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Chapter 1: Introduction

1.1 Results

This thesis leads to the presentation of the Theorem of the Highest Weight, which
states that there is a bijection between the dominant integral elements of the dual-
space for the Cartan subalgebra for a semi-simple Lie algebra and the equivalence
classes of the Lie algebra’s finite-dimensional irreducible representations. Throughout
the thesis, we build the necessary structure theory and representation theory elements
to understand this major result. We further motivate this theorem, with the concrete
example and building block of the general proof, by construction of the Theorem of

the Highest Weight for sl(2,C).

1.2 History of Lie Algebras

Lie algebras are closely connected to Lie groups, which have a structure which allows
for differentiation and with differentiable group operations. Lie groups have applica-
tions in a wide array of fields; they are useful for many areas in math such as number
theory, and sciences such as chemistry [1]. However, often the Lie group material is
useful to another area in math, which is in turn useful to an application.

Sophus Lie was a Norwegian mathematician, and who is most generally known for
the theory which we explore in this thesis. However, he was aided by contemporaries
as well as those who built on his work. Lie began his research, originating theory and
background for Lie algebras in 1873 ([1] p. 1), however the first time the phrase “Lie
algebra” was used was in 1934 by Weyl ([2] p. 422). Additionally, Cartan is credited
with the Cartan subalgebra, which is heavily discussed in this thesis.

Although we do not discuss Lie groups in this thesis, there is a strong correlation



between Lie groups and Lie algebras. In fact, many of the applications from this
theory are most directly related to Lie groups. The history of representations in
general is discussed in the first chapters of [7].

Etingof et al. [5] has made some general remarks about historical facts in this
area, which may be of interest. The reader may also consult Borel [1], or Bourbaki

[2] [3], for more historical notes.

1.3 Brief Description of the Sections

Under the assumption that the reader has a general knowledge of linear and abstract
algebra, in Chapter 2 we begin by introducing the definition of a Lie algebra, along
with the basic properties that follow. Additionally, we provide a general introduction
to bilinear forms.

In Chapter 3, we discuss the structure theory of Lie algebras. Importantly, we
introduce root systems and root spaces, in part to motivate the idea of weights.
Chapter 4 is a discussion of Lie algebra representations, which is interrelated with
the roots discussed in the previous chapter.

Finally, in Chapter 5 we discuss the main result of this thesis, which is the Theorem

of the Highest Weight.

1.4 Research Approach and Presentation

The areas in mathematics which involve Lie algebras are vast with many rabbit holes
and potential directions. As discussed in Section 1.2, Lie groups are highly applicable
in this field. Acknowledging the applications of Lie groups, as well as the importance
of structure theory, we primarily focus on concepts which are necessary for represen-

tations of Lie algebras. This approach is much more streamlined than that in most



textbooks, which attempt to develop the topics which we do not include.

The emphasis here is to introduce the notion of a Lie algebra with its basic prop-
erties and identify common concrete examples of Lie algebras, in order to present
representation theory. We generally approach the theory first by motivational exam-

ples, and then by presentation of the general results.



Chapter 2: Introduction to Lie Algebras

2.1 Properties of a Lie Algebra

We begin with a general definition of a Lie algebra:

Definition 2.1. [¢] A Lie algebra g is a non-associative algebra over a field, whose
product is called the Lie bracket, denoted [ X, Y]. The Lie bracket is alternating; i.e.,

for all X € g, [X, X] = 0. Additionally, it satisfies the Jacobi identity:

[Xv [Ya Z“ + [Y7 [Z>X]] + [Z> [X’ Y]] =0,

forall X,Y,Z € g.

Since the Lie bracket is bilinear and alternating, for all XY € g

0=[X+Y,X+Y]=[X,X]+[V,X]+[X,)Y]+[V,Y],

so additionally

Throughout this thesis, we study finite-dimensional Lie algebras. Additionally,
the focus here is on Lie algebras over the field C. However, in Chapter 2, we begin
by working over a general field F.

There are many well-known Lie algebras that we refer to throughout this thesis.

To begin with, we introduce a Lie algebra that is most likely be familiar to the reader,

gl(n, F).



Example 2.2. Define the general linear Lie algebra as

gl(n, F') = {n x n matrices with entries from a field F'}

with Lie bracket given by
(X, Y]=XY -YX.

In the definition above for the Lie bracket, the terms XY and Y X denote standard
matrix multiplication, which is generally defined for elements of gl(n, F'). However,
in the Lie algebra, the product is given by the Lie bracket, not standard matrix
multiplication.

The set gl(n, F') with the defined product is indeed a Lie algebra. The product
[X,Y] is an alternating function which satisfies the Jacobi identity. First we show

that it is an alternating function:

(X, X]=XX - XX

=0.

It remains to show that it satisfies the Jacobi identity which we calculate below:

(X, Y, 2]+ [V, [Z, X]] + [Z, [X, Y]
=[X,YZ - ZY]|+[Y,ZX — XZ]|+ [Z, XY — Y X]
=X(YZ-2Y)=-(YZ—-2ZY)X
YY(ZX - XZ)— (ZX - X2)Y
FZ(XY —YX)— (XY -YX)Z

=XYZ-XZY -YZX+ 7YX



+YZX -YXZ -ZXY +XZY
+ZXY - Z2YX - XYZ+YXZ

= 0.

Definition 2.3. ([%]) Given a Lie algebra g, a Lie subalgebra is a subspace of g which

is closed under the Lie bracket.
We examine now a Lie subalgebra of gl(n, F).

Example 2.4. We define the special linear Lie algebra as

sl(n, F) = {X € gl(n, F)|trace(X) = 0} .

By definition, sl(n, F') is a subspace of gl(n, F'), inheriting the Lie bracket de-
fined as [X,Y] = XY — Y X. (This Lie bracket holds for all elements of gl(n, F),
therefore for elements of sl(n, F') C gl(n, F'), the necessary conditions for the Lie
bracket still hold.) However, we need to show that sl(n, F') is closed under the oper-
ation. Let XY € sl(n, F). Then trace(X) = trace(Y) = 0. It remains to show that

trace([X,Y]) = 0.

trace([X, Y]) = trace(XY — Y X)
= trace(XY') — trace(Y X)

=0,

by properties of trace. So indeed sl(n, F') is a Lie subalgebra of gl(n, F').

It is interesting to note that it was unnecessary for X,Y to have trace(X) =

trace(Y) = 0 in order for trace(|X,Y]) = 0 in the above example. In fact, for all



X,Y € gl(n, F'), one has [X,Y] € sl(n, F'). We call sl(n, ) the derived subalgebra

of gl(n, F). In general, one has the following definition.

Definition 2.5. We define the derived Lie subalgebra gy of g as

g0 = [g,0] =span ({[X,Y]: X,Y €g}).

Definition 2.6. [6] Within a Lie algebra g, elements X,Y € g are said to commute
if [X,Y]=0.If [X,Y] =0 for all X,Y € g, we call the Lie algebra abelian.

Note that in gl(n, F'), one has

(X, Y] =0 <= XY =YX.

This matches the definiton of commuting in the usual sense.

2.2 Linear Transformations and Bilinear Forms

Many Lie algebras are defined with respect to bilinear forms.

Definition 2.7. [9] Where F' is a field, a bilinear form on F™ is a map

() F"x F" > F,

which is separately linear in each variable.

At this point, it is necessary to introduce some important propositions and defi-
nitions regarding linear transformations and bilinear forms. To begin with, we intro-
duce a proposition which is more natural for Lie groups, but necessary for our thesis.

Throughout this section, F'is a field.



Proposition 2.8. Let (-,-) be a bilinear form on F™ (F a field) and J the associated
matriz with respect to the usual basis (so has entries J; ; = (e;, e;)). Further, suppose
J is invertible (i.e., the form is nondegenerate). If we write u and v as column vectors,

then (u,v) = ul Jv, where u? is the transpose of .

Proof. For scalar coefficients, let u = uiey + - - - +une, and v = vie; + ... v,e,. Then

we have the following:

(u,v) = (urey + -« -+ + upey, vie; + ... vyep)

=ujer,vier + ... vpepn) + -+ uplen, vier + .. vpey)

= Z 'LLZ'<€Z', vie; + ... vnen>
=1

= ui(vi{ei e1) + -+ + vales €n))
=1

= Z Z w;v; (e, ;).

i=1 j=1

To see that this is equivalent to the matrix multiplication of u”.Jv, observe that u’J

is equal to the row vector with jth entries given by the following sum:

n
Z Ui<6i, €j> .
=1

Now, when this vector is multiplied on the right, by the vector v, the result is the

following sum:

ZZuz(ei, €;)v;.

j=1 i=1
This result is equivalent to our result for the calculation of (u,v). Therefore, we have

shown (u,v) = u” Jv, as desired. O

Proposition 2.9. Let A: F" — F™ be a linear transformation. Define the adjoint



transformation A* . F" — F™ by

(Au,v) = (u, A"v) € F".

for all w,v. Then AT J = JA*.

Proof. We identify the linear transformations A, A* : F” — F" with their matrices

with respect to the basis {ey, ..., e,}. Then by Proposition 2.7, one has

(Au,v) = (Au)" Jv = ul AT Jv,

whereas
(u, A*v) = u JA*v.
As
(Au,v) = (u, A*v)
holds for all u,v € F", we conclude that ATJ = JA*, as desired. O]

Definition 2.10. The linear transformation A preserves the bilinear form if

(Au, Av) = (u,v)

for all u,v € F™.

Proposition 2.11. The linear transformation A preserves the bilinear form (-, ) if

and only if J = AT JA.

Proof. A preserves the bilinear form if and only if for all u,v € F"™,

(Au, Av) = (u,v) <= (Au)"J(Av) =u"Jv (Proposition 2.8)
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— uTATJAv =u" Jv (properties of matrix transposition)

— J=ATJA.

2.3 Classical Lie Algebras

Equipped with the propositions regarding bilinear forms, we introduce two additional
Lie algebras, the symplectic and special orthogonal algebras. These algebras, together

with sl(n, F'), are commonly referred to as classical Lie algebras.

Example 2.12. We define the special orthogonal algebra as follows:

so(n,F)={X €sl(n,F)| X" J, + J,X =0}

with the n x n matrix .J,, with entries defined by

lifi+j=n+1
JZ,]:

0 otherwise,
(the anti-diagonal matrix). This is a Lie subalgebra of sl(n, F').
Proof. To begin with, it is easy to check that so(n, F') is a linear subspace of sl(n, F').

Note that the zero matrix clearly satisfy the condition X7 J, 4+ J,X = 0, so the space

is nonempty. Let X,Y € so(n, F) and a,b € F. Then,

(aX +bY) T, + Ju(aX +bY) = (aXT +0Y "), + Ju(aX +0Y)
=aX'J, +bYTJ, + JoaX + J,bY

=a(XTJ, + J,X)+bY T, +J,Y)
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a(0) + b(0)

Finally, we show closure under the Lie bracket. Let X,Y € g = so(n, F). We
need to show that [X, Y7 J, + J,[X,Y] = 0. We calculate this as follows:

(X, Y] T, + J[X, Y] = (XY =Y X)'J, + J,(XY - YX)
= (X, - (YX)'J, + XY - J,YX
=Y'X"J, - XY ), + J, XY - J,YX
=YY" X" )+ 1. X) - YT, X - XYY" ), + J, XY - J,YX
=—YTI, +JI VX - XY ], + J, XY
=-X"Y"J, + J,XY
=X"J, + L, X)Y - X"y - XTy"J,
= X"'Y'J, 4+ 1Y)
= —X"(0)

=0.

Example 2.13. The symplectic Lie algebra, given by

sp(2n, F) ={X € gl(2n, F)| X' J + J'X = 0},

where the 2n x 2n matrix J’ is defined by
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is a Lie subalgebra of gl(2n, F).

Proof. One easily checks that sp(2n, F') is a linear subspace of gl(2n, F'), as in Example
2.12. Tt suffices then to verify closure under the Lie bracket. Let X,Y € sp(2n, F').

We need to show that [X,Y]7.J’ + J'[X,Y] = 0. Then it suffices to check that
(XY - YX)"J +J(XY -YX) =0.

By a property of the transpose of a matrix, the left side reduces to
YIXT) - XY + XY - JYX.

Since YZJ' + J'Y =0 and X7 J' + J'X = 0, this is equal to:

YI(-JX) - X" (-JY)+JXY - JYX
= —(YTIX+(XTT)Y +JXY -JYX
= (YT + V)X +(XTT +JX)Y

=0.

[]

Remark 2.14. Traditionally, one defines the symplectic Lie algebra as lying in the
general linear Lie algebra. However, one can further show that the symplectic Lie
algebra even lies in the special linear Lie algebra. For the case of sp(2n,C), take

X € sp(2n,C) and write

(X X\ (0 —J
@ R) -0



We have the following:

XT'J+JX=0=X]J=-JX,
= XT = —JX,J
= trace(X;) = —trace(Xy)

= trace(X) = 0.

as J = J !

13



Chapter 3: Structure Theory for Lie Algebras

Structure theory involves characterizing elements of Lie algebras, as well as identifying
their important traits. To introduce Lie algebra structure theory, we first give some
basic definitions and work out examples for gl(3, C). We then move on to demonstrate
the concepts using the special linear Lie algebra over two different fields, as well as
the special orthogonal and symplectic Lie algebras of various dimensions over the

complex numbers.

3.1 Introduction with Concrete Examples

In Section 2.1, we introduced the notion of an abelian Lie algebra in Definition 2.6.
This is a structural property. Consider b, the subspace of gl(n, F'), which we define
below:

h = {diagonal matrices in gl(n, F')}.

It is a rather unsurprising fact that h is abelian. We demonstrate this with the

concrete and manageable example of gl(3,C).

Example 3.1. For g = gl(3,C), b is an abelian Lie subalgebra.
First note that 0 € h. Let X, Y € h. It suffices to show that [X,Y] = 0. As X and

Y are diagonal matrices, they commute in the usual sense, one has

XY =YX=XY-YX=0

= [X,Y]=0.

Definition 3.2. ([¢] p. 24) An ideal for a Lie algebra g is an absorbing subalgebra g
(forany X € gand and [ € q, [X,I] € q) .
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We now introduce a new structural classification, called nilpotency.
Definition 3.3. [0] For any Lie algebra g, let g’ be the sequence of ideals defined
inductively by g° = g and

gt = [g,0’] = span ({[X,Y]: X € g,Y € ¢/}),

for 7 € N. These algebras, called the upper central series of g, are composed of linear
combinations of the Lie brackets. A Lie algebra g is said to be nilpotent if g/ = {0}

for some j.

In order to give an example of a nilpotent Lie algebra, we introduce another

subspace of gl(n, F):

n = {strict upper triangular matrices in gl(n, F')}.
Again, it is helpful to consider the more manageable, specific example of gl(3, C).
Example 3.4. For g = gl(3,C), n is a nilpotent Lie subalgebra.

Proof. We need to show that some n/ = {0} for some j € N. So we begin calculating
iteratively what elements of the ideals in the upper central sequence look like. By
definition, we have n® = n, which is clearly nonzero. We then calculate the general
form of an element of n!. By definition, n! is linear combinations of the commutator

[n,n%] = [n,n]. For any two elements X,Y € n, the commutator is given by:

[X,Y]=XY -YX

0 z1 x2\ [0 y1 w2 0 yi y2\ [0 21 22
=(0 0 I3 0 0 Ys | — 0 O Y3 0 O I3
0 0 O 0 0 O 0O 0 O 0 0 O
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T1Ys 0 0 yixs
0O ]—-10 0 O
0 00 O
L1Ys — Y123
0 :
0
Thus elements of n! are just linear combinations of matrices of the form

0 0 ¢
00 0],
0 00

n' =[n,n] Cn,

I
N
[esNevNan]
SO ODOO

with ¢ € C. Note that since

n is a Lie subalgebra of g.
Now, n? has elements which are linear combinations of the commutator, [n,n'].

We calculate for any X € n,Y € n':

(X, Y]=XY -YX
0 =1 x9 00y 0 0 y 0 =1 z9
=(0 0 3 00 0]—-(0 00 0 0 a3
0 0 O 00O 0 00 0 0 O
0 00
=10 0 O
0 00

Therefore, we have that n is nilpotent, since n? is equal to zero. O

Before moving to the next structure theoretic concept, it is helpful to note that b

for gl(3,C) is also a nilpotent Lie algebra. This is true, since

b' = [b, ] = {0}.
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Recall now, Definition 2.5 of a derived subalgebra. In general, one can define a
series of derived Lie subalgebras, as follows.

Definition 3.5. [0] For any Lie algebra g, we inductively define a sequence of subal-

gebras

90,91,92,---

in the following way:

I
©a

90

and for n > 0

Ont1 = [On, o] == span ({[X, Y] : X,V € g,.}).
These subalgebras are called the derived series of g.

The definition of the derived series is similar to that of the upper central series.
However, in the derived series, each subalgebra is composed of the products of the
Lie bracket of elements from the subsequent derived subalgebra. This is different
from the upper central series, where each subalgebra is composed of the Lie bracket

of elements of the original Lie algebra and the previous subalgebra.

Remark 3.6. Following the notational convention for derived series, for g = gl(2, C)

we may write

5[(27C) =01 = [gag]'

Definition 3.7. [6] A Lie algebra g is called solvable if in the derived series of

subalgebras for g, g; = {0} for some j € NU {0}.

For the next example, we use the subspace of gl(n, F') defined below:

b = {upper triangular matrices in gl(n, F')}.
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The subalgebra b is solvable. Again, we demonstrate this concretely with gl(3,C).
Example 3.8. For g = gl(3,C), b is a solvable Lie subalgebra.

Proof. Set b, as the derived sequence of b. We must show that b; = {0} for some j.
In fact, it is true that bz = 0. We first claim that elements of by = [by, bg] are strict

upper triangular matrices in g. For any elements X,Y € by = b, write
Tr1 Ty X3 Y1 Y2 Y3
X=[0 x4 25|, Y=10 wsa ys| € by.
0 0 Tg 0 0 Ye

Then, we calculate [X,Y] = XY — Y X as follows:

[X7 Y] =
T1Y1 T1Y2 + ToYs T1Y3z + ToYs + T3Ye
0 T4Ya T4Ys + Ts5Ye
0 0 T6Ys
T1Y1 ToY1 + TaY2 T3Y1 + TsYo + TeYs
— 0 T4Ys Ts5Ys + TeYs =
0 0 IL‘6y6
0 ((z1 —xa)y2 +22(ys — 1)) (21 — x6)ys + T2ys + T5y2 + x3(Ys — Y1)
8 8 (x4 — x6)Ys ?)_ T5(Y6 — Ya) .

Note that b; is equivalent to the subspace n, which is nonzero. Additionally, we
have shown now that b is closed under the commutator, so is a Lie subalgebra of g.

Next, we calculate a generic element of by = [by, b;]. For any elements X,Y € by,

0 a ay 0 b by
X=(00 a |, vy=(0 0 b |.
0 0 O 0 0

write

Then,

(X,Y]=XY -YX
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I
VR
[esNesNan)
SO DO
2
OOO,
w
(@] N——
|
VR
[evNevNan)
[evNevNan)
S
ool
w
~__—

Finally, we compute the form of a generic element of by = [by, by]. Consider any two

elements of by :

0 0 x 0 0 y
X=1000],Yy=1000
000 0 00
Then,
X,Y]= XY -YX
0 00 0 00
={000]—-(00O00
0 00 0 00
0 00
=00 0].
0 00
As b3 = {0}, b is indeed solvable. O

Remark 3.9. Consider the basis for g = sl(2, C):

() (1) (h )

Then,

[u,v] = h
[v,h] = 2v
[u, h] = —2u.

Thus [g,g] = g, and g = sl(2,C) is not solvable.



20

However, g = sl(2,Z,) is solvable. Using the basis,

(01 (00 ,_(10
“=1too0)={L1o0o)"*"={o0o1)

[u,v] = h
[v,h] =0
[uv h’] =0,

which are all diagonal matrices, so [g, g] C b, which we have shown is solvable.

Remark 3.10. In general, nilpotent implies solvable. However, solvable Lie algebras

are not necessarily nilpotent [0].
Recall Definition 3.2, and consider the following classification of Lie algebras.

Definition 3.11. ([7] p. 668) Semi-simple Lie algebras are those for which only

trivial ideals are solvable.

The requirement for semi-simplicity is often a necessary hypothesis in theorems.
Semi-simple Lie algebras work nicely in terms of representations, as is shown in The-

orem 4.29.

Definition 3.12. [2] A Lie algebra g is called reductive if its derived subalgebra is

semi-simple.

Remark 3.13. The Lie algebra gl(n, F') is reductive, as its derived subalgebra is

sl(n, F'), which is semi-simple. Note however that gl(n, F') is not semi-simple.

Remark 3.14. The derived subalgebra for g semi-simple is [g,g] = g. Thus, semi-

simple Lie algebras are necessarily reductive.
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3.2 The Cartan Subalgebra

Having seen examples of abelian, solvable, and nilpotent subalgebras of gl(3,C), we
move now to the general situation. The subspace b, defined for gl(n, F), is actually

an example of an important Lie subalgebra, called the Cartan subalgebra.

Definition 3.15. [11] Given g a Lie algebra and h a Lie subalgebra, we call h a

Cartan subalgebra if the following two conditions are met:
1. b is nilpotent, and
2. [X,H] €bh (H €bhand X € b) implies that X € g.
In general, we have the following powerful result (Theorem 2.9 [8]):

Theorem 3.16. [5] Any finite-dimensional complex Lie algebra g has a Cartan sub-

algebra.

In general then, a Cartan subalgebra exists for all the major Lie algebras discussed

in this thesis.

3.3 Lie Algebra Direct Sum

There is a notion of combining Lie algebras, which parallels with the familiar idea of
direct products of groups. We formally define what we call a Lie algebra direct sum,

below:

Definition 3.17. (p. 52, [0]) If g; and g, are Lie algebras, the (external) direct sum

of g; and g, is the vector space direct sum of g; and g, with bracket given by

[(X17X2) ) (Yl,}/é)] = ([Xh}/l] ) [X2;}/é]) :
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For a Lie algebra g with subalgebras g; and gs, if g is the vector space direct sum of
g1 and go and [X;, X5] = 0 for all X; € g; and X5 € go, we say that g decomposes as

the Lie algebra (internal) direct sum of g; and go and write g = g1 @ go.

Note that although there may be potential ambiguity with the notation of g =
g1 & g2, as the vector space direct sum is written identically, this is the convention
and we adhere to it in this thesis. Recall the previously characterized subspaces b
(diagonal matrices), n (strict upper triangular matrices), and b (upper triangular
matrices) of g = gl(3,C). In fact, b = h @ n, as a vector-space direct sum, but not a
Lie algebra direct sum. We demonstrate this important distinction in the following

example.
Example 3.18. b = b @ n as the vector space direct sum for g = gl(3, C).

Proof. We have that b is the direct sum of h and n as vector spaces, since for any

Ty 0 0 0 Y1 Y2
X+Y=(0 22 0]+(0 0 wuys
0 0 x5 0 0 0

1 Y Y2
=10 z22 y3|€b
0 0 XT3

However, this is not a Lie algebra direct sum, as [X,Y] # 0 for all X € h and

XehYen

with hNn=0.

Y € n, as is calculated below:

X,Y]=XY -YX

xzr 0 0 0 v w2 0 y1 %\ /1 0 O
= 0 T2 0 0 O Ys | — 0 0 Ys 0 ) 0
0 0 x3 0 0 O 0O 0 O 0 0 x3
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0 ziy1 Ty 0 wiwe yous
=(0 0 @y3]—(0 0 yzx3
0 0 0 0 0 0

(0 (1 —z2)y1 (71 — 5703)92)
0

O (ZEQ — 273)?/3
0 0

£ 0.

Therefore although b decomposes as the vector space direct sum of h and n, it does

not decompose as the Lie algebra direct sum. O]

3.4 Subspace Structure for the Classical Lie Algebras

We now characterize the subalgebras b and n for the classical Lie algebras,
50(7,C), s0(6,C), and sp(6,C).

As subalgebras of gl(7,C) and gl(6, C) respectively, the Cartan subalgebra b for each
is comprised of diagonal matrices and the nilpotent subalgebra n is comprised of
strict upper triangular matrices. We begin with the special orthogonal Lie algebra of

dimension seven.

Example 3.19. Consider g = s0(7,C). Recall from Example 2.12 that g is a sub-
algebra of s[(7,C). Thus all X € g must have trace(X) = 0 and must satisfy the
identity

XTI+ J: X =0.

We first characterize b for g = s0(7,C). Consider X in the Cartan subalgebra for
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gl(7,C). Then

X. Additionally,

Note that since X is a diagonal matrix, X7

— OO OO OoO O
SO OO OO
SO—1OO OO
SO —HDODDOO
SO OoOO—HOO
SOoOOoOoOoO—HO

SOoOoOoooOoOo H

Lh(
0 — XTJ.=—JLX

One has

XTJ. + J-X

— XJ;=—-J;X

—XT5, Tg = 0.

—X7, Tg = —Tg, L3 =

The subalgebra b then is characterized the following way, which also satisfies the
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condition that trace(X) = 0:

[esNenNeawNan)

D 1, x9,x3 € C

coococof o
coocof oo
coococooco

|

&

w
cocococo
cocoococoo

Ney)
I
cococool

o O
|

Sl
[\

|

8

=

By a parallel procedure, we have that the subalgebra n of strict upper triangular

matrices is characterized for g as:

( /0 1 T9 X3 Ty Ts 0 )
0 O Ty I Tg 0 —T5
0 O 0 T12 0 —Tg —X4
n= 0 0 0 0 -z —wxg —x3| : 21,292,324, Ts5, 7,28, %9, 212 € C
0 0 0 0 0 —X7 —XT2
00 0 0 0 0 -z
L \0 0 0 O 0 0 0 J

Similarly, if we consider the six-dimensional special orthogonal Lie algebra, we

characterize the subspaces in the following way.

Example 3.20. For g = s0(6,C), matrices must satisfy the equality

XTJ, +J,X =0,

so we characterize

rp, 0 0 O 0 0
0 zo 0 O 0 0
0 0 0 0 0
h= 0 0 %3 23 0 0 D xy, 79,23 €C o
0O 0 0 0 -z O
0O 0 0 O 0 —x
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and additionally,

0 21 @ x3 @4 0
O O Tg X7 0 —X4
0O 0 0 0 - —
n= 0O 0 0 0 _ig _iz I X1,T2,T3,Ty4,Te, L7 € C ,
00 0 0 0 -—n
0O 0 0 O 0 0

where both characterizations necessarily result in trace zero.

Example 3.21. For g = sp(6,C), matrices must satisfy

X' +JX =0.

Therefore, we characterize

OO O
OO O

D T, x9,x3 € C

|
&
w

coococoB
coocof o
coof oo
oo

|
cR

[N}
&looooo
S

and additionally,

r1T T2 I3 Ty Iy
0 Tg T7 s Ty
0 0 10 XTr T3
0 0 0 —Tg —T9
0 0 O 0 —-n
0 0 0 0 0

© X1, X2,T3,T4,Ts5, L6, L7, X8, L10 € C

3
I
coococoo

These characterizations are useful in subsequent examples, but also provide some
intuition on the structure of these various Lie algebras. When considering charac-
terizations of Lie algebras, it is interesting to note that the structure of seemingly
unrelated Lie algebras may be identical. Consider the the following example for a

concrete illustration of this fact.
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Example 3.22. sp(2,C) = si(2,C).

Proof. The subalgebra sl(2,C) of gl(2,C) consists of the elements which have trace

equal to zero. Thus, we have the following structure:

s(2,C) = {(i; _x;l) D Ty, T9, X3 € (C} .

But this is also the structure of sp(2, C). We must have that for all X € sp(2,C), the

following equation is satisfied:

XTJ' +JX =0,
_[T1 T2,
Let X = (xg m)’

X7+ J7X=0—=

0 —T1 — T4 o
I Ty + 21 0 ) =0
— T4 = —Iq
Thus, we necessarily have the same structure for sp(2, C) as for s((2,C). O

3.5 Roots and Root Spaces

To motivate the general definition of roots and root spaces, we determine the roots

of g = gl(3,C).

Example 3.23. Consider g = gl(3,C). Recall that we have the vector space direct
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sum b = h & n, where

0 0 0
f]Z{( b 0) a,b,ceC}, n:{<0
0 ¢ 0

Observe that the Lie bracket

(

OO

oK
o

)

[evNaniS]
[evNenNaw)
[ NaR

OO
o OO
v
VR
onw
~_
| I |

is calculated as follows:

a 0 0 0 =z vy 0 =z vy a 0 0
=10 0 0 00 2z |—-(00 =z 006 0
00 ¢ 0 0 0 0 00 00 ¢
0 axr ay 0 bx cy
=10 0 bz |- 0 0 cz
0 0 O 0 0 O
0 (a—bz (a—c)y
=10 0 (b—c)z
0 0 0
Notice that if we write
0 =z O
n = 0 00 reCy,
0 00
0 0 y
Ny = 0 0 0 yEC ,
000
000
ng = 00 = 2e€Cyp,
000

then n = n; ®ny @ ng (the direct sum as vector spaces). Additionally, these subspaces
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are invariant under bracketing with b. In particular, if

0 0
h = b 0 | €bhandn, =
0 ¢

) € ny,
the calculation above gives that

0 (a—0bx 0
[h,nl]—(O 0 0)—(a—b)n1€n1.
0 0 0

OO
[evNenNaw)
[N RS
[esNenNan)

If we define e; on h by evaluation of the ith diagonal entry (so that e;(h) = a,

ea(h) = b, and ez(h) = ¢), we may rewrite this as
[h,n1] = (e1 — e2)(h)n;.
Similarly (in the obvious notation), one has
[, o] = (e1 — e3)(h)ng and [k, ns] = (e2 — e3)(h)ns.
We call e; — eg, 1 — e3, and ey — e3 the roots for g = gl(3, C) with ny, ny, and ng

the corresponding root spaces.

Note that all the roots here are nonzero. In general, we do not allow roots to be

zero. In the next example, we show another set of roots for g = gl(3,C).

Example 3.24. Let g = gl(3,C). We determine the roots and corresponding roots
space with respect to n~, the subalgebra of strict lower triangular matrices. We first

need to calculate the action of h on n™. So we choose generic elements

0 0 000
h = b 0 )Jehandn=| = 0 0 | en”,
0 ¢ y 2z 0

oo
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and by similar calculations as those from Example 3.23, we have:

0 0 0
[h,n]:<(b—a)x 0 O).
(c—a)y (c=b)z 0

It is clear that we have the vector space direct sum of n= =n; & n, @ ny, for
0
0 reCy,
0
) yGC},
0
n 3= 0 2e€Cyp.
0

These subspaces are invariant under the action of . In particular, if

5\ ;\
[\) -
I I
—N— —N
/N ~/
< OO o8 O
N OO SO O SO O

OO O OO O

the calculation above tells us
0 0 0
[hyni]=| (b—a)r 0 0 | =(b—a)n] €ny.
0 0
Therefore, one has the following:

[h,ni] = (e2 — e1)(h)m
[h,na] = (e3 — e1)(h)n2

[h,n3) = (es — ea)(h)ns.

Note that e; — e, e3 — e1, and ez — eg are the roots here; n;, n,, and n, are the
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corresponding root spaces.
In general, we have the following definition of dual space.

Definition 3.25. (p. 50, [9]) The dual space V* of a finite dimensional vector space

V' is the space of linear maps from V to C, called linear functionals.

Specifically, in this case then, the dual space h* represents the linear functionals
which map from § to C.

We now introduce the formal definition of roots and root spaces.
Definition 3.26. [0] For g a Lie algebra, with a Cartan subalgebra b, a nonzero
element o € h* is called a root if there exists some nonzero X € g with
[H, X] =a(H)X for all H € b.
We now move to the classical Lie algebras for more examples of roots and root
spaces.

Example 3.27. Let g = s0(7,C). In Example 3.19, we characterized the subalgebras
h and n. We begin here by determining how an element h € h acts on an element

n € n, by calculating the Lie bracket [h,n]:

= hn —nh
a 0 0 0 0 0 0 0 Tr1y T2 T3 Ty Ty 0
Ob 00 0O 0 O 0 0 =z xz 9 0 —ux5
0 0cO O O 0 0 0 0 =z 0 —Tg —T4

=10 000 O O O 0 0 0 0 —z9 —285 —x3
0000 — 0 O 0O 0 0 O 0 —X7 —X9
0000 0O —=b O 0O 0 0 O 0 0 -
0000 O 0 -—a 0 0 0 O 0 0 0
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0 1 22 x3 T4 Ts 0 a 000 0 O 0
0 0 Iy Ig Tg 0 —Xy 0 b 00 0 0 0
0 0 0 T12 0 —Xg9g —T4 00 c O 0 0 0
—10 0 0 0 —x10 —x3 —x3 0O000 O 0 O
0 0 0 O 0 —Tr —T9 0000 — 0 O
0 0 0 O 0 0 —x 0000 O —=b O
0O 0 0 O 0 0 0 0000 0O 0 -—a
0 ary axy ax3 axy axs 0
0O 0 bxy brs bxg 0 —bxs
0 O 0 cxria 0 —crg —cuy
=10 O 0 0 0 0 0
0 O 0 0 0 CT7  CXo
0 O 0 0 0 0 bxy
0 O 0 0 0 0 0
0 bry cxs 0 —cxy —bxs; O
0 0 bxy 0 —cxzg O azs
0 0 0 0 0 brg axy
—10 O 0 0 cxy2o brs azs
0 O 0 0 0 bxr; axs
0 O 0 O 0 0 ary
0 O 0 0 O 0 0
0 (a=bxy (a—c)xy axs (a+c)ry (a+b)ws 0
0 0 0 brs (b4 c)zg 0 (b+a)(—x5)
0 0 0 CT1o 0 (c+b)(—x9) (c+ a)(—z4)
=0 0 0 0  c(—x19) b(—xsg) a(—x3)
0 0 0 0 0 (b—c)(—z7) (a—c)(—x2)
0 0 0 0 0 0 (a —b)(—x1)
0 0 0 0 0 0 0
We now can write n as the direct sum of matrices:
0 Tr1 To X3 Ty T5 0
0 0 =z =g Tg 0 —xz5
0 O 0 T12 0 —Xg9 —XT4
n=|0 0 0 0 -z —x3 —23|=n,On,On;En, En O, Bngdnydn,,
0 O 0 0 0 —X7 —XT9
0 0 0 O 0 0 —x
0 0 0 O 0 0 0

which are the matrices based off n, but where all elements except for the numerically
indicated element are set equal to 0. Note that these are the root spaces, and the
corresponding roots are: (e; —ea) 1 ny, (e1 —e3) 1 ny, (e1) 1 0y, (61 +e3) 1 ny, (€1 +€2) :

115, (62 - 63) . n7a (62) 1 ng, (62 + 63) : nga (63) ty,,
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Example 3.28. Next, consider g = sp(6,C). In Example 3.21, we characterized b
and n. We now calculate the form of [h,n]. For h € h and n € n, we have that

[h,n] = hn — nh is:

a 00 0 O 0 0 1 2 23 X4 Ts
0 b 0 0 0 0 0 O Tg T7 xTs Ty
o 0 0 c 0 0 0 0 0 0 10 Ty xIs3
—10 00 — 0 O 0O 0 0 0 —x5 —x9
000 0 —=b 0 0 0 0 O 0 —x
000 0 0 =-—a 0O 0 0 O 0 0
0 Tr1 T2 T3 Ty Ty a 0 0 0 0 0
0 0 Tg X7 T T4 0 b 0 0 0 0
0 0 0 x190 27 a3 0 0O c 0O O O
10 0 0 0 —xg —xo 000 — 0 O
0O 0 0 O 0 —n 000 0 —=b 0
0O 0 0 O 0 0 000 0 0 =-—a
0 axry axy axs axs axs
0 0 6276 b$7 b.rg bflj’4
10 0 0 cxyg cxr7 cx3
—10 0 0 0 cxg cxo
0 0 0 0 0 bxry
0 0 0 0 0 0
0 bxry cryg —cx3 —bry —azxs
0 0 cxg¢ —cxy —brg —axy
0 0 0 —cxy9g —bxy —axs
0 O 0 0 bre  axs
0 0 0 0 0 axy
0 O 0 0 0 0
0 (a=bx (a—c)za (a+c)rs (a+b)xy (2a)xs
0 0 (b—c)xg (b+c)xr (2b)xg (b+a)zy
|0 0 0 (2¢)x10 (c+b)zr (c+ a)xs
10 0 0 0 (b—c)(—z6) (a—c)(—x2
0 0 0 0 0 (a —b)(—x1)
0 0 0 0 0 0

We can write n as the direct sum of matrices:

0 =1 22 a3 Ty Ts

O 0 Tg T s T4

0 0 O

O O O xolo —ajaj'76 _x;2 :nl@nQ@nB@nZLEBnS@n6®n7@ng@nlo7
00 0 0 0 -z

0 0 0 O 0 0

which are the matrices based off n, but with all elements except for the numerically
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indicated element set equal to zero. Thus the root spaces and corresponding roots

are given by n

(62 — 63),117 : (

1 (61 —62),112 .

es + 63),118 . <2€2>,ﬂ10 : (263).

(61 — 63),]’13 :

(61 + 63),114 :

(61 + 62),1’15 . (261),116 :

Example 3.29. Finally, consider g = s0(6, C), noting the characterizations for h and

n, given in Example 3.20. We begin by calculating [h,n]. For any h € h and h € n,

[h,n] is as follows:

coocooc coococosd coocococ cocooos

—~

SO OO OO

>
S
|

nh
00 0O 0 O 0 zy
b 0 0 0 0 0 0
0O c 0O O O 0 0
0 0 — 0 O 0 0
00 0 —-b O 0 0
00 0 0 -a 0 0
T Ty T3z X4 0 a
0 Tg X7 0 —XTy4 0
0O 0 0 —zy —x3 0
0 0 0 —Xg —T2 0
0 0 O 0 —-x 0
0 0 O 0 0 0
ar, ary ars Qg 0

0 bl’@ b$7 0 —b{E4

0 0 0 —cx; —cx3

0 0 0 Crg  CXo

0 0 0 0 bxq

0 0 0 0 0
brxy cxy —cxs —bxy O

0 cxg —cxy 0 ary

0 0 0 br; axs

0 0 0 bxg aza

0 0 0 0 ary

0 0 0 0 0

a—0bx (a—c)rs (a+c)ws

0 (b—c)xg (b+ )y

0 0 0

0 0 0

0 0 0

0 0 0

To I3 T4
Teg I 0
0 0 —X7
0 0 —Tg
0 0 0
0 0 0
00 0 O
b 0 0 0
0 c 0 O
00 — 0
00 0 —b
00 0 O
(a+b)xy
0
(c+b)(—x7)
(b—¢)(=)
0
0

0
—1y
— 3
1y
1

SO OoOOoO O
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We can write n as the direct sum of matrices:

0 Ty T2 I3 Ty 0

0 0 ¢ z7 0 —x4

0 0 0 0 - —

00 0 0 _i; _i; =N Ony b nz P ny D ng D ny,
00 0 0 0 -

0O 0 0 0 O 0

which are the matrices which are based on n, but where all elements except for the
numerically indicated element are set equal to 0. Thus the root spaces with their roots
are given by ng: (61 — 62),112 : (61 — 63), ng : (61 + 63), ny : (61 + 62),116 : (62 — 63),117 :

(62 + 63).

3.6 Roots and the Borel Subalgebra

In preceding examples, we have characterized a special Lie algebra subspace, called
b. This space in general is referred to as the Borel subalgebra. We define this now
formally for semi-simple Lie algebras. This definition may be generalized to include

reductive Lie algebras, such as the helpful concrete example of gl(3, C).

Definition 3.30. [3] A Borel subalgebra of a complex semi-simple Lie algebra g is
a subalgebra b = h & n, where b is the Cartan subalgebra and n is the vector space

direct sum of all the positive root spaces.

For example, for g = gl(3,C) with b and h as before, the root spaces look like

X €1 — €2 €1 — €3

—e1 + €2 * €y — €3 .
—e; +e3 —eg+e3 *

As the Borel subalgebra, b, is upper triangular, the positive roots are e; — es, €1 — €3,

and e; — e3. lL.e., the positive roots lie in the Borel subalgebra.

Alternatively, positive roots may be determined by lexicographical ordering on a
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basis for the dual space h*. For an ordered basis

B:{vl,...,vn},

a root

Q= T1V1 + ToV2 + -+ + TpUp,

is positive if 1 > 0 and negative if 1 < 0. In the case that x; = 0, the sign of the
next nonzero coefficient determines whether « is positive. In this construction, the
positive roots determine the Borel subalgebra instead of the other way around.

In the example of gl(3,C) above, the ordering e; > e > e3 determines e; — ey,
e; — e3, s — e3 as positive roots. In this case, the corresponding Borel subalgebra
takes the form of upper triangular matrices.

We introduce now the notion of a simple root:

Definition 3.31. [8] A positive root which cannot be expressed as a positive linear

combination of other positive roots is called simple.

In the case of gl(3,C), we have

€1 — €3 = (61 — 62) —|— (62 — 63),

so e; — e3 is not simple. The roots e; — e; and e; — e3 are simple. In this example and
in the additional examples for classical Lie algebras, the number of positive roots is
small. The simple roots are found by eliminating the roots which can be written as
linear combinations of other positive roots. It is then easy to verify that the remaining
positive roots are simple.

We now determine the positive and simple roots for the classical Lie algebras
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sp(6,C), so(7,C), and so(6,C). For the following examples, consider the upper tri-

angular Borel subalgebra.

Example 3.32. In Example 3.27, we determined that the positive roots for so(7, C)
are given by e; — eg, €1 — €3, €1, €1 + €3, €1 + €3, €5 — €3, €2, €5 + €3, and e3. Further, the
simple roots are given by

€1 — €9, €9 — e3, and es.

It is possible to express the remaining positive roots as linear combinations of the

simple roots:

er —es3 = (e1 —ey) + (ea — e3)
er = (e1 — ) + (e2 — e3) + (e3)
e1 +e3 = (€1 —ea) + (62 — e3) + 2(e3)
e1+ex = (e1 — e2) +2(e2 — e3) + 2(e3)
ex = (e2 —e3) +e3

€y + €3 = (62 — 63) + 2(63).

Example 3.33. Next consider sp(6,C). By Example 3.28, we know that the positive
roots are given by e; — e, e1 — e3,€1 + €3,€1 + €3,2¢e1, 65 — €3, €3 + €3, 2e9, and 2es.

The simple roots, which cannot be written by any linear combination of roots are

€1 — €2,€9 — €3, 263.

The remaining positive roots can be written as follows:

€1 —e3 = (61 —62) + (62 —€3>
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e1+ ey = (e; —e3) + (ea — e3) + (2e3)

es+e3 = (ex — e3) + (2e3)

e1+e3=(e; —ea) + (ea — e3) + (2e3)
2e9 = 2(eg — e3) + (2e3)

2e; = 2(e; — e2) + 2(ex — e3) + 2(e3).

Example 3.34. Finally, consider so(6,C). By Example 3.29, we know that the
positive roots are given by e; — ey, 61 — e3,e1 + e3,e1 + 9,69 — e3 and ey + e3. The
simple roots are:

€1 — €g,63 — €3,€e3 + e3.

The remaining roots can be written as:

€1 — €3 — (61 —62) + (62 - 63)
e +es = (61 —62) + <€2+63>

e1+ ey = (61 - 63) + (62 + 63).

Example 3.35. For gl(3,C), consider the alternative ordering of roots, determined
by the ordering:

€9 > €3 > €1.

This changes the “shape” of the corresponding Borel subalgebra. As the positive

roots here are —e; + €5, €9 — €3, —e; + e3, elements of b have the following form:

0 0O
a 0 b |.
c 00



39

3.7 Properties of Roots and Root Spaces

Now that we have discussed some concrete examples of roots and their corresponding

root spaces, we introduce a basic property.

Proposition 3.36. Let o be a root for g and g, be the root space for a, i.e.,

0o ={X €g|[H,X]|=a(H)X foral H € b}.

If B is also a root, then [ga, 93] C Gatp. That is, if X is in the root space for o and
Y is in the root space for B, then [X,Y] is in the root space for o+ B. (If o+ B is

not a root, this implies [X,Y] =0.)

Proof. For o and (3, roots of g, we have the following defined root spaces:
0o ={X €g|[H,X]=a(H)X for all H € b}

and
g ={X e€g|[H,X]=pF(H)X for all H € h}.

Let X € g, and let Y € gg. We want to show that [X,Y] € g,4s. Note that we
define
8o = {X € 9| [H.X] = (a+ B)(H)X for all H € b},

For H € b, we have the following:
[H,[X,Y]|=—[[H,Y],X]+[[H,X],Y] (Jacobi identity / anti-symmetry)

= —[B(H)Y, X] + [a(H)X,Y] (X €goandY € gg)

=[X,8(H)Y]+ [a(H)X,Y] (anti-symmetry of the Lie bracket)
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=[(H)[X,Y]+a(H)X,Y] (Lie bracket a bilinear form)

= (o + ) (H)[X, Y],

3.8 Bilinear Forms

Let g be a matrix Lie algebra. Then one has the following trace form on g x g :

B(X,Y) = trace(XY).

This is an ad-invariant bilinear form, i.e.,

B([X’YLZ) +B(K [Xa Z]) =0

for all X,Y € g. Further, B is a non-degenerate form when restricted to b x b (for
b the Cartan subalgebra of diagonal matrices for g), i.e., if for all H € b, one has

B(H,H’) =0, then H = 0. As a consequence, there is a vector space isomorphism

¢:h—=b

Hw— (H,-).

This gives rise to a corresponding bilinear form on h* x h* :

(A ) =B (N), 07 (n)

for all A\, u € h*. Note that is positive definite on spang{a|a is a root}. In fact, in the

notation of the examples, (e;, e;) = 9, ;.
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To work more generally, note that for a representation (m, V') of g, one can define

a bilinear form

B, (X,Y) = trace(n(X)n(Y))

(so that the form above corresponds to the standard representation 7), which is ad-
invariant. If one chooses m = ad (see Definition 4.3), the result is called the Killing
form, which is nondegenerate. One gets a corresponding Killing form on § x b as

above. This is also positive definite when restricted to the span over R of the roots.

3.9 Weyl Groups

Before we introduce the idea of a Weyl group, another definition and related propo-

sition are needed.

Definition 3.37. (p. 148, [¢]) For a a root, the root reflection s, is the complex

linear map s, : h* — b*, which is given by

for all v € h*, where (-,-) is a bilinear form on h* x h*.
Proposition 3.38. For a root «, the root reflection s, satisfies s = id.

Proof. Let x € h*. We want to show that s2(z) = z. We calculate this below:

= Sql
a() < oo >
2<a,z>
2< a,x > 2<a,x—<o‘zo“f>a>
=T — — o
<o,a > < a,a >
_ 2<a, x>
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2 < a,r > 2(< x> -2 < a,r>)
a a

=T — _
<a,o > <o, >
2<a,x> 2<a,x>
= — o+ «
<o,a > <o,o >
:.CE,
as desired. O

At this point, it is possible to define the Weyl group:

Definition 3.39. The Weyl group, W, is the subgroup of GL(h*) (the general linear
group over h*), generated by the root reflections of the simple roots of a Lie algebra
g:

W = (s, | @ simple).

The product in the group is composition, denoted o, where for s,,,s,., € W and

v € b*, one has s4, 0 Sa, (V) = Sa, (Say (V).

Example 3.40. For g = gl(3,C), denote the simple roots as a; = e; — ey and
ay = ey — e3. We calculate the action of s; = s,, and sy = s,, on a general element

aey + bes + ces € h* (a,b, c € C). We calculate the action of s; as follows:

2 < e; — ey, aeq + bey + ceg >
< ey — ey, 61— €y >

2(a —b)

2

Sa, (€1 + beg + ces) = (aeq + beg + ces) — (e1 — e3)

= ae; + bey + ces — (e1 — e3)

= ae; + bey + ces — ae; + aeqy + be; — bey

= bey + aey + ces.

We calculate the action of s9 as follows:
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Sas(ae] + begy + ceg)

9 — e3,ae; + bes + ceg >

<e
= ae; + bey + ces — 2 (e2 — e3)

< eg —€3,60 — €3 >
2(b—c¢)

9 (e2 — e3)

= aey + bey + ce3 —
= aeq + bey + ceq — bey + bes + ceq — ces

= aey + cey + bes.

Write a general element as v = ae; + bey + ces € b* as v = (a,b,c), the above

calculations can then be summarized as follows:

S1 (a, b> C) - (b> a, C)

sa(a, b, c) = (a,c,b).
By Proposition 3.38,

si(a,b,c) = (a,b, c)

s3(a,b,c) = (a,b,c).
Additionally, it is true that,

Sy 0 81(a,b,c) = sa(b,a,c) = (b,c,a)
s1 0 89(a, b, c) = s1(a,c,b) = (c,a,b)

$108208 = 8308108y = (¢, b,a).
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Thus,

W:{1,31732,32081781082,8108208128208108)}-

At this point, it should be clear to the reader that W in this case is isomorphic

to the group S5 of permutations of an ordered set of three objects.

Example 3.41. Now consider g = sp(4,C). In this case, the simple roots are given
by

a1 = e; — ey and ay = 2es.

The action of s; = s,, and sy = s,,, on a general element ae; + bes € h*, can be

calculated as in the previous example.

2(aeq + beg, eq — €3)

(61 — €2,€61 — €2>

a—2b

s1(aeq + beg) = aeq + bey — (e1 — e2)

= aey + beg — 2

(e1 —e2)
= bey + aes
and

2(ae; + bey, 2e9)
<2€2, 2€2>

so(aey + beg) = aey + beg — (2€2)
2b
= ae; + bey — 21(262)

= ae; — bes.

For ease of notation, denote the generic vector as v = (a,b). We have then that the
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following unique changes result from applying the root reflections to v :

si(a,b) = s5(a,b) = (a,b)
s1(a,b) = (b, a)
sy(a,b) = (a, —b)
590 51(a,b) = (b, —a)
s1 0 55(a,b) = (—b, a)
s10 (sy081)(a,b) = (—a,b)
59 0 (510 85)(a,b) = (=b, —a)

s10 (890 (s1082))(a,b) =s30(s10(s20851)))(a,b) =(—a,—b).
Thus for sp(4,C),
W = {1, 51, 82,82081,81 082,510 (82081),82081082,5 082081083 = §9081 082081}
This Weyl group is isomorphic to the group which consists of the permutations and

sign changes on a set of two elements.

Example 3.42. For g = so(4,C), the simple roots are given by oy = e; — ep and
s = €1 + €. Denote the root reflections as s; = s,, and sy = s,,. The action of these

root reflections on an element ae; + bey € h* is calculated below:

((aey + bey), (1 — €3))

((e1 — €2), (€1 — €2))
a—>b

s1(aey + beg) = (aey + beg) — 2 (e1 — e9)

= (ae; + beg) — 2 (e1 — e2)

= be; + aes
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and

((aey + bey), (€1 + €2))
<(€1 + 62), (61 + 62)>
a-+b
2

so(aey + beg) = (aey + bey) — 2

(61 -+ 62)

= (aey + beg) — 2 (€1 + €2)

= —be; — aes.

Note then that the Weyl group is given by

W = {1, 51, 82,81 082 = S 081}

This group is isomorphic to Zs X Zs, a Klein 4 group.



Chapter 4: Representation Theory for Lie Algebras

4.1 Introduction to Representation Theory

We move now from structure theory, which helps to understand what Lie algebras
look like, to a new way of viewing Lie algebras. Lie algebra representations consider

the actions of elements from the Lie algebra on some vector space.

Definition 4.1. [0] For a complex Lie algebra g and V' a finite-dimensional complex
vector space, a complex, finite-dimensional representation (w,V’) is a Lie algebra
homomorphism

g — gl(V),

where X € g is mapped to an operator 7(X) € gl(V). In particular, 7 is a linear
mapping which preserves the Lie bracket operation. That is, for all X|Y € g, 7

satisfies the following equality:

([ X,Y]) = n(X)n(Y) — n(Y)m(X).

Remark 4.2. The definition for a real, finite-dimensional representation of a real Lie
algebra on a finite-dimensional vector space is parallel to the complex one given in

Definition 4.1.
One important example is the adjoint representation.

Definition 4.3. [0] The adjoint representation is a map

ad: g — gl(g), ad(X)=adx
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where the linear operator adx acts on Y € g by the bracket:

ady(Y) = [X,Y].

Remark 4.4. Using properties of the Lie bracket, one can easily check that ad is a

representation for a Lie algebra g. Indeed, for any X,Y € g,

ad ([X,Y]) (%) = [[X,Y], Z]

X [2. X7

_ XY 2] - [V.[X. 2]

= (ad(X)ad(Y) — ad(Y)ad(X))(Z),
for any Z € g.

For any Lie algebra g, one always has the trivial representation, given by

m:9g—gl(1,C) =(X)=0.

This representation is not rich, yet is useful in examples.
For sake of concreteness, we show various standard representations for gl(n, C).
As noted above, the trivial representation is a one-dimensional representation for

gl(n,C). Another one-dimensional representation is given by trace.

Example 4.5. The trace representation is the map

tr: gl(n,C) — gl(1,C), tr(X) = trace(X).

Here we identify gl(1, C), the space of 1 x 1 matrices with C itself. Below, we provide
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proof that this map is indeed a Lie algebra representation.

Proof. Let X = [z44],Y = [yi;] € gl(n,C). It suffices to show that tr respects the Lie
bracket:

tr([X,Y]) = tr(X)tr(Y) — tr(Y)tr(X).

One has
tr(X)tr(Y) — tr(Y)tr(X) =0,

as the operators tr(X) and tr(Y") are just complex numbers. Indeed also,
tr([X,Y]) = trace(XY —YX) =tr(XY) —tr(YX) =0,

as tr(XY) = tr(YX) from Linear Algebra. Therefore tr indeed respects the Lie

bracket and is a one-dimensional representation for gl(n, C). O]

Example 4.6. Let g = gl(2,C). A representation on V = C3 is given by

a b 2 2b 0
7T( c d ) = C a+d b .
0 2¢  2d

By restriction, this also gives a representation of sl(2, C).

Proof. 1t suffices to show that m respects the Lie bracket for g = gl(2, C). For X, X, €

g defined as

the following must hold:

7([X, Y]) = 7(X)m(Y) — 7(¥ )r(X).
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By calculation:

m([X,Y]) = m(XY — Y X)

GGG

_ aw + by axr + bz wa + zc wb+ xd
- ( cw+dy cx+dz ya+ zc  yb+ zd )

by — xc ar + bz — wb — xd
cw + dy —ya — zc cx—yb
2(by — xc) (ax—l—bz—wb—a:d)
= |cw+dy —ya— zc 0 ax+bz—wb—wd
2(cw + dy — ya — zc) 2(cx — yb)

And equivalently:

T(X)m(Y) — 7n(Y)m(X)

(2 N ) == (2 7))

2 20 O 2w 2x 0 2w 2x 0 2 20 O
= ¢ a+d b y w+z z |-y w+z =x c a+d b
0 2 2d 2y 2z 0 2y 2z 0 2 2d
daw + 2by dax + 2b(w + 2) 2bx
2cw+ (a+d)y 2cx+ (a+d)(w+z)+2by (a+d)x+ 2bz
2cy 2c(w + z) + 4dy 2cx + 4dz
dwa + 2zc 4wb + 2z(a + d) 2xb
2ua+ (w+2)c 2yb+ (w+ 2)(a+d) + 2zc (w+ 2)b+ 2xd
2yc 2y(a+d) + 4zc 2yb 4+ 4zd
2(by — xc) 2ax — 2wb + 2bz — 2xd 0
= | cw—ya+dy — zc 0 bz — xd + ar — wb
0 2(cw + yd — cz — ya) 2(cx — yb)

Thus the Lie bracket is indeed respected, and 7 is a Lie algebra representation for

gl(2,C) on C?, as desired. O

Definition 4.7. [3] For (7, V) a finite-dimensional representation of a Lie algebra g,

a subspace W of V' is called invariant if 7(X)w € W for all w € W and all X € g.

Definition 4.8. (p. 26, [2]) A representation 7 is irreducible (simple) if there are no
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proper, invariant subspaces (subrepresentations).
Example 4.9. The adjoint representation for g = gi(2, C) is reducible.

Proof. Consider the following basis for g :

=(ad) =6 4) = (80) = (10)

It suffices to calculate the action of ad., ad;, ad,,, and ad, on each of the basis vectors.
We choose to take the order of basis elements to be z, h, u,v. To begin with, we find

that ad, acts on basis vectors in the following way:

ad,(z) = [z,2] =0,

adz(v):[z,v]:w—vz:(? 8)-(? 8):0.

So the operator that z is assigned to in the adjoint representation is the zero matrix:

ad, =

[e>RerRarNan)
oo Oo
oo oOo
oo Oo

Now adj, acts in the following way:



adh<h) = [hv h] =0,

ady(z) = [h,z] = —[2,h]| =0,

ady,(u) = [h,u] = hu — uh = (

adh(v):[h,v]:hv—vh:(_ol 8)—(? 8):(_2 8):—%,

o O
O =
~~
|
VR
o O
o |
—_
~~
Il
N
o O
N
~~
Il
(N}
S

Thus
000 0
d — 000 O
adr=1002 0
000 —2
ad, acts as
ad,(2) = [u, z] = —[z,u] =0,

Therefore
00 00
0 0 01
adu=1| 9 2 o o
0 0 00

Finally we calculate the action of ad, :

ad,(z) = [v, 2] = —[z,v] =0,

52
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So

ad, =

NOOO

0
0
0

[N erNarNan)

In order to see that ad is a reducible representation of g, consider

1

V) = span 8

0

and

0 0 0
1 0 0
V3 = span ol 11110
0 0 1

Note that adx(v;) = 0 for any basis vector X and any v; € V. Additionally, for
0

any vg = z € V5, we have that
c

ad,

(>R RerNan)
o oe O
[e>RerNerNan]

OO

adh

DO oo Oo
OO OO O

—2c

ad,

O T O OO O O
[\

DO DO OO0

I
)
S S NS =)

CDI o O
(e NewNewNan]
SO, O
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0 00 0 O 0 0
d a 100 -1 0 al | —b
el sl =00 0 0 bl = o
c 02 0 O c 2a
Note that the resulting vectors all lie in V5. Thus the subspace is invariant. O]

It is possible to build up from one or more defined representations to create another
new representation, via a direct sum. Note that one can take the direct sum of a

representation with itself, or take the direct sum of distinct representations.
Proposition 4.10. Define the direct sum of two representations,(mwi, V1) and (m, Vo),
for a Lie algebra g as follows:

[(7r1 @ 72)(X)] (v1, v2) = (M1 (X)v1, ma(X)v2).
The direct sum of two representations, m @ ma, so defined is itself a representation of
g, on the vector space Vi & V5.

Proof. We need to show that m @ 7y respects the Lie bracket: i.e., that

(m @& m)([X,Y]) = (m1 @ ) (X)(m1 @ m2) (V) — (1 © m2) (V) (1 © 72) (X).

For all v; € Vi, v, € V5, and X, Y € g, one has

(m1 @ m) ([X, Y]) (01, 02) = (ma ([X, Yoy, mo([X, Y])va)
= (M X)m(Y) = m(Y)m (X))o,
(ma(X)my (V) — mo (Y )75 (X))v2)
= (mX)m ) = m(Y)m (X)),

(ma(X)ma(Y) — ma(Y)me(X)) (01, v2)
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= ((m & m)(X)(m & m2)(Y)—

(m1 @ m2) (V) (m1 © 72) (X)) (01, v2),

as desired. [

Even for the most trivial examples of Lie algebras, there are multiple represen-
tations. However, some representations are essentially the same, up to isomorphism.

We call such representations equivalent.

Definition 4.11. [6] Two representations (m,V7), (w2, V2) of a Lie algebra g are

equivalent (m; = m) if there exists some invertible linear map

e:Vi—=V,

such that for all X € g and all v € V7,

p(m (X)v) = m(X)p(v).

Remark 4.12. The equivalence of representations is itself an equivalence relation,
as it is reflexive, symmetric, and transitive. Let (71, V1), (72, V5), and (w3, V3) be
representations of the Lie algebra g.
e Reflexive: To show (m, V1) = (1, V1), take the invertible, linear map
p:Vi—=W"
such that ¢(v) = v. Then for any X € g and v € V}, we have
p(m(X)v) = m(X)p(v),
as desired.

e Next, we show that the equivalence of representations is symmetric. Suppose
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that (m, V1) = (ma, V2). Then there is an isomorphism
p: V1=V p(m (X)v1) = ma(X)p(v1)

for all X € g and v; € V. Then let ¢’ : V5 — V; be the isomorphism ¢’ = ().
Consequently, for any vy = p(v;) and all X € g

¢ (ma(X)v2) = @' (ma(X)p(v1))
= ¢ (p(m (X))
= m(X)v
= m(X)¢'(v2),

so (mg, Vo) = (71, V1) and equivalence reprentations are symmetric, as desired.

e Finally, we show that the equivalence of representations is transitive. Suppose
that (m, V1) = (mq, V) and (me, V2) = (73, V3). Then there exist the following

isomorphisms
o : Vi =V Pa(m1(X)01) = T2(X)pa(v1)
and
oo Vo — V3 op(m2(X)v2) = m3(X)epp(v2)
(for all X € g, v; € Vi, and vy € V). We claim (7, Vi) = (73, V3) by the
isomorphism:

In particular,

which is the isomorphism needed to show that the two desired representations
are equivalent.

Therefore, the equivalence of representations of Lie algebras is itself an equivalence

relation.

Example 4.13. The adjoint representation for gl(2, C), given by Example 4.9, is the

direct sum of two irreducible Lie algebra representations.
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Proof. In Example 4.9, recall that V; =span

1
8 is invariant (zero) under the

0
adjoint representation. Therefore, the adjoint representation restricted to Vi is trivial.

This clearly coincides with the trivial representation.

Now, consider the complementary subspace to V; :

V5 = span

oo~ O
o= OO
—o oo

which is also invariant. Note that V5 is sl(2,C). An ad-invariant subspace of V;
amounts to an ideal in s((2,C). Using [h, u] = 2u, [h,v] = —2v, and [u,v] = h, one
can show that sl(2,C) has no non-trivial, proper ideals. Thus, the adjoint represen-
tation restricted to V5 is also an irreducible representation of g.

Therefore, the adjoint representation of our Lie algebra is given by the direct sum

of these two subrepresentations.

4.2 Weights and Weight Spaces

Roots and root spaces, which are fundamental structural aspects of a Lie algebra,
are tied to representations by weights and weight spaces. Below is the definition of a

weight for a Lie algebra representation.

Definition 4.14. [6] Let (m, V') be a representation of g. We define A € h* as a weight

for the representation if there is some nonzero v € V such that
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for all H € h. We call v a corresponding weight vector.
These weights necessarily exist. The argument for this is given in [7] (p. 65).

Definition 4.15. [10] We call a weight A of a representation 7 highest if A + « is not

a weight for 7 for any positive root «.
Refer to Lemma 4.18 for insight on this definition.

Example 4.16. Let g = s[(2,C). Define V,, as the space of homogeneous polynomials
of degree n, and let P, = 2%y" %, 0 < k < n, be a basis for V,,. Consider the following

Lie algebra representation for g, where for all
a f
( v Lo ) € s1(2,C),

(8 5) P ot 20 sk 200

(with P_; and P, interpreted as 0). This Lie algebra representation comes from the
corresponding representation for Lie groups. We show that this is a representation of

s[(2,C), in particular, that it respects the Lie bracket. Indeed, let

(a1 B [ as B
Xl—(,yl —al)’X2_<’Y2 —a2)€5[<2’c)'

We check that the necessary equality,

T ([X1, Xo]) Pr = mn(X1) 70 (X2) Py — 0 (X2) 7, (X7) P,
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holds. By calculation, 7, ([ X1, X3]) Py is defined to be

Wn(XlXQ - XQXl)Pk = Ty

( a1 + Brye oqfa — Broe )

Mg — a1y B2+ o

_ ( azon + oy By — Baan ) ]Pk

Yoy — Y1 Y21 + ooy

_ Prve = fPamnr 2000 = 20f1 ) | p
" 2vi00 — 20072 11PB2 — Y2 k

= (Biv2 — Poy1)(n — 2k) Py,
— (20189 — 20231 ) kP4

— (2’)/1052 — 20(1"}/2)(77, — k)Pk+1.

And also, 7, (X7)m,(X2) Py — m,(X2) 7, (X1) Py is given by

(3 ) nn((3 4)r

— 7, (X1) (aa(n — 2k) Py, — BokPe_y — va(n — k) Pesy)

— 7 (X3) (1 (n — 2k) Py — B1k Py — (0 — k) Py )

= qa(n — 2k)m, (X1) Py — Bokmn (X1) Proy — Y2(n — k)T (X1) Poya
—ay(n — 2k)70,(X2) Py + Bikmn(X2) Peoy + 71 (n — k)mn(Xa) Prya

= aa(n — 2k)(ar(n — 2k) Py — B1kPe_y — v1(n — k) Pey1)

—Bok(ar(n —2(k = 1)) Piy — f1(k — 1) Pes — (0 — (k — 1)) P)
—72(n = k)(an(n = 2(k + 1)) Piyr — Bi(k + 1) Py — n(n — (k + 1)) Pis2)
—ay (n — 2k)(aa(n — 2k) Py — Bok Py_y — ya(n — k) Peys)

Bk (ag(n — 2(k — 1)) Pr_y — Bo(k — 1) Ph_g — va(n — (k — 1)) Py)

+71(n — ]C)(Oég(ﬂ — Q(k + 1)>Pk+1 — ﬁg(k) + 1)Pk — ’)/2(71, — (]{3 + 1))Pk+2)
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= (aqaa(n — 2k) + Boyik(n — (k — 1)) + Biy2(n — k) (k + 1)
—aap(n — 2k)* = Biyk(n — (k = 1)) = Boyi(n — k) (k + 1)) P,
H(—aBi(n — 2k)k — ay Bok(n — 2(k — 1))

o Bok(n — 2k) + anfik(n — 2(k — 1)) Py

(= (n — 2k)(n — k) — anya(n — k) (n — 2(k + 1)))
Farya(n — k) (n—2k) + aryi(n — k) (n — 2(k 4+ 1)))) Pesy
+mrz(n —k)(n = (k+1)) = ny2(n — k)(n — (k + 1)) Pry
+(B1Pak(k — 1) — B1fok(k — 1)) Pe—sy

= (Bry2((n = k)(k+1) = k(n — (k- 1)))

+P(k(n — (k= 1)) = (n = k)(k + 1)) Px

(o Bo(—k(n — 2(k — 1)) + k(n — 2k)) + @B (—k(n — 2k) + k(n — 2(k — 1)) Po_y
oy (—(n = 2k)(n — k) + (n — k)(n — 2(k + 1)))
tarya(=(n = k)(n = 2(k + 1)) + (n = 2k)(n — k))) Pess

= (B2 — Bei)((n = k)(k + 1) — k(n — (k — 1)) %

+(onfy — azfa)(k(n — 2k) — k(n — 2(k — 1)) Py

+(onye — aen)((n = 2k)(n — k) — (n — k)(n — 2(k + 1))) Pt
= (B172 = o) (n — 2k) By — (20182 — 200261 )k Py

—(2")/1042 — 20&1’72)(TL — k)PkJrl.

as desired. (In Subsection 4.4.2, we show that this representation is even irreducible.)

Now, to determine the weights, let



61

Then,

for any P. Thus the eigenvectors

{UQZP(),Ul:Pl,...,Un:Pn}

are the weight vectors, and the eigenvalues

)\ozn,)\lzn—Q,...,)\n:—n

correspond to the weights.

The highest weight is A\,, = ne; which corresponds to the weight vector

span{v, = y"}.

4.2.1 Roots and Weights for Representations

As mentioned in the previous section, the roots and weights are interrelated. In the

case of the adjoint representation, the roots and the weights are equivalent.

Example 4.17. The nonzero weights for the adjoint representation of a Lie algebra
g are the roots of g. In general for X an element of the Cartan subalgebra and Y, an

element of the root space for a root «,

(ad(X))(Y,) = [X,Y,] = a(X)Y,.

Consequently, Y, is in the weight space for the weight a, which is essentially the root

space decomposition.
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Lemma 4.18. Let g be a Lie algebra, with X, € g in the root space corresponding to
a root o and (mw, V') a representation of g with v € V' having weight X\. Then w(X,)v

15 a weight vector with weight o + \.

Proof. For H € b, one has

m(H)(w(Xa)v) = w(H)mw(Xa)v
= (w([H, Xa]) + m(Xo)m(H))v
= n([H, X.))v + 7(Xo)m(H)v
= m(a(H) X )v + m(Xo)m(H)v
= a(H)m(Xo)v + 7(Xa)A(H)v

= A+ a)(H)m(Xa)v,

so m(Xa)v is a weight vector with weight oo + A, (If & + X is not a weight, then
m(Xo)v =0.) O

4.3 Schur’s Lemma

We introduce the idea of an intertwining operator.

Definition 4.19. [0] Let (7, V) and (79, V5) be representations of g. We call

L:Vi =V,

an intertwining map or intertwining operator if

L(m(X)vy) = mo(X)L(vy)
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for all X € g and all v; € V.

Note that this definition, along with Definition 4.11, means that a bijective inter-
twining map between two representations gives an equivalence of the two representa-
tions.

In the following Lemma, assume that the field F' = C.
Lemma 4.20. (Schur’s Lemma)

1. Let (m, V1) and (mq, V) be irreducible representations of g and let L : Vi — V;

be an intertwining map. Then L =0 or L is invertible.

2. Let (m,V) be an irreducible representation of g and L : V' — V be an intertwin-

ing map. Then L is a scalar multiple of the identity (possibly 0).

3. Let (w1, V1) and (mq, V3) be irreducible representations of g and let Ly, Ly : Vi —

Va be nonzero intertwining maps. Then Lo is a multiple of L.

Proof. 1. As L is intertwining,

L{m(X)v1] = mo(X)[Luvy] for all X € g and vy € V4.

Furthermore,

ker(L) = {vy € V1 : L(v1) = 0},

is a subspace of V; and

image(L) = {vy € V5 : v9 = L(vy) for some v; € V;}

is a subspace of V5. We wish to show that ker(L) and image(L) are g—invariant.
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First let X € g and v; € ker(L). Then

L(mi(X)v1) = mo(X)L(v1)
= m(X)0

=0 € ker(L),

as needed. Next, for X € g and L(vy) = ve € image(L), we have

(X ) (v2) = m2(X)(L(v1))

= L(mi(X)v) € image(L),

as needed. Since m; and s are irreducible representations, they have no proper,
invariant subspaces. Since ker(L) is an invariant subspace of V1, either ker(L) =
{0} or Vi. Since image(L) is an invariant subspace of V,, we must have that

image(L) = {0} or V,. So either L = 0 or L is invertible.

. Suppose that (m, V') is an irreducible representation of g and that L : V — V
is an intertwining operator. We have then that L(7w(X)v) = 7n(X)L(v) for all
X e gandallv € V. As the field FF = C, the operator L has an eigenvector and

eigenvalue. Now suppose that u € V' is an eigenvector for L with eigenvalue \.
Then we have that L(u) = Au. Thus (L—AI)(u) = 0, so L— I is non-invertible.

Additionally, L — AI is an intertwining operator, since

(L= X)) (n(X)v) = L(m(X)v) — M (m(X)v)
=m(X)L(v) — (X)) (v)

= 7(X)(L(v) = Al (v))
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= m(X)(L = A)(v),
as desired. As L — Al is a non-invertible intertwining operator, by Part 1 of the

lemma, L — A\ = 0. So L = A is a scalar operator.

3. Since L; is non-zero, by (1), there must be some inverse map

L' :Va— V.

Consider then the composition:

L=L'oLy: Vi = W.

By (2), L is a scalar multiple of the identity map. So as L is bijective, for
any v; € Vi, we have L(v;) = Avy for some nonzero A € C. Equivalently,

Lfl([@(?}l)) = )\Ul. Therefore, L2 = )\Ll

4.4 Concrete Example of the Highest Weight

To motivate the main result of this thesis, the Theorem of the Highest Weight, we
demonstrate the theorem with g = sl(2,C). Note that throughout this section, we
use g to refer to s[(2,C).

For elements in h* we define dominant and integral elements in the following

statements. Refer to Section 3.8 for the definition of the inner product on h*.
Definition 4.21. )\ € h* is integral if

2(\, )

BE ez
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for any root a.

Definition 4.22. [3] Dominant elements of A\ € h* are those such that for any simple

root a, (A, @) is non-negative.

To begin with, we show that for A a dominant and integral element of the dual
space h*, there is an irreducible finite-dimensional representation with A as a highest

weight. In order to do so, it is necessary to determine the dominant integral elements

of h*.

4.4.1 The Dominant and Integral Elements of the Dual Space

Note that the only positive root for g is @ = 2e;. Additionally, elements of h* are
vectors of the form A = ae;, with a € C. We proceed to characterize the integral

elements of h*. Performing the calculation as follows,

2(\, o)  2(aeq,2ey)
a2 267
2(2a)

T

:a7

it is clear that elements in h* are integral when a € Z. Furthermore, the characteri-

zation for a dominant element is as follows:

(A, @) = (aeq,2e1) =2a >0,

if and only if a is non-negative. Thus, the dominant, integral elements of h* are

exactly those of the for A\ = ae;, where a is a non-negative integer.
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4.4.2 Dominant Integral Elements are Highest Weights

Now for a« = me; dominant and integral, we proceed to show that there is an ir-
reducible finite-dimensional representation for g with « as the highest weight. We
claim that the representation m, from Example 4.16 is an irreducible (clearly finite-
dimensional) representation with highest weight ne;.

We first calculate the action of m,(h) on the basis for V,,,
{Py,...,P.}.

Let Py, € V, a nonzero vector. The action of 7,(h) on Py is given by

mn(h) s = 7 ((é _01)) P

= (n— 2k)P,.

The action of m,(v) on Py is given by

7 (0) Py = 700 (((1) 8)) P

Additionally, the action of m,(u) on Py is given by

(1) Py = ((8 (1))) P,

= —kPy_1.

To show that 7, is irreducible, suppose that there is an invariant, non-trivial subspace,
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Vh. Take a nonzero vector, Q) € V. Write

Q:COP0+...CnPn

and suppose k is the largest index for which ¢ # 0. Then

Q:COPU+---CkPk-

Thus

Ta(u)*(Q) = cxk! Py,

so Py € V. It now follows from repeated applications of m,(v) that Vj is the entire
space. So this n-dimensional representation for s[(2, C) is irreducible.

The weight-spaces for m, are CFy, CPy, ...,CP, with weights the eigenvalues
A = n — 2k. So a highest weight vector is given by P, = y™ and the highest weight

is nej.

4.4.3 All Irreducible Finite-Dimensional Representations Have a Domi-

nant and Integral Highest Weight

It remains to show that an irreducible finite-dimensional representation (m, V') of g has
a unique highest weight which is dominant and integral, and that any two irreducible
representations with the same highest weight are equivalent.

Let (m, V) be a finite-dimensional, irreducible representation of g = sl(2,C). Re-

call the basis, h,u, v for sl(2,C) given in Equation 3.1, satisfies

[h, u] = 2u, [h,v] = —2v, and [u,v] = h.
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As 7 is a Lie algebra representation, the Lie bracket must be respected. In particular,

the following must hold:

w(h) =7 ([u,v]) = 7(uv — vu) = 7(u)w(v) — 7(v)7(uw),

™(2u) = 7([h, u]) = w(h)7(u) — 7 (u)m(h),

and

7(—2v) = w([h,v]) = w(h)w(v) — w(v)7w(h).

As V is a complex vector space, the operator m(h) : V' — V has at least one
(nonzero) eigenvector. Suppose @W € V is a (nonzero) eigenvector for 7(h) with
eigenvalue p say,

m(h)wW = pad.

We have also

7(h) (m(u)w) = (7([h, u]) + 7(u)w(h))w by Lie bracket identity

g

= (7(2u) + 7 (u)m(h))

=27 (uw)w + m(u)m(h)w

= 27 (u)W + 7(u)pd since 7(h)d is an eigenvector

and
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= —27(v)W + w(v)m(h)w

= (u — 2)m(v)w.

So m(u)w and 7w(v)w are also eigenvectors for m(h) (if nonzero), with respective
eigenvalues p + 2 and p — 2.
Additionally then 7(u)?w is an eigenvector (if nonzero) for m(h) with eigenvalue

w4

And also,

= =271(v)7(v)T + 7(v)7(h)m(v)W
= 2 (07 + 7(o) (4 — ()

— (1 — ) (v),

2

so m(v)*W is an eigenvector for 7(h) with eigenvalue p — 4.



71

In general,

m(h)(m(w)"d = (u + 2k)m(u) @

and

m(h)(m(v) @ = (p — 2k)m(v)"@

for k > 0. In particular, if (u)*@ is nonzero, then

{@, w(u)w, . .., 7(u)*w}

are eigenvectors for m(h) with distinct eigenvalues, hence linearly independent. As
V is a finite-dimensional vector space, 7(u)*@ = 0 for some k sufficiently large. Let

ko > 0 be the largest number for which m(u)* @ # 0, and set

—

0y = w(u)w, N = p— 2ko.

So vp is a A-eigenvector for 7(h) and m(u)vy = 0. (This will be a highest weight vector

for (m,V).) Then for k > 0, define v;, € V as

v = m(v)*0p.

From the calculations above, we have

w(h)vp, = (A — 2k)vy,.

Hence if v;, # 0, then

{00, ..., Uk}

is linearly independent as they are m(h) eigenvectors for distinct eigenvalues.
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Let n > 0 be the largest value for which v, = m(v)"vy # 0. We claim that

B ={v,...,0}

is a basis for V. In fact, we know

w(h)op, = (A = 2k)vg, 7(v)0; = vgiq.

Additionally, we claim

W(u)ﬁk = k()\ —k+ 1>77k717

(where v”; = 0 = v,}1) which we prove now by induction. As the base case, for
k =0, we have

m(u)Ty =0A—0+1)7_; =0,

as stated above. Now, for the induction hypothesis, assume that

W(U)Uk = k‘()\ —k + 1)@:—1

for some k£ > 0. Then

() g1 = m(u)m(v) v
= 7([u, v]) 0 + m(v)m(u)v
= m(h)vj, + 7 (v)m(u)vy,
— (A= 2k)0; + 7(v)(k(A — k + 1)_1)  (by the induction hypothesis)

= (A=2k)vop + k(A= k+ 1),
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= (Mo — k* + k + X — 2k)u;
= ((k+ DX — K> — k)vp
= (k+ 1)(A— k)vy.

= (k+1)(A— (k+1)+ 1),

as desired.

So the span of B is invariant under 7(h), m(u), and 7(v). Thus it is invariant
under 7(g). As (V,m) is irreducible, it follows that span(B) = V. As B is linearly
independent, B is a basis for V.

As vg is a weight vector, with m(u)v) = 0, we have vy is a highest weight vector.

Moreover, the weight Ae; for vy has A = n. Indeed,

trace(m(h)) = trace([m(u)m(v) — 7(v)7(u)])

=0,

by the fact that h = [u,v] and the fact that trace is commutative. But by definition

of trace, we also have

trace(m(h)) = A+ (A—=2)+ -+ (A= 2n)

=(n+1A—n(n+1).

Thus we have

O=m+DA—n(n+1)

so it is clear that n = A. As A = n, Ae;y is both dominant and integral. Therefore, the
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highest weights are of the form A\, = ne; for n € NU {0}.
Therefore, (7, V') has a highest weight which is both dominant and integral, com-

pleting this part of the proof.

Remark 4.23. From Section 4.4.3, we have that each irreducible, finite-dimensional
representation of s[(2,C) has a highest weight, and the highest weight is dominant
and integral. As the weights are elements in Zey, it follows that the highest weight
for an irreducible, finite-dimensional representation of sl(2, C) is unique. The weight

spaces are one-dimensional.

4.4.4 Two Irreducible Representations of s[(2, C) with Same Highest Weight

Are Equivalent

To complete the argument, we show that if two irreducible representations for g =
s[(2,C) have the same highest weight, then the representations are equivalent.

Suppose that (71, V1) and (w9, V2) are irreducible representations for g = s((2, C)
with highest weight Ae;. Additionally, let the basis for Vi be By = {1j,...,9,} and
the basis for Vo be By = {y,...,u,}. Choose these bases to consist of the weight
vectors as constructed in Section 4.4.3. By Subsection 4.4.3, the highest weight for
each of these representations is given by dim(V;)—1 = dim(V3) —1 = A. Therefore, we
must have that A = n = m, so in particular, the bases for each of the representations
have the same cardinality.

Define the invertible linear map

e:Vi—=V,

such that for 0 < i <n,



75

p(m(h)v;) = o((A = 2i);)
(A = 2i)p(a:)

(A — 20);

and

p(mi(u)d;) = @(i(A — i+ 1)T;-1)
i+ (i)
=i(A—1+ 1)t

—

= To(u);

—

= ma(u)p(03),

with a similar calculation for v, ¢ is an intertwining operator. So the representations

are equivalent.

4.4.5 Summary of Highest Weight Results

We summarize these results in the following proposition, which we have proved by

the constructional work in the preceding sections.

Proposition 4.24. Let g = sl(2,C). The following statements hold:
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1. Each dominant and integral element of b* is the highest weight for a distinct

wrreducible, finite-dimensional representation of g.

2. Fvery irreducible, finite-dimensional representation of g has a unique highest

weight.

3. If two representations have the same highest weight, then the representations

are equivalent.

4.5 Universal Enveloping Algebra

A brief introduction to the universal enveloping algebra is required in order to prove
the Theorem of the Highest Weight.
Define the tensor algebra T'(g) as an associative algebra comprised of the direct

sum of vector spaces:

o0

T(G)Z@(®g)”ZC@g@(g®g)@(g®g®g)@....

n=0

The multiplication operation within 7'(g) is given by tensor product, where T}, €

(®g)™ and T,, € (®g)"™ combine as:
T ® T € (®9)™.
Define 3 C T'(g) as the two-sided ideal generated by

(XY —YX - [X,Y]| X,Y €g).
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The universal enveloping algebra is the quotient

Consequently, for X, Y € (g), one has

(X+)Y +3)=XY+XT+TIY +7

=XY +3J as J is an ideal

—YX4[X,Y]+7 as XY —YX +[X,Y] €T

so [X,Y]+3=XY —-YX+7Jin U(g). It is conventional to drop the +J and simply
write [X, Y] = XY — Y X in 4(g).
Following the notation established in [3], we denote the natural map between a

Lie algebra g and the associated universal enveloping algebra (g) as

L:g— Ug).

To prove the main result for this thesis, the Theorem of the Highest Weight, we
need the following famous theorem which uses the universal enveloping algebra for g.
This theorem builds on the notion of the universal enveloping algebra for a complex

Lie algebra.

Theorem 4.25. [5] (Poincaré-Birkhoff-Witt Theorem) There is an injective map,

vig— U(g),
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such that for g a finite-dimensional, complex Lie algebra with the (at least partially)

ordered basis

B - {Xl, e 7Xn}7
there is a corresponding basis for $(g) given by

B={(tX1)",. .., (1X,)"},

where the powers are non-negative.

The powerful theorem stated above is useful for showing how ordered basis ele-
ments from the Lie algebra map to basis elements within the universal enveloping
algebra. A consequence of this theorem ([8] p. 222) is that for a Lie algebra g which

can be expressed as the direct vector space sum of two Lie algebras g; and go,

g=01 D gy,

the associated universal enveloping algebra can be broken into an associated tensor

product of vector spaces

U(g) = U(g1) ® U(g).

Therefore, the ordered basis element from the two subalgebras can appropriately
correspond within the ordered basis for l.

This is particularly powerful when one considers g = h & nt @ n~. The following
example illustrates how ordered basis elements move past one another within the

ordering of basis elements in the universal enveloping algebra.

Example 4.26. For g = s/(2,C) with ordered basis given as in Equation 3.1, we
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have the following commutation relations:

[u,h] = —2u, [v,h]| =2v, and [u,v]=h.

Also, note that g = h @ n™ @ n~ (as a vector-space direct sum), where h is a basis
for b, u is a basis for n™, and v is a basis for n~. Consider the basis ordering for g as
h > u > v. According to the result of the Poincaré-Birkhoff-Witt Theorem, in $i(g),
there is an associated basis ordering.

In $U(g), it is defined for any z,y € g, that [z, y] = xy—yz, so as a simple example,

we can show that the following relation holds:

uh = hu — 2u,

by applying the commutation relations from g. We have that

uh = [u, h] + hu
= —2u+ hu

= hu — 2u

as desired. So it is possible to reorder the elements v and h, as necessary. Even in

more complicated situations, this works. Consider the following case:

vuh = v(hu — 2u)
= vhu — 2vu
= ([v, h] + hv)u — 2vu

= 2ou + hvu — 2vu
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= hvu
= h(uv — [u,v])
= huv — hlu,v]

= huv — h2.

Additionally, we note the adapted universal mapping property for the universal

enveloping algebra.

Proposition 4.27. [5] For the universal enveloping algebra 4(g), canonical map

v:g— Ulg),

any complex associative algebra with identity A, and a linear map

m:g— A

with (1) = 1, there exists a unique algebra homomorphism

m:U(g) - A

which respects the identity and such that for all X € g,

1.€.,
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4.6 More Properties of Representations

Definition 4.28. [0] A finite-dimensional representation of a Lie algebra is com-
pletely reducible if it is isomorphic to the direct sum of a finite number of irreducible

representations.
We also have the following powerful theorem by Weyl.

Theorem 4.29. (/2] p. 52) “Bvery finite-dimensional linear representation of a

semi-stmple Lie algebra is completely reducible.”

Lie algebras which are not semi-simple do not behave this way. For an illustration
of the necessity of inclusion of semi-simple in the hypothesis for the preceding theorem,

consider the subspace b of the Lie algebra g = s((2, C).

Example 4.30. Consider b, the Borel subalgebra for g = sl(2, C):

b:{(({; _ﬁa) :a,ﬁec}.

We claim that b is not semi-simple. Let 7 be the standard representation of g on C2,
restricted to b, where 7(X) for X € b acts by matrix multiplication on vectors in C?.

Note then that



82

So

()

is an invariant subspace for b. This implies that 7|, is reducible. But there is no
invariant complementary subspace, so we do not have a direct sum. Thus the repre-

sentation is not completely reducible.

20

for some
w0:|

Indeed, any complementary subspace to C {(1)} has the form C [

[5}%] € C? with wy # 0. As 7(u) [5}%] = [ZO 1‘;071)0:| does not belong to C [5}%] , We

that C { fails to be m(b)-invariant.

20
Wo



Chapter 5: Theorem of the Highest Weight

5.1 Theorem of the Highest Weight

We have motivated this important theorem with an example from sl(2, C). Now, we

provide the Theorem of the Highest Weight. We rely heavily on Knapp’s work [3].

Theorem 5.1. [§] (Theorem of the Highest Weight) There is a one-to-one corre-
spondence between the irreducible, finite-dimensional representations (m,V') of a semi-
simple Lie algebra g (up to equivalence) with the dominant integral linear functionals
A on by, where each X is the highest weight of wy. Additionally, each )\ satisfies the

following:

1. X only depends on the simple system 11 from the real form bo of b and not the

ordering,
2. dim(Vy) =1 for the highest weight,

3. for each positive root «, the corresponding root vector E, annihilates only the

elements from V),

4. all weights can be written as \ — Zle n;c; where n; € Z° and «; € 11, and
each weight space V,, for m\ has dim V,,, =dimV,, for all w in the Weyl group
(W (A)), and each weight p has |u| < |A| with equality only if u is in the orbit
W(A)N.

This high powered theorem is a generalization of our concrete example of the

highest weights and representations for g = sl((2, C).
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