irreducible projective varieties of lower dimension.

A.2 The intersection pairing

Let X € CP" be an irreducible non-singular projective variety of dimension d. We let
H,(X), H*(X) denote the singular homology and cohomology groups for X with the
manifold topology. It is known [7, p.64] that the even degree homology/cohomology
groups Hyp,(X), H**(X) are nonzero for k =0, .. .d.

In the manifold topology, X is a compact connected complex manifold. The
complex structure determines an orientation on X, viewed as a real manifold of
real dimension 2d. (See [7, p.18].) This orientation determines a fundamental class

[X] € Hyy(X) = Z and a Poincaré duality isomorphism

PD: Hy(X) — H*7*(X)
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for each k = 0,...,2d. (See [8, §3.3].) We use Poincaré duality and cup product in

cohomology to define an operation in homology:

Hi(X) x Hy(X) — Hppp0a(X), (c1,¢2) — (c1-¢2) := PD YPD(c;) U PD(cy)),

called the intersection pairing. When k + ¢ = 2d (so that k and ¢ are complementary
degrees), we have (c;-¢2) € Ho(X) = Z and can regard the intersection pairing (¢, -c2)

as an integer.

A.3 The fundamental class of a subvariety

As above, let X C CP" be an irreducible non-singular projective variety of dimension
d. Let V C X be an irreducible subvariety of dimension £ < d. If V is non-
singular then V is a compact oriented manifold of real dimension 2k with a well-
defined fundamental class [V] € Ho (V). Abusing notation, we also let [V] € Hy,(X)
denote the image of [V] € Hy,(V) under the map Hox(V) — Hax(X) induced by
inclusion V' < X. It is known [7, p.64] that [V] is nonzero in Hai(X).

This construction generalizes to encompass irreducible subvarieties that contain
singularities. Thus any irreducible V' C X of dimension k£ produces a well-defined

nonzero homology class [V] € Ho,(X). See [4, §B.3] for details.

A.4 Geometric intersection theory

Let X C CP" be an irreducible non-singular projective variety of dimension d and
let V., W be two (possibly singular) irreducible subvarieties of dimensions k,¢ < d
satisfying

kE+¢>d.
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The intersection V N is again a subvariety of X, but may be reducible. In general,

V' N W decomposes as a (possibly empty) finite union of irreducible components, say

VAW =2U---UZ,

where each Z; is an irreducible subvariety of X. We say that the intersection V- N W
is proper if

codim(Z;) = codim(V') + codim (W)

for each component Z;. Equivalently, each Z; has dimension

dim(Z;) = k+(—d

and hence produces a (nonzero) fundamental class [Z;] € Hopio0—24(X).
Under the above hypotheses, the geometric intersection V' N W is related to the
purely topological intersection pairing ([V]-[W]) € Hagro0—24(X) for the fundamental

classes of V and W via a formula of the form

(V- W] =malZi] + - -+ my[ 2] (A1)

where the m;’s are certain geometrically defined intersection numbers. Note that the
m;’s are positive integers; see [4, §B.3] and [7, p.60-65] for details.

If VW = () then the intersection V N W is vacuously proper and one obtains
([V]-[W]) = 0. Otherwise, (A.1) shows that ([V]-[W]) # 0. As the intersection pairing
([V]-[W]) € Ho(X) is Poincaré dual to the cup product PD([V])UPD([W]) € H*(X),

we can summarize this discussion as follows:

Proposition A.1. Let X be an irreducible non-singular projective variety and let V,
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W be two (possibly singular) irreducible subvarieties with dim(V')+dim (W) > dim(X)
and proper intersection V-NW. Then PD([V]) U PD([W]) is nonzero in H*(X) if
and only if VOW # 0.

A.5 G,(C") as a projective variety

We wish to apply the intersection theory for subvarieties of irreducible non-singular
projective varieties, summarized in the preceding section, to X = G,.(C"). First we
must explain how the Grassmannian G,.(C") may be viewed as a projective variety.

Given an r-dimensional subspace L of C", one may choose a basis {vy,...,v,.} for
L and form the exterior product vy A---Av, € A"(C"). If {v],...,v.} is another basis
for L then one has v A -+ Avl. = det(A)vy A--- Av,, where A is the r x r change of
basis matrix relating {v1,...,v,} to {v],...,v.}. We therefore obtain a well-defined
map

G (C") — P\ (C) =), L CuA--- Awy,
called the Plicker embedding. The Pliicker embedding is injective and the image of
G,(C™) in P(A"(C™)) is an irreducible non-singular projective variety of dimension
N =r(n—r). In fact, G, (C") is set of zeros for a system of homogeneous polynomials
on \"(C") called the Plicker relations. See [7, p.209-211] or [12] for details.

Let F be a complete flag in C". It is known that for / € P, the Schubert variety
S(1,F) is the closure of the Schubert cell C(1, F) in the Zariski topology. As S(I,F)
is Zariski-closed, it is indeed a (possibly singular) projective variety.! Moreover, one
can show that S(I,F) is irreducible and that its dimension as a variety is d(I), the
topological dimension of the cell C(I,F) = C¥1). See [12] for details.

It follows that each I € P yields a (nonzero) fundamental class [S(I,F)] €

1n fact, S(I,F) is non-singular if and only if the Young’s diagram for par([) is a rectangle.
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Hyq(1(G,(C™)). We have shown (Proposition 3.9) that [S(I, F)] does not depend on
the choice of flag and write [I] = [S(I, F)], as before.

A.6 Proof outline for Proposition 3.18

We consider only the assertion in Proposition 3.18 concerning the cup product of two

Schubert cocycles. This is restated below for the reader’s convenience.

Proposition A.2. Given I,J € P! with d(I) + d(J) > N, we have o;o; # 0 in
H*(G.(C™)) if and only if S(I,F1) N S(J, F) # O for all complete flags Fy, Fo.

Proof Outline. Recall that oy = PD([I]), o, = PD([J]) where [I] = [S(I,F1)] and
[J] = [S(J, F2)] are independent of the flags F;. It is a fact that

e for suitably chosen flags F;, the intersection S(I,F;) N S(J,F2) of irreducible
subvarieties in G,.(C") is proper.
Thus if S(I, F1) N S(J, Fz) # 0 for all flags F;, then S(I,Fy) N S(J, Fz) # 0 for some
pair of flags with S(I, F;)NS(J, F2) a proper intersection. Applying Proposition A.1,
it follows that o707 # 0 in H*(G,(C™)). On the other hand, if S(I,F,)NS(J, F) =0
for some choice of flags F; then this intersection is vacuously proper and Proposition

A.1 shows that o;0; = 0. O

The condition that S(I, F1)NS(J, F2) be a (non-empty) proper intersection means
that each irreducible component Z in S(I,F;) N S(J,F3) is a variety of dimension
dim(Z) = d(I)+d(J) — N. Here recall that d(I) = >",_,(i¢—1), d(J) = >_;_,(Ge— 1),
and N = r(n —r) are the dimensions for S(I, Fy), S(J, F2), and G,(C"), respectively.

Example A.3. Suppose that F; and F; are a common flag

Fi=F=F:A{0}cV,cC.---CV,=C"
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Given I = (i1,...,4,), J = (j1,...,7,) in P define K = (ky,...,k,) € P" via
k’g = min(ig,jg).

We claim that

S(I,F)N S(J, F) = S(K, F).

Indeed, for any L € G,(C™) one has

LeSUI,F)NS(J,F) <= dim(LNV;,) > and dim(LNV,,)>lfor{=1,...,r
< dim(L N Viin(iyjp) = Cfor £=1,...,r
— dim(LNV,) >Llfor =1,...,r

< LeS(K,F).

The intersection S(I,F) N S(J,F) = S(K,F) however fails to be proper except
in the trivial situation where at least one of S(I,F), S(J,F) coincides with G,.(C").
Recall from Proposition 2.21 that S(I, F) = G,.(C") for Il = (n —r+1,...,n). As
dim(S(K,F)) = d(K), we see that S(I,F) N S(J,F) is a proper intersection if and
only if d(K) =d(I) 4+ d(J) — N, or equivalently d(/) +d(J) — d(K) = N. But

T T

d(I) +d(J) — d(K) =) (max(ip,jo) =€) <Y (n—r+{—0) =r(n—r)=N

=1 /=1

with equality holding if and only if max(ig,j,) = n—r+ £ for £ = 1,...,r. If in
fact iy = m —r + 1 holds then this forces I = (n —r +1,...,n) = I.. Thus if

S(I,F)NS(J,F) is a proper intersection then we must have either I = I or J = I_.
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A.7 Flags in general position

Example A.3 shows, in particular, that for any I = (iy,...,4.), J = (j1,...,j) in P/
and complete flag F, one has S(I, F) N S(J, F) # (. In connection with Proposition
3.18, this highlights the importance that the conditions on intersections of Schubert

varieties must hold for all flags F;. Suppose that F; and F, are flags

Fi{olcVic-CcV,=C",  FH:{0}cUic--CU,=C"

The assertion that S(I,F;) N S(J,F) # () means that there is an r dimensional

subspace L of C" for which both

dim(LNV,)>¢ and dim(LNU;,) > ¢

hold for all ¢/ = 1,...,r. These conditions are most difficult to achieve when the

intersections V; N U; are “small.” As
dim(V; NU;) = dim(V;) + dim(U;) — dim(V; + U;) > i+ j — n,
we see that the smallest possible value for dim(V; NU;) is max(i + j — n,0). We are

therefore led to the following definition.

Definition A.4. We say that a pair of complete flags F;, F, in C" as above are in

general position if dim(V; NU;) = max(i + j —n,0) for all 1 <4, j <n.
The above discussion amounts to an informal proof for the following lemma.

Lemma A.5. Gwen I,J € P, the following conditions are equivalent.

o S(I,F)NS(I,F>) # 0 for all complete flags F;.
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o S(I, Fi)NS(I,Fz) # 0 for all complete flags F; with Fy, Fo in general position.

A rigorous proof for Lemma A.5 is given below. First, however, we must derive a
couple of results required for the proof. The first of these provides another viewpoint

on general position.

Lemma A.6. A pair of flags 7, : {0y Cc Vi, C---CV,=C", F: {0} CU; C---C
U, = C" is in general position if and only if V, N U,—; = {0} fori=1,...,n— 1.
(Equivalently, C" = V; ® U,,_; for 0 < i < n where we adopt the convention that

Vo ={0} =Us.)

Proof. 1f Fy, F; are in general position then dim(V;NU,,_;) = max(i+(n—i)—n,0) = 0,
and hence V;NU,_; = {0} fori=1,...,n— 1.

Conversely, suppose that V;NU,,_; = {0} fori=1,...,n—1. Given 1 <i,j < n,
we need to show that dim(V; N U;) = max(i + j — n,0). First, if i + j < n then
j < n—iand we have V,NU; C V,NU,_; = {0}. Thus V;NU; = {0} and so
dim(V; N U;) = 0 as required. Alternatively, if ¢ + j > n then it follows from the

equation dim(V; NU;) = dim(V;) + dim(U;) — dim(V; + U;) that

dim(V; NU;) = max(i + j —n,0) =i+ j—n <= dim(V;+U;) =n

— V,+U; =C"

But as j > n —17 >0, one has U,,_; C U; and thus

‘/i+UjD‘/i+Un_i:Cn.

Hence V; + U; = C" as required. n

This next lemma is intuitively obvious, so we omit its proof. It is a stronger version
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of the well-known fact that {(vy,...,v,) : v1,...,v, € C" are linearly independent}

is a dense subset of the n-fold product C* x --- x C™.

Lemma A.7. Suppose that vy,...,v,_1 € C" are linearly independent. Given any
d >0 and any 1 < k < n —1, there exists w € C" such that ||w — vg|]| < § and

V1, ...,Un_1,w are linearly independent.

The following result is the key to our proof for Lemma A.5. Roughly speaking,
this says that the flags in general position with respect to a given flag form a dense

set.

Lemma A.8. Let {vy,...,v,} be an orthonormal basis for C* and F : {0} C Uy C
- C U, =C" be a flag. Then given any € > 0, there exists an orthonormal basis

{wy, ..., w,} with the following properties.

o |lw,—uv <efori=1,...,n and
o setting W; = spanf{wy, ..., w;}, the flag € : {0} Cc Wy C --- C W,, = C" is in
general position with respect to JF.
Proof. Let B C (C™)™ be the set of all n-tuples (wy, ..., w,) of vectors w; € C" with
{wy, ..., w,} linearly independent, hence a basis. The Gram-Schmidt process [3, §6.2]

produces a continuous mapping

G:B—-DB
which fixes each (vy,...,v,) € B for which {vy,...,v,} is an orthonormal basis. Thus
given an orthonormal basis {vy,...,v,} and any € > 0 there is some 0 > 0 such that
o for any (wy,...,w,) € Bwith ||w;—v;|| < 0 for all 7, one has that (w},...,w}) =
G((wy,...,wy,)) is an orthonormal basis satisfying ||w] — v;|| < e for all i.
Moreover, the Gram-Schmidt process ensures that span{w/, ..., w/} = span{wy, ..., w;}

for all 7.
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Given an orthonormal basis {vy,...,v,} and € > 0, let § > 0 be as above. The
preceding discussion shows that it suffices to produce a (not necessarily orthonormal)

basis {wy, ..., w,} for which

o ||w; — v <0 for all i and
e setting W; = span{wy,...,w;} the flag &€ : {0} Cc Wy C --- C W, = C" is in
general position with respect to F.
For then G((wy,...,w,)) is an orthonormal basis with the desired properties.

We construct this basis {wy,...,w,} as follows. By the previous lemma, there
exists wy € C" such that ||w; —v1|| < § and vy, ..., v,_1,w; are linearly independent.
Similarly, there exists wy € C™ such that ||wy — va|| < 0 and vy, ..., v, 2, wy, ws are
linearly independent. Continuing in this way, we obtain a basis {wy,...,w,} for C"
with ||w; — vs|| < § for all ¢ and vy, ..., vk, w1, ..., w, i linearly independent for each
k.

Let £: {0} Cc W) C --- C W, = C" be the flag with W; = span{wy,...,w;} for
each 7. Then V,, & W, _, = C" for each k, and so it follows from Lemma A.6 that £

is in general position with respect to F. ]
We are now able to prove Lemma A.5.

Proof for Lemma A.5. Let I,J € P" and suppose that S(I,F;) N S(J,Fy) # () for
every pair of flags F;, F5 in general position. Now let F;, F> be a pair of flags which
fail to be in general position. We need to show that S(I,F;) N S(I,Fs) # 0.

Write 7y : {0} ¢ V3 € -+ C V,, = C" and let {vy,...,v,} be an orthonormal
basis for which V; = span{vy,...,v;}. For each k € N, apply Lemma A.8 to obtain

an orthonormal basis {wgk), . ,w,(f)} for C™ for which

o [[w® — vl <1/kfori=1,... nand
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e setting Wi(k) = span{wgk), o ,wfk)}, the flag
E®fycwH c-..cw® =cn
is in general position with respect to Fs.

(k)

Note in particular that lim, w;”’ =wv; fori=1,...,n.

By hypothesis, S(I,E®) N S(J,F,) # 0 and we can choose an r-dimensional

o

subspace L*) € S(I,£®))NS(J, F,). Since G,(C") is compact, the sequence (L(’“))k:1

has a convergent subsequence. By passing to such a subsequence if necessary, we may

o0

assume that (L(k))k:1

converges to say L € G,(C"). As L™ ¢ S(J,F,) for each k
and S(J,F,) is a closed subset of G,.(C"), it follows that L = limy L belongs to
S(J, F). We show below that also L € S(I,F;). Hence S(I,F;) N S(J,F2) # 0,
completing the proof.

To prove that L € S(I,F;), it remains only to verify that for fixed j € {1,...,r}
one has dim(L N'V;,) > j (where I = (iy,...,7,)). As L® € S(I,EW), we have
dim(L® N I/Vl(Jk)) > j and may choose, for each k € N, a j-dimensional subspace
L c (L™ N Wl(]k)) By compactness of G;(C"), we can assume, by passing to a
subsequence if necessary, that (LS,’“))Z; converges to, say, L, € G;(C"). As LY ¢
L™ for each k, it is clear that L, C L. We claim that also L, C V;, and hence that
dim(L N'V;,) > j as desired.

Let w € L, be given. We now show that w € V;,. Choose vectors w® e L% with

lim, w® = w. As w® € Wi(jk), we may write

w®) = cgk)w§k) +---+ C(k)wgf)

oYy

for some cgk), e 7029) € C. Since {wgk), . ,wq(f) } is orthonormal, we have

@2 = e+ -+ [
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for each k. As ||w®]||? converges to ||w||?> as k — oo, it follows that the sequences
(cék))oo are bounded for each ¢ = 1,...,4;. Passing to a subsequence if necessary,

k=1
k)\ oo .
we can assume that each (Cé ))kzl converges 1n (C, say

lim c® = Cy.

k—o0

So finally, we see that

w = klim w® = klim (cgk)wgk) + -+ Cgf)wgf)) = v+ Gy

belongs to V;, as required. O]

Working from Lemma A.5 we obtain a substantial technical refinement of Propo-
sition 3.18. This is Theorem A.14 below. Recall that for a given flag F : {0} C V} C

-+ C V,, = C" its complimentary flag 7' : {0} C U; C --- C U, = C" has

Uy =V,",.
Equivalently, choosing an orthonormal basis {vy, ..., v, } for C* with V; = span{vy, ..., v},
one has
U; =span{v,_ji1,...,Un}.

Lemma A.9. The flags F, F' are in general position for any flag F.

Proof. For 1 < i <n—1we have V;NU,_; = V;NVt = {0}. Thus F, F’ are in

general position by Lemma A.6. n

Given a vector space isomorphism 7" : C* — C™ and flag F : {0} C V; C --- C
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V, = C™ we denote by T(F) the flag

{0} C T(V}) C -~ C T(V,) = C™.

Lemma A.10. Given any pair of flags F1, Fo there exists a vector space isomorphism

T:C" — C" with T(F) = Fe.

Proof. Let Fy and Fo be {0} c Vi C---CV,=C"and {0} CU, C---C U, =C"
Choose bases for {vy,...,v,}, {w,...,u,} for C* with V; = span{vy,...,v;} and
U, = span{uy,...,u;}. Letting T : C* — C" be the linear transformation with

T'(vj) = u; for each j, it is clear that 7" is an isomorphism satisfying T'(F;) = F,. O

Lemma A.11. Let Fi, F» be a pair of flags in general position. Then there exists
a vector space isomorphism T : C" — C" with T(F,) = F1 and T(Fy) = F;, the

complementary flag.

Proof. Let {ey,...,e,} denote the standard basis for C*. Lemma A.10 ensures that
there is an isomorphism C" — C" that takes F; to the standard flag 0 = Vy C V; C
-+ C V,, = C" with V; = span{ey,...,e;}. We can therefore assume without loss of
generality that F; is the standard flag.

We restrict our attention to the case where n = 4 in an effort to provide a cleaner
proof. It will be obvious how this argument can be adapted to prove the general case.

Since n = 4, we have flags

Fli{O}C‘/lC‘/QC%Cw:C4, fQ:{O}CUlCUQCUgCU4:C4

in general position with V; = span{es,...,e;} C C* As U; NV3 = {0}, there is a
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nonzero vector in U; of the form

Uy = (Ull,U12,U13> 1)-

As dim(U; N V3) = 1 but dim(Us N'V;) = 0, there is a vector uy € Us of the form

Uy = (U21, Uso, 1, 0)-

As uy and wusy are linearly independent, we see that

U, = spanf{uq, us}.

As dim(Us N V) = 1 but dim(Us N'V}) = 0, there must exist a vector uz € Us of the
form

us = (U31, 170,0)

As uq, uo, ug are linearly independent, we have

Us = span{uy, ug, us}.

Setting
Uyg = €1 = (1,0,0,0)

gives us a basis {us, us, u3, us} for C* with U; = span{uy,...,u;} for j =1,2,3,4.

Let T : C* — C* be the vector space isomorphism satisfying

T(ul) = €4, T(Ug) = €3, T(U3) = €9, T(U4 = 61) = €.
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By construction, T'(Fz) is the complementary flag of the standard flag F;. That is,

T(Uy) = Cey, T(Us)=span{es,eq}, T(Us)=span{es, es, eq}, T(Uy) = C*.

It now just remains to verify that T" preserves F;. First, we compute

[} T(el) = €1
[ T(é’g) = T(’LL3 — U31€1) = T(Ug) — U31T(€1) — €2 — U31€1

[ T(€3) = T(UQ — U21€1 — u2262) = T(Ug) — U21T<€1) — U22T<€2) = €3 — U91€1 —
U22(€2 - U31€1) =e3+ (U22U31 - U21)€1 — U22€2

The following computations now show that 1" preserves Fi, completing the proof:

o T(VA) = span{T(e1)} = spanfer} = Vi
o T'(Vy) =span{T'(e1), T(e2)} = span{es, es — ugie1 } = span{ey, e} = Vs

o T(V3) = span{T'(e1),T(ez2), T (e3)} = span{ey, ez, e3+ (ugotiz1 —Un1)e1 —Ugaea} =
span{ey, ez, e3} = V3 N

Lemma A.12. Given I,J € P, complete flags F1, Fa, and T : C* — C" a vector
space isomorphism, one has
S(IL,F)NS(J, Fo) £0 <= S(I,T(F) N S(J,T(F)) # .

Proof. If L € S(I,F,)NS(J,F) then T(L) € S(I,T(F1))NS(J, T(Fz)). Conversely,
if L e S(I,T(F))NS(J,T(F)) then T~Y(L) € S(I,F)NS(J, F). O
Lemma A.13. For I, J € P}, the following are equivalent:

(1) S(I,F)NS(J, Fz) #0 for every pair of flags Fr, Fa in general position.

(2) S(I, FYNS(J,F") #0 for every flag F (F' denotes the complementary flag).

(3) S(I, FYNS(J,F') # 0 for a single flag F.



100

Proof. We have (1) = (2) by Lemma A.9, and (2) = (3) is obvious. To see
that (3) = (1), assume that S(I,F) N S(J,F’) # 0 for some flag F and let F,
F3 be another pair of flags in general position. Lemma A.10 shows that there is an
isomorphism 7" : C" — C™ with T'(F;) = F. Moreover, it is clear that F = T'(F;)
and T'(F») are in general position. Therefore, Lemma A.11 ensures that there is
an isomorphism S : C* — C" satisfying S(F) = F and S(T'(F2)) = F'. So now
R = SoT is an isomorphism C* — C" with R(F)) = F and R(F) = F'. As
S(I,F)NnS(J,F) # 0, Lemma A.12 now implies that S(I,F,) N S(J, F) # 0 as
desired. O

The following refinement of Proposition 3.18 now follows immediately from Propo-

sition 3.18 in combination with Lemmas A.5 and A.13.

Theorem A.14. Given I, J € P with d(I)+d(J) > N, the following conditions are
equivalent:
(1) oro; # 0 in H*(G,.(C")).
(2) S(I,F1)NS(J, Fz) # 0 for all complete flags F;, j =1,2.
(3) S(I,F1)NS(J, Fz) #0 for every pair of flags Fr, Fa in general position.
(4) S(I, FYNS(J,F") #0 for every flag F (F' denotes the complementary flag).
(5) S, F)YNS(J,F') #0 for a single flag F.






